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Résumé

Titre : Sur I’équivalence orbitale quantitative entre groupes moyennables

Mots-clés : FEquivalence orbitale, odométre, systéme de rang un, entropie, spectre
ponctuel, mélange, équivalence de Kakutani, groupe moyennable, profil isopérimétrique.

Deux actions, libres et préservant une mesure de probabilité, de groupes dénombrables
sont orbitalement équivalentes si elles admettent les mémes orbites quitte & conjuguer l'une
des deux. Cependant, un théoréme d’Ornstein et Weiss affirme que deux telles actions
sont toujours orbitalement équivalentes lorsque les groupes sont infinis et moyennables.
L’équivalence orbitale quantitative consiste a ajouter des restrictions sur les cocycles dans
le but d’obtenir une théorie plus intéressante.

D’une part, ce sujet interagit avec la théorie ergodique « classique ». Premiérement,
Belinskaya a démontré qu'une équivalence orbitale avec des cocycles intégrables se résume
& un probléme beaucoup trop proche de la conjugaison. Deuxiémement, des hypothéses
plus faibles que lintégrabilité des cocycles proposent un juste milieu entre la relation
triviale qu’est ’équivalence orbitale, et le probléme difficile de la conjugaison. Dans ce
contexte, nous établissons plusieurs résultats de flexibilité : certaines formes quantitatives
de I'équivalence orbitale ne préservent pas des comportements dynamiques reliées aux
propriétés de mélange et a la notion de spectre ponctuel. Nous démontrons aussi que ces
relations n’impliquent pas 1’équivalence de Kakutani (un probléme aussi riche que celui de
la conjugaison). Enfin, nous démontrons que la préservation de ’entropie sous équivalence
orbitale log-integrable (due a Kerr et Li) est optimale, en trouvant des transformations
d’entropie différente qui sont orbitalement équivalentes avec des cocycles quasiment log-
intégrables.

D’autre part, ’équivalence orbitale quantitative entre groupes moyennables cap-
ture la géométrie des groupes, vu que les profils isopérimétriques fournissent des seuils
d’intégrabilité des cocycles. Nous faisons une étude plus fine de ces bornes en montrant
qu’elle ne peuvent pas étre atteintes.






Abstract

Title : On quantitative orbit equivalence between amenable groups

Keywords : Orbit equivalence, odometer, rank-one system, entropy, point spectrum,
mixing, Kakutani equivalence, amenable group, isoperimetric profile.

Two free probability measure-preserving actions of countable groups are orbit equivalent
if they share the same orbits up to conjugacy. However, a theorem of Ornstein and Weiss
states that any two such actions are always orbit equivalent when the groups are infinite
and amenable. Quantitative orbit equivalence aims at adding restrictions on the cocycles
to get a more interesting theory.

On the one hand, this topic has many interactions with “classical” ergodic theory.
First, Belinskaya proved that an orbit equivalence with integrable cocycles boils down to
a problem very close to conjugacy. Secondly, assumptions weaker than integrability on
the cocycles bridge the gap between the trivial relation of orbit equivalence and the hard
problem of conjugacy. In this context, we prove many flexibility results stating that these
quantitative forms of orbit equivalence do not preserve dynamical behaviours related to
mixing properties and the notion of point spectrum. We also proved that these relations
do not imply Kakutani equivalence (a problem as rich as the one of conjugacy). Finally we
prove that the preservation of entropy under log-integrable orbit equivalence (due to Kerr
and Li) is optimal, namely we find transformations with different entropies orbit equivalent
with almost log-integrable cocycles.

On the other hand, quantitative orbit equivalence captures the geometry of amenable
groups, since isoperimetric profiles yield integrability thresholds on the cocycles. We will
deal with a finer study of these bounds: we prove that they cannot be reached.
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Résumé long en francais

Ce résumé long en francais reprend les éléments essentiels de l'introduction en anglais.

Equivalence orbitale entre systémes dynamiques

Etant donné un espace de probabilité standard et sans atome (X, i), on note Aut(X, )
Pensemble des bijections X — X préservant la mesure de probabilité (pmp), ot on identifie
deux telles bijections si elles coincident sur une partie de mesure pleine. Deux éléments
S, T € Aut(X, u) sont orbitalement équivalents si, a conjugaison prés, ils ont les mémes
orbites. Cela signifie qu’il existe un isomorphisme mesuré V: (X, u) — (X, ) tel que pour
presque tout x € X,

U({T"x | neZ}) ={S"V(x) | neZ}. (1)

L’application W est appelée une équivalence orbitale entre S et T. Cette notion a été
introduite pour la premiére fois par Dye en 1959 [Dye59| dans le cadre plus général des
relations d’équivalence pmp sur (X, ). L’équivalence orbitale est un affaiblissement de la
conjugaison, qui demande un isomorphisme mesuré¢ V: (X, u) — (X, u) tel que U (Tx) =
SU(z) pour presque tout x € X. Cependant, Dye a démontré que cet affaiblissement est
beaucoup trop fort : toutes les bijections pmp et ergodiques sont orbitalement équivalentes.

Pour un renforcement de I’équivalence orbitale, on a d’abord besoin de décrire plus
précisément 1’égalité entre orbites . En supposant que T et S sont apériodiques, c’est-
a-dire T™x + x pour tout n % 0 et pour presque tout z, on peut définir des applications
mesurables cr: Z x X — Z et cs: Z x X — 7Z avec les formules

UTz = ST@OW(z) et UGz = 7@ G (z)

pour presque tout z € X. Les applications cp et cg sont les cocycles associés & I’équivalence
orbitale W.

Etant donnée une équivalence orbitale W entre S et T', les cocycles associés témoignent
de la distorsion des orbites pour passer de la dynamique de T & la dynamique de S, et
vice versa. L’équivalence orbitale quantitative consiste a ajouter des restrictions sur ces
cocycles, pour des distorsions plus rigides. Par exemple, étant donnés p, g € [0, +0o0], nous
demandons a avoir un cocycle ¢y qui est P, et un cocycles cg qui est LY, c’est ce qu’on
appelle une équivalence orbitale (LP, L?). Etant données des applications ¢, 9 : Ry — R,
(par exemple p(z) = log ), nous demandons plus généralement de la (p, 1)-integrabilité.

Une autre forme d’équivalence orbitale quantitative est I’équivalence orbitale de Shan-
non. Un cocycle, disons cr, est Shannon si la partition {c;l(n) |ne Z} qui lui est associée
est d’entropie finie, ¢’est-a-dire

= 3 nler () log e (n) < +oo.

nez

Lorsque les deux cocycles sont Shannon, on parle d’équivalence orbitale de Shannon.
La question est maintenant la suivante.



ii RESUME LONG EN FRANCAIS

Question 1. Quelles propriétés dynamiques sont préservées par les différentes formes
quantitatives de 1’équivalence orbitale 7 Peut-on relier certaines formes quantitatives de
I’équivalence orbitale & certaines notions classiques de théorie ergodique ?

Equivalence orbitale entre actions de groupes

Remarquons qu'un élément 7' de Aut(X, p) fournit une action pmp du groupe Z sur (X, u),
via (n,x) € Z x X — T"z € X. 1l est donc naturel d’étendre la notion d’équivalence
orbitale au cadre des actions de groupes. Deux actions pmp de groupes I' et A sur (X, u)
sont orbitalement équivalentes s’1] existe un isomorphisme mesuré ¥: (X, u) — (X, p) tel
que pour presque tout x € X,

V(I z)=A-VU(x). (2)

Une généralisation du théoréme de Dye existe pour les actions pmp, libres et ergodiques
de groupes infinis moyennables, elle est due a Ornstein et Weiss. Comme précédemment,
nous allons donc décrire un peu plus précisément 1’égalité entre orbites avec les cocycles
cra: 'x X = Aet ear: A x X — I' définis par :

U(y-z) =cra(y,z) - U(z) et THA-2) = car(\,x) - U1 (z)

pour tout v € ', A € A et presque tout z € X (ces applications sont bien définies par
liberté des actions). Le nom « cocycle» est justifié par le fait que ces applications satisfont
I'edentité de cocycle

cra(vY, @) = cra(v, ' - 2)era (v, ).

Si I est engendré par une partie finie St, on peut définir la norme de longueur des mots
par
|Y|sp =min{n >0 |3s1,...,8, € Sp, ¥ =51...5p}

pour tout v € I'. C’est une généralisation de la valeur absolue (dans le cas de Z) qui permet
de voir I' comme un espace métrique, via la métrique des mots (v,7') — |y~ 1v].

Etant donnés deux groupes I et A de type fini, avec des ensembles finis générateurs
St et Sa, on dit que le cocycle cpp: I' x X — A est LP si pour tout v € I, 'application
lera(7, )]sy : X — N est LP. On définit ensuite 'équivalence orbitale (LP,L7) pour les
actions pmp et libres de I" et de A, et plus généralement l'équivalence orbitale (p,))-
intégrable pour des applications ¢,¥: Ry — R;.

On g’attend a des phénoménes de rigidité pour ’équivalence orbitale quantitative entre
actions de groupes de type fini, pour deux raisons:

e Vis-a-vis de la dynamique : comme pour ’équivalence orbitale entre éléments
de Aut(X, p), les cocycles d’une équivalence orbitale entre deux actions témoignent
de la distorsion des orbites pour passer de la dynamique d’'une action & la dynamique
de l'autre.

e Vis-a-vis de la géométrie des groupes : les orbites d’une action libre d’un groupe
de type fini ont en quelque sorte la structure héritée du graphe de Cayley du groupe
(associé & une partie finie génératrice fixée). Ainsi les cocycles d’une équivalence
orbitale entre deux actions encodent également la distorsion entre les géométries des
groupes.

Au vu du dernier point qui se focalise principalement sur la géométrie des groupes
de type fini, il est naturel de considérer I’équivalence orbitale comme une relation entre
groupes : deux groupes I' et A sont orbitalement équivalents §’il existe des actions libres et
pmp de I' et A sur un espace de probabilité standard, qui ont les mémes orbites (hors d'une
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partie de mesure nulle). La donnée de ces actions est appelée un couplage d’équivalence
orbitale entre T' et A. Entre autres, on s’intéressera a la notion de couplage (¢, ¥)-intégrable
de T vers A.

Pour I’équivalence orbitale, les phénomeénes de flexibilité observés pour les groupes
moyennables sont en net contraste avec les résultats de rigidité parmi les groupes non
moyennables (|[Fur99a; Gab00; Kid08; Kid10|). Les objectifs sont dans le méme esprit que
dans la question , concernant les renforcements quantitatifs.

Question 2. Quels invariants d’équivalence orbitale quantitative capturent la géométrie
des groupes 7

Comportement des propriétés dynamiques sous équivalence
orbitale quantitative

Historiquement, le premier résultat d’équivalence orbitale quantitative est dii & Belinskaya.
Ce résultat énonce qu’étant donnée une équivalence orbitale entre S et T € Aut(X, ),
si I'un des cocycles est intégrable, alors T et S sont flip-conjugués (7 et conjugué
a S oua S1). La flip-conjugaison étant trop proche du probléme de la conjugai-
son, I’hypothése d’intégrabilité n’est pas pertinente. Regardons maintenant ce qu’il se
passe pour l’équivalence orbitale ¢-intégrable avec ¢: Ry — Ry sous-linéaire, et pour
I’équivalence orbitale de Shannon.

L’équivalence orbitale de Shannon n’est pas une relation triviale. En effet, Kerr et Li
en ont trouvé un invariant : I’entropie.

Théoréme 3 (Kerr, Li [KL24|). Sl existe une équivalence orbitale de Shannon entre S
et T e Aut(X, u), alors h,(S) = h,(T).

Carderi, Joseph, Le Maitre et Tessera ont ensuite découvert des liens entre ’équivalence
orbitale de Shannon et la notion l’équivalence orbitale ¢-intégrable. Ils ont également
démontré que cette derniére ne se résume pas & un probléme de flip-conjugaison si p: Ry —
R, est sous-linéaire, prouvant ainsi que le théoréme de Belinskaya est optimal.

Théoréme 4 (Carderi, Joseph, Le Maitre, Tessera [CJLMT23, Théoréme 3.16]). Si
e: Ry — Ry est une fonction vérifiant log(t) = O(p(t)) lorsque t tend vers oo, alors
toute équivalence orbitale p-intégrable est une équivalence orbitale de Shannon.

Théoréme 5 (Carderi, Joseph, Le Maitre, Tessera |[CJLMT23, Théoréme 1.3]). Soit
v: Ry — Ry une fonction sous-linéaire et soit S € Aut(X,p) une transformation er-
godique. Supposons qu’il existe un entier n = 2 tel que S™ est ergodique. Alors il existe une
équivalence orbitale p-intégrable entre S et une transformation qui n’est pas flip-conjuguées

as.

On obtient donc que I’équivalence orbitale de Shannon et ’équivalence orbitale -
intégrable (pour ¢: Ry — R, sous-linéaire, asymptotiquement plus grand que log) ne se
résument pas & de la flip-conjugaison et ne sont pas des relations triviales.

Enfin, pour une construction concréte d’équivalence orbitale entre des transformations
bien connues qui ne sont pas flip-conjuguées, avec des informations quantitatives sur les
cocycles, on a le résultat suivant.

Théoréme 6 (Kerr, Li |[KL24|). Tout odométre est Shannon orbitalement équivalent &
l’odométre universel.



iv RESUME LONG EN FRANCAIS

Propriétés géométriques des groupes capturées par
I’équivalence orbitale quantitative

Concentrons-nous maintenant sur la notion d’équivalence orbitale quantitative entre
groupes, et non pas entre actions de groupes prescrites. Etant donné un groupe I' de
type fini, ainsi qu’une partie finie génératrice St, la fonction de croissance de I' est définie
par

Vo(n) = |y e T | rlsy < n}l.

Par exemple, Va(n) ~ n?.

Dans 'appendice de |[Ausl6b|, Bowen a démontré l'invariance de la fonction de crois-
sance par équivalence orbitale intégrable. Par conséquent, Z et Z? ne sont pas intégrable-
ment orbitalement équivalents. Delabie, Koivisto, Le Maitre et Tessera ont ensuite traité
la question du comportement de la fonction de croissance sous équivalence orbitale (¢, 1))-
intégrable, un cadre plus large qui englobe par exemple le cas ol les cocycles sont LP pour
un certain p < 1.

Théoréme 7 ([DKLMT22, Theorem 3.1]). Soit ¢: Ry — Ry une fonction strictement
croissante et sous-additive. S’il existe un couplage d’équivalence orbitale (o, L°)-intégrable
de I" vers A, alors

Vr(n) < Valy™'(n))
ot o1 désigne la fonction inverse de .

Cette inégalité fournit des bornes d’intégrabilité des cocycles. Par conséquent,
I’équivalence orbitale quantitative entre groupes moyennables de type fini est plus com-
plexe que la relation triviale qu’est ’équivalence orbitale. Par exemple, pour des entiers
k>d>1,iln’y a pas de couplage L entre Z* et Z¢ si p > %.

Delabie, Koivisto, Le Maitre et Tessera ont aussi démontré une inégalité qui utilise cette
fois-ci le profil isopérimétrique, un invariant qui mesure en quelque sorte la moyennabilité
d’un groupe.

Théoréme 8 ([DKLMT22, Theorem 1.1]). Soit ¢: Ry — Ry une fonction croissante
telle que t — ﬁ est croissante. Soient I' et A deux groupes de type fini. S’il existe un cou-

plage d’équivalence orbitale (o, L°)-intégrable de T vers A, alors leur profils isopérimétriques
vérifient linégalité asymptotique suivante :

pojia(n) < jir(n).

Nouveaux résultats présentés dans cette thése

Aprés avoir présenté quelques résultats historiques sur I’équivalence orbitale quantitative,
parlons de nos contributions.

Généralisation de la construction de Kerr et Li

Dans le chapitre [, nous présentons une généralisation du théoréme [6] aux transformations
de rang un. D’une part, ces systémes admettent une construction combinatoire similaire
aux odometres, avec des tours de Rokhlin qui croissent vers la o-algébre de I’espace. C’est
une propriété cruciale qu’utilisent Kerr et Li dans leur construction, on s’attend donc a
pouvoir la généraliser. D’autre part, la famille des systémes de rang un décrivent des
propriétés dynamiques trés variées, par exemple concernant les propriétés de mélange et
les propriétés spectrales, elle est donc plus riche que la famille des odométres.

On fournit ainsi des exemples concrets d’équivalences orbitales de Shannon ou les pro-
priétés de mélange et les propriétés spectrales ne sont pas préservées. En voici un résumé.



Théoréme 9 (théorémes @], et |F| du chapitre . Soit p: Ry — R, vérifiant
o(t) =0 (tl/g) lorsque t tend vers +oo. L’ensemble des éléments de Aut(X, p) qui sont
p-intégrablement orbitalement équivalents a l'odométre universel contient :

o les odométres;

e la transformation de Chacon (faiblement mélangeante mais pas fortement
mélangeante);

o une transformation de rang un fortement mélangeante;

e [a rotation irrationnelle d’angle 0, pour 0 appartenant & une partie indénombrable et
dense de R;

2im

o pour tout réel wrrationnel 0, une transformation de rang un ayant e comme valeur

propre.

Odomutants

Dans le chapitre [IT} nous construisons des nouvelles transformations pmp, appelés odomu-
tants, obtenus aprés des distorsions successives des orbites d’'un odométre. Méme si un
odomutant a le méme spectre ponctuel que 'odométre qui lui est associé (théoréme,
il peut avoir des propriétés dynamiques beaucoup plus variées. Par exemple, il peut avoir
une entropie positive et n’est pas forcément lachement de Bernoulliﬂ (les systémes lache-
ment de Bernoulli forment une classe de transformations ot les notions d’équivalence de
Kakutani et d’équivalence de Kakutani équitableE] sont bien comprises). C’est donc une
classe de systémes propices aux contre-exemples et aux résultats de flexibilité.

Le premier résultat montre que, méme si l’équivalence orbitale de Shannon et
I’équivalence de Kakutani équitable préservent ’entropie, ce ne sont pas les mémes re-
lations.

Théoréme 10 (théoréme |G| du chapitre . 1l existe une bijection pmp et ergodique T
qui est L<Y2 orbitalement équivalente (en particulier Shannon orbitalement équivalente) a
Uodométre dyadique mais pas équitablement Kakutani équivalente.

Le second résultat montre que le fait que 1’équivalence orbitale log-intégrable préserve
Pentropie (théorémes [3| et [4)) est optimal.

Théoréme 11 (théoreme [H du chapitre [[). Soit (X, i) un espace de probabilité standard,
a un réel strictement positif ou +o0, et S € Aut(X, 1) un odométre dont le nombre surna-
turel associé Hpen pkr vérifie la propriété suivante : il existe un nombre premier p. tel que
ky, = 400. Alors il existe T € Aut(X, ) tel que

1. by (T) = ay
2. il existe une équivalence orbitale entre S et T, qui est om,-intégrable pour tout entier
m = 0,
avec Qm: t — bgl&%)t’ et o log(om) désigne la composition logo...olog (m fois).

! Loosely Bernoulli en anglais.

2Contrairement & loosely Bernoulli, la littérature francaise ne présente a priori aucune traduction de
even Kakutani equivalence. Si cette information est fausse, le lecteur est chaleureusement convié a contacter
I'auteur de cette thése pour vaincre son ignorance.
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Ce théoréme s’applique par exemple & 'odomeétre dyadique et & I'odométre universel.

La stratégie que nous adoptons consiste & utiliser ’entropie topologique, plus facile a
calculer, ainsi que le principe variationnel pour retrouver ’entropie mesurée (il faut donc
que nos systémes soient uniquement ergodiques). Derriére le théoréme se cache donc
I’énoncé suivant qui s’inscrit dans un cadre plus topologique, avec ’entropie topologique
et la notion d’équivalence orbitale forte.

Théoréme 12 (théoréme [I| du chapitre . Soit o un réel strictement positif +00. Soit
S un odomeétre dont le nombre surnaturel associé Hpen pkr wvérifie la propriété suivante :
il existe un nombre premier p. tel que k,, = +00. Alors il existe un homéomorphisme
minimal T sur Uespace de Cantor tel que

1. htop(T) = oy

2. il existe une équivalence orbitale forte entre S et T, qui est oy, -intégrable pour tout
entier m = 0,

logt

o et ot 1ogt®™) désigne la composition logo . ..o log (m fois).

avec Oyt —

1l est crucial de remarquer que ce théoréme généralise ’énoncé suivant, di & Boyle et
Handelman.

Théoréme 13 (Boyle, Handelman [BH94|). Soit o un réel strictement positif ou +o0.
Soit S l'odomeétre dyadique. Alors il existe un homéomorphisme minimal T sur [’espace de
Cantor tel que

1. htop(T) = Qy
2. S et T sont fortement orbitalement équivalents.

Il s’avére que les homéomorphismes T' construits par Boyle et Handelman sont exacte-
ment les systémes que nous construisons : des odomutants ; ce qui ne saute pas aux yeux
vu qu’ils utilisent des diagrammes de Bratteli pour les décrire. De plus, ces diagrammes
fournissent un moyen plus abstrait de déterminer si deux homéomorphismes minimaux
sont fortement orbitalement équivalents, via un invariant complet appelé le groupe a di-
mension. En revanche, I’équivalence orbitale est plus explicite avec notre construction,
nous permettant ainsi de quantifier les cocycles.

Enfin, aprés avoir trouvé un moyen de déterminer si un odomutant est conjugué ou non
a 'odometre qui lui est associé, nous obtenons I'extension suivante du théoréme

Théoréme 14 (théorémedu chapitre. Soit p: Ri. — Ry une application sous-linéaire
et S un odomeétre. Alors il existe une bijection pmp T telle que S et T sont p-intégrablement
orbitalement équivalents mais pas flip-conjugués.

Sur le seuil d’intégrabilié fourni par les profils isopérimétriques

Dans le contexte de I’équivalence orbitale quantitative entre groupes moyennables infinis,
le théoréme [§| fournit une borne d’intégrabilité des cocycles. Nous savons que cette borne
est optimale dans certains cas.

Par exemple, étant donné un couplage d’équivalence orbitale entre ZF et , ol k et
¢ sont des entiers strictement positifs, le cocycle de Z*+¢ vers ZF ne peut pas étre LP si
p > kiM' De plus, on sait qu’un tel couplage couplage existe, ot le cocycle de ZF*+¢ vers Z*

est LP pour tout p < kLM [DKLMT22, Theorem 1.9]. Qu’en est-il du cas p = kiu ? Nous

répondons & cette question dans le chapitre [T} Nous montrons que le cocycle ne peut étre

Zk+€

k
L%+, et plus généralement que la borne d’intégrabilité fournie par le profil isopérimétrique
ne peut pas étre atteinte pour toute paire (I', A) de groupes moyennables infinis (avec des
hypothéses supplémentaires mais légéres).
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Théoréme 15 (théoréme |L| du chapitre . Soit T' et A deux groupes de type fini. Sup-
posons qu’il existe une fonction croissante hp et une fonction strictement croissante hp
vérifiant hr = jir, ha = ji.a et les hypotheses suivantes lorsque x — +00 :

hr(z) = o (ha(z)), (3)
YC > 0, hp(Cz) = O (hr(z)), (4)
YC >0, hrohy'(Cz) = O (hr o hy'(z)). (5)

Alors il n’existe pas de couplage d’équivalence orbitale (hpohxl, L%)-intégrable de T wvers A.

Une conséquence remarquable est la caractérisation compléte pour les groupes Z,
d=1.

Théoréme 16 (théoréme [[I1.4.4) du chapitre [[IT). Etant donnés deux entiers strictement

positifs k, 0, il existe un couplage d’équivalence orbitale (LP,10) de ZFt vers ZF si et
_k_

seulement s1p < 7.
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Introduction in english

Orbit equivalence between dynamical systems

Given a standard and atomless probability space (X, 1), we denote by Aut(X, u) the set of
probability measure-preserving (pmp) bijections X — X, two such maps being identified
if they coincide on a subset of full measure. Two elements S,T € Aut(X,u) are orbit
equivalent if they share the same orbits up to conjugacy. This means that there exists a
measured isomorphism W: (X, u) — (X, ) such that for almost every z € X

U ({T"x | neZ}) = {S"U(z) | neZ}. (6)

The map W is called an orbit equivalence between S and T. This concept was first in-
troduced by Dye in 1959 [Dye59| in the more general setting of pmp equivalence relations
on (X, u). Orbit equivalence is a weakening of the conjugacy problem, which requires a
measured isomorphism ¥: (X, ) — (X, u) such that U(T'z) = SU(x) for almost every
x € X. However Dye proved that this weakening is trivial: any two ergodic pmp bijections
are orbit equivalent.

To strengthen orbit equivalence, we first need a more precise description of the orbit
equality @ If we assume that 7" and S are aperiodic, namely T"x £ x for every n + 0
and almost every x, we can define measurable maps c¢py: Z x X - Z and cg: Z x X — Z
by the formulas

UTx = ST@W(z) and O 1Sz = TG ()

for almost every x € X. The maps ¢y and cg are called the cocycles associated to the orbit
equivalence V.

S

T T

e — > o6 — P> o6 — P> o6 —»> o6 —> oo

T 'z x Tx T?x

Figure 1: Orbit equivalence between aperiodic transformations in Aut(X, u), when ¥ =
idx.

Given an orbit equivalence ¥ between S and T, the associated cocycles tell us how
much we have to distort the orbits to move from the dynamics of T to the dynamics of
S, and vice versa. Quantitative orbit equivalence consists in adding restrictions on these
cocycles for the distortions to be more rigid. For instance, given p, ¢ € [0, + 0], we will ask
for an L? cocycle ep and an LY cocycle cg, this is what we call an (I”, L9) orbit equivalence.

1X
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Given maps ¢, 9 : Ry — R, (for instance p(z) = log ), we more generally require (¢, 1))-
integrability. We define it with more details in Section of Appendix [B] the reader can
keep in mind that L? is exactly ¢-integrability when ¢(x) = 2P, and that the faster the
map @ goes to 400, the stronger is the restriction on the cocycle.

Another form of quantitative orbit equivalence is the Shannon property. For the reader
who is not acquainted with the notion of entropy, Section in Appendix [A] motivates
this quantity. In the remark below, we explain intuitively what it encodes in this context
of orbit equivalence.

A cocycle, let us say cp, is Shannon if the entropy of its associated partition
{c}l(n) | n € Z} has finite entropy, this means that

= 3 nlez (m) log ulez! (n)) < +o.
neL
Shannon orbit equivalence asks for an orbit equivalence whose associated cocycles are both
Shannon.

Remark 17. As a motivation behind the definition of entropy (see Section
in Appendix [A), —3 .z p(cr' (n))log u(cy'(n)) quantifies how much the partition
{c;l(n) | n € Z} is dividing the space X. In other words, it quantifies the uncertainty
of the value of cp(x), where z is random with respect to p.

It does not exactly bring the same information as the property of being in LP. For
instance, the latter gives information on the tail of |ep(.)|: X — N, using Markov’s in-
equality:

Sx ler(@)[Pdp(z)

p{le()] > nf) < BETEEGED,

The question is now the following.

Question 18. Which dynamical properties are preserved under quantitative forms of orbit
equivalence? Are there connections between quantitative forms of orbit equivalence and
classical notions in ergodic theory?

As we will explain later in this introduction, Belingkaya proved that integrable orbit
equivalence boils down to a relation too close to conjugacy. However, when ¢: Ry — Ry
is a sublinear map greater than log, many results imply that the relation of p-integrable
orbit equivalence bridges the gap between the trivial relation of orbit equivalence and the
hard problem of conjugacy. The same holds for Shannon orbit equivalence.

Orbit equivalence between group actions

Note that any element T' of Aut(X, u) gives rise to a pmp action Z —~ (X, p), via (n,z) €
Z x X — Tz € X. It is then natural to study the following extension to more general
group actions. Two pmp actions of groups I" and A on (X, u) are orbit equivalent if there
exists a measured isomorphism W: (X, u) — (X, p) such that for almost every x € X,

U(T-xz)=A-V(x). (7)

However, Dye’s theorem has been generalized to free ergodic pmp actions of infinite
amenable groups, by Ornstein and Weiss [OW80]. As before, we more precisely describe
the orbit equalities with the cocycles crp: ' x X — A and cpr: A x X — T defined
by:

U(y-z) =cra(y,2) - U(z) and (N - z) = car(N, z) - O (2)

for every v € I'; A € A and almost every x € X (these maps are well-defined by freeness of
the actions). Note that the cocycles ep,cg: X — Z we defined earlier for orbit equivalent
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elements of Aut(X,u) are exactly the restrictions to the generator +1 of the cocycles
7Z x X — 7 we define right above. The name “cocycle” comes from the fact that these
maps satisfy the cocycle identity:

CF,A(V’)/? I‘) = CF,A(/% ’Y, : x)CF,A(’Ylv .CC)

The goal is now to introduce quantitative orbit equivalence in this more general setting.
For instance, we want a definition of being L? for a cocycle crp: I' x X — A. We have to
compose the cocycle with a real-valued function. For instance, for a Z-valued cocycle, we
use the absolute value. To this end, finitely generated groups form a natural class where
we can define a norm playing the same role as the absolute value. Indeed, if I is generated
by a finite subset St, then we can define the word-length norm by

|v]sp =min{n >0 |3s1,...,5, € Sp, v =51...5,}

for every v € I'. This norm enables us to naturally consider finitely generated groups as
metric spaces, via the word-length metric (v,7') — |y’ 1v|. For instance, the ¢!-norm of
R, restricted to Z¢, is the norm of Z? associated to its canonical generating subset. We
give more details in Section of Appendix [A]

Now given finitely generated groups I and A, with finite generating subsets St and Sy,
we say that a cocycle cp p: I'x X — Ais LP if for every v € I', the map |ep a(7y,.)|s, : X = N
is L?. We then define the notion of (I?, L9) orbit equivalence for free pmp I'- and A-actions,
and more generally (¢, )-integrable orbit equivalence for general maps ¢,9: Ry — Ry
(see Section in Appendix [B).

It is relevant to expect rigidity phenomena for quantitative orbit equivalence between
actions of finitely generated groups, for two reasons:

¢ When focusing on the dynamics: as for orbit equivalence between elements of
Aut(X, ), the cocycles of a given orbit equivalence tell us how much we have to
distort the orbits to move from the dynamics of one action to the dynamics of the
other orbit equivalent to it.

¢ When focusing on the geometry of the groups: the orbits of a free action
of a finitely generated group somehow have the structure inherited from the Cayley
graphs of the group (associated to a fixed generating subsets). This means that in
every orbit, we put an edge between y and ~y-y if v lies in St u Slil. Figure [2| provides
an illustration for a free Z2-action. So the cocycles also encode the distortions to
pass from the geometry of one group to the other.

Let us give an example with Z2?- and Z-actions, where the groups are respectively
generated by Sz2 = {e1 = (1,0),es = (0,1)} and Sz = {+1}. The norms |.[g,
and |.|s, quantify how far cz 72(+1, ) and cz2 z(e;, ) are from being generators (or
inverses of generators) of the corresponding group. So they quantify how far an orbit
equivalence VU is from preserving the edges in the orbits. In view of the structure
of Z2-orbits in Figure 2] while Z-orbits are more likely to live in a "one-dimensional
world" (as the T-orbits in Figure|l)), it is natural to believe that an orbit equivalence
distort the structures, and that = — cz2 (e, z) often take large values.

To sum up, the cocycles crpa: ' x X — A and ear: A x X — T’ can be seen as
measurable families cpp(.,2): I' = A and ear(.,2): X — I'. The integrability
conditions on both cocycles can therefore be seen as a way to prevent too much
distortion (in a way which involves the measure).

By this last item which more focuses on the geometry of finitely generated groups, it is
natural to also consider orbit equivalence as a relation between groups: two groups I' and
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(—2,2) = (—1,2) - = (0,2) - = (1,2) - = (2,2) - =
€2 €2 €2 €2 €2
€1 €1 €1 €1
(—2,1) - = (—1,1) - = (0,1) - = (1,1) - = (2,1) - =
€2 €2 €2 €2 €2
€1 €1 €1 €1
(—2,0) - = (—1,0) - = x (1,0) - = (2,0) - =
(&) €9 €9 (&) €2
€1 €1 €1 €1
(—2,—-1) -z (—1,—-1) -« (0, —-1) -z (1, —1) - = (2, —1) - =

Figure 2: Given a free action of Z? on X, and given z € X, the Z?-orbit of z has the
structure inherited from the Cayley graph of Z with respect to the finite generating set
{e1,ea} with e; = (1,0) and ez = (0,1), where z is identified with (0, 0).

A are orbit equivalent if there exist free pmp I'- and A-actions on a standard probability
space, sharing the same orbits up to a null set. An orbit equivalence coupling between T’
and A refers to the data of these actions. Then we say that T" is (p,1)-integrably orbit
equivalent to A if there exist an orbit equivalence coupling which is (¢, 1)-integrable.

Remark 19. It turns out that orbit equivalence between two groups is a particular in-
stance of measure equivalence, a notion introduced by Gromov as a measured analogue of
quasi-isometry. Conversely, measure equivalence provides a weaker notion of orbit equiva-
lence, called stable orbit equivalence, roughly speaking it requires equality between portions
of orbits. Coming back to actions of the group Z, namely the data of elements of Aut(X, u),
a classical instance of stable orbit equivalence is the notion of Kakutani equivalence: two
transformations 7', S are Kakutani equivalent if they admit induced transformations which
are conjugate. The theory of Kakutani equivalence is as rich as the problem of conjugacy,
we refer the reader to Section in Appendix [A] for more details. These remarks high-
light the interactions between orbit equivalence and many topics like ergodic theory and
geometric group theory.

The flexibility phenomena observed for amenable groups is in sharp contrast with the
rigidity results found in the non-amenable world. For instance, Gaboriau [Gab00]| proved
that the orbit equivalence classes among free groups are completely described by the num-
ber of generators. We also refer the reader to the work of Furman |[Fur99a] on lattices in
higher rank semi-simple Lie groups and the works of Kida [Kid08; Kid10] on mapping class
groups, both providing rigidity phenomena under measure equivalence.

Since orbit equivalence cannot distinguish between infinite amenable groups, we can
ask the following question in the same vein as Question

Question 20. Which invariants of quantitative orbit equivalence capture the geometry of
the groups?

Measure equivalence also comes with cocycles and analogous quantitative strengthen-
ings (see Section in Appendix . Since measure equivalence is also a trivial relation
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among infinite amenable groups, the last question also arises in this context. In the sequel,
we will only deal with orbit equivalence, but some result in fact hold more generally in
the setting of quantitative measure equivalence, we refer the reader to Appendix [B] for a
survey.

Behaviour of dynamical properties of group actions under
quantitative orbit equivalence

The first result on quantitative orbit equivalence is probably Belinskaya’s theorem. It
states that, given an orbit equivalence between S and T € Aut(X, u), if one of the cocycles
is integrable, then T and S are flip-conjugate (T is conjugate to S or S™!). Since the
flip-conjugacy problem is too close to the conjugacy problem, integrability is not a relevant
restriction to add on the cocycles.

Then Austin launched the study of the preservation of measure-theoretic entropy under
quantitative forms of orbit equivalence. Intuitively, the entropy of T' € Aut(X, ), denoted
by h,(T'), is a quantity which tells us how much iterations of 7' complexify the space. It is
defined as the growth rate of some quantities using the entropy of partitions. We explain
this notion in Section of Appendix [A]

Austin proved that integrable orbit equivalence among actions of infinite amenable
groups preserves the entropy [Ausl6al. Note that this was already known for Z-actions,
by Belinskaya’s theorem. In fact, Kerr and Li noticed than Austin’s result also holds in
the context of Shannon orbit equivalence in many cases depending on algebraic properties
of the groups. In the particular case of the group Z, the statement is the following.

Theorem 21 (Kerr, Li [KL24|). Let S,T € Aut(X, p). If they are Shannon orbit equiva-
lent, then h,(S) = h,(T).

Carderi, Joseph, Le Maitre and Tessera then found connections between this notion
and @-integrable orbit equivalence, and proved that the latter does not boil down to flip-
conjugacy when ¢ is sublinear. Since integrable orbit equivalence is exactly y-integrable
orbit equivalence for any nonzero linear map ¢, this implies that Belinskaya’s theorem is
optimal.

Theorem 22 (Carderi, Joseph, Le Maitre, Tessera [CJLMT23| Theorem 3.16]). Let
v: Ry = Ry be a map satisfying log(t) = O(p(t)) as t goes to co. If T, S € Aut(X, ) are
w-integrably orbit equivalent, then they are Shannon orbit equivalent.

Theorem 23 (Carderi, Joseph, Le Maitre, Tessera [CJLMT23, Theorem 1.3]). Let
v: Ry — Ry be a sublinear map and let S € Aut(X, p) be ergodic. Assume that there
exists an integer n = 2 such that S™ is ergodic. Then there exists T € Aut(X, u) such that
S and T are p-integrably orbit equivalent but not flip-conjugate.

For a concrete construction of orbit equivalence between well-known transformations
that are not isomorphic, and with a quantification on the cocycles, we have the following
statement of Kerr and Li. We refer the reader to Example in Appendix [A] for
the definition of a universal odometer, this is related to the flip-conjugacy classification of
odometers.

Theorem 24 (Kerr, Li [KL24|). Every odometer is Shannon orbit equivalent to the uni-
versal odometer.
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Geometric properties of groups captured by quantitative orbit
equivalence

Let us now focus on the notion of quantitative orbit equivalence between groups, and not
between prescribed group actions. We recall that two groups are orbit equivalent if they
admit free pmp actions which share the same orbits up to a null set.
Given a finitely generated group I' with a finite generating subset St, the growth
function is defined by
Vr(n) =[{vel [ |yls, <n}|

With a metric viewpoint, this function encodes the volume of the balls. For instance,
Vya(n) ~ n?.
In the appendix of [Aus16b|, Bowen showed the invariance of the growth function under

L' orbit equivalence.

Theorem 25 (|[Ausl6b, Theorem B.2|). Let I and A be finitely generated groups. If T and
A are LY orbit equivalent, then Vi(n) = Vi(n).

As an application, Z and Z? are not integrably orbit equivalent. It is therefore natural
to wonder whether these rigidity results still hold for the more general notions of (¢, )-
integrability which encompass for instance LP for p < 1. In this wider setup, Delabie,
Koivisto, Le Maitre and Tessera refined Bowen’s result as follows.

Theorem 26 ([DKLMT22, Theorem 3.1]). Let ¢: Ry —> Ry be an increasing and sub-
additive map. If there is a (@, L0)-integrable orbit equivalence coupling from T to A, then

where ™1 is the inverse function of .

This inequality provides explicit upper bounds on how integrable the cocycles of an
orbit equivalence coupling can be. This implies that, among finitely generated amenable
groups, quantitative orbit equivalence is more complex than the trivial relation of orbit
equivalence. For instance, for every integers k > d > 1, there is no LP orbit equivalence
between ZF and Z¢ if p > %.

Explicit constructions show that the bound given by this theorem is almost sharp. For
instance, for every positive integers k > d, the groups Z* and Z? are LP-orbit equivalent
for every p < ¢ [DKLMT22, Theorem 1.9].

Going further, Delabie, Koivisto, Le Maitre and Tessera also proved in [DKLMT22|
an inequality that involves rather the isoperimetric profile. For recalls about the isoperi-
metric profile ji r of a finitely generated group I', we refer the reader to Section in
Appendix [A] This invariant tells us how much amenable a group is. Since we want to
strengthen orbit equivalence among amenable groups, this quantity is relevant.

Theorem 27 ([DKLMT22, Theorem 1.1]). Let p: Ry — R, be a non-decreasing function

such that t — %) 18 non-decreasing. Let I' and A be finitely generated groups. Assume

ol
that there exists a (@, LY)-integrable orbit equivalence coupling from T' to A. Then their
1soperimetric profiles satisfy the asymptotic inequality

o jia(n) < jir(n).

New results presented in this thesis

After presenting the historical results on quantitative orbit equivalence, let us move on to
our contributions.
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Generalization of Kerr and Li’s construction

Chapter [[| deals with an extension of Theorem [24] to rank-one systems. We refer the reader
to Section in Chapter [[| for a survey on these transformations.

On the one hand, rank-one systems have a combinatorial construction similar to the
odometers, with Rokhlin towers approximating the o-algebra of the space. Kerr and Li
crucially use this property in their construction, so it is relevant to extend their construction
to such systems. On the other hand, rank-one systems form a richer class than odometers,
favourable to counter-examples. Here are examples of dynamical properties satisfied by
some of them:

e strongly mixing (for instance the rank-one systems built by Ornstein [Orn72|);
e weakly mixing but not strongly mixing (for instance the Chacon map [Cha69));

e existence of an irrational eigenvalue (for instance irrational rotations, or rank-one
systems built by Danilenko and Vieprik [DV23] Theorem 4.1]),

whereas odometers all have rational eigenvalues and none of them are weakly mixing. It
is thus natural to expect that this class provides flexibility results for quantitative orbit
equivalence.

We first prove that the Shannon orbit equivalence in Theorem [24]is in fact a p-integrable
orbit equivalence for any map ¢: Ry — R satisfying ¢(t) = o(t3) as ¢ goes to +o0. We
then provide extensions to rank-one systems with this quantitative form. We do not give
the definition of BSP rank-one systems mentioned below (see Deﬁnitionin Chapter,
the reader can keep in mind that it contains every odometer and the Chacon map.

Theorem 28 (see Theorem [A|in Chapter . FEvery BSP rank-one system is p-integrably
orbit equivalent to the universal odometer for any p: Ry — Ry satisfying o(t) = o (t1/3)
as t goes to +a0.

Considering the Chacon map, we deduce from this theorem that weak mixing property
is not preserved under p-integrable orbit equivalence for maps ¢ as in the statement. In
fact, this was already known in [CJLMT23| (we refer to the comments after Theorem [B.3.§]
in Appendix [B|for more details), but we prove this flexibility result with explicit examples
of transformations (the universal odometer and the Chacon map).

With the strongly mixing rank-one systems built by Ornstein |[Orn72|, we can even
deduce that strong mixing property is not preserved.

Theorem 29 (see Theorem [F| in Chapter . For every map ¢: Ry — Ry satisfying
o(t) =0 (t1/3) as t goes to +o0, there exists a strongly mizing rank-one system which is
p-integrably orbit equivalent to the universal odometer.

We also manage to relate odometers and irrational rotations.

Theorem 30 (see Theorem |C| in Chapter . Let ¢: Ry — Ry be a map satisfying
o(t) =0 (t1/3) as t goes to +00. The set of irrational numbers 0 whose associated irra-
tional rotation is w-integrably orbit equivalent to the universal odometer is dense in R.

Theorem 31 (see Theorem @] in Chapter . For every map ¢: Ry — Ry satisfying
o(t) =0 (t1/3) as t goes to +00, and for every non-empty open subset V of R, the set of
wrrational numbers 0 € V whose associated wrrational rotation is p-integrably orbit equivalent
to the universal odometer is uncountable.

Irrational rotations are instances of rank-one systems with irrational eigenvalues (recall
that odometers only have rational eigenvalues). We do not know if every irrational rotation
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is ¢-integrably orbit equivalent to the universal odometer, with a map ¢ as in the state-
ments. However, given any irrational number 6, we can relate the universal odometer with
some rank-one systems having 2™ as an eigenvalue, using constructions of Danilenko and

Vieprik [DV23].

Theorem 32 (see Theorem [E| in Chapter . For every map ¢: Ry — Ry satisfying
o(t) =0 (tl/S) as t goes to +00, and for every irrational number 0, there exists a rank-one
system which has €*™ as an eigenvalue and which is p-integrably orbit equivalent to the
universal odometer.

Odomutants

In Chapter [T} we build new probability measure-preserving transformations, called odomu-
tants, built by distorting the orbits of an odometer. Even though an odomutant has the
same point spectrum as its associated odometer (Theorem in Chapter , it can
have different dynamical properties. For instance, it can have positive entropy and it is
not necessarily loosely Bernoulli (loosely Bernoulli systems form a class of transformations
where Kakutani equivalence and even Kakutani equivalence are well understood). These
explicit constructions thus provide flexibility results for quantitative orbit equivalence.

Even though Shannon orbit equivalence (or log-integrable orbit equivalence) and even
Kakutani equivalence both preserve entropy, these relations are not the same, according
to the following.

Theorem 33 (see Theoremin Chapter. There exists an ergodic probability measure-
preserving bijection T which is L<Y2 orbit equivalent (in particular Shannon orbit equiva-
lent) to the dyadic odometer but not evenly Kakutani equivalent to it.

In fact, the system T in this statement is built as a non loosely Bernoulli system, so it
is neither Kakutani equivalent to the dyadic odometer.

Moreover the fact that log-integrable orbit equivalence preserves entropy (Theorems
and is optimal. Indeed, we can find an odometer (of zero entropy) almost log-integrably
orbit equivalent to a transformation of positive entropy with all possible values.

Theorem 34 (see Theorem [H|in Chapter[[l). Let (X, ) be a standard atomless probability
space, let « be either a positive real number or +00, and let S € Aut(X, u) be an odometer
whose associated supernatural number Hpen v satisfies the following property: there exists
a prime number p. such that k,, = +00. Then there exists a probability measure-preserving
transformation T € Aut(X, u) such that

1. hy(T) = ay

2. there exists an orbit equivalence between S and T, which is o, -integrable for all

integers m = 0,

logt

log(®™) ¢

We refer the reader to Example in Appendix [A] for the notion of supernatural
number associated to (the conjugacy class of) an odometer. The theorem applies to the
dyadic odometer and the universal odometer for instance

It is worth noticing that this statement looks like the theorem stated below, due to
Boyle and Handelman and which deals with a more topological version of orbit equivalence.
Let us briefly explain the terminologies used in the statement.

Minimal homeomorphisms acting on the Cantor set are strongly orbit equivalent if they
share the same orbits (up to topological conjugacy) and each cocycle has at most one point
of discontinuity. We refer the reader to Appendix in Chapter [T for an overview on

where o, denotes the map t — and 1og(®™ the composition logo . . .olog (m times).
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this theory developed by Giordano, Putnam and Skau [GPS95|. Moreover the notation
htop in the following statement refers to a topological notion of entropy (see Section
in Appendix |A).

Theorem 35 (Boyle, Handelman [BH94|). Let « be either a positive real number or +o0.
Let S be the dyadic odometer. Then there exists a Cantor minimal homeomorphism T such
that

_Z, htop(T) = oy
2. S and T are strongly orbit equivalent.

In an earlier version of our result, we noticed that odomutants are in fact the dynamical
systems that they built. This is not so obvious at first glance since they deal with Bratteli
diagrams to describe the systems. Moreover they use abstract invariants to get that the
systems are strongly orbit equivalent, whereas our constructions are concrete, this enables
us to quantify the cocycles.

The strategy to prove our result is to use topological entropy (easier to compute) and
the variational principle to connect it with measure-theoretic entropy (so we have to work
with uniquely ergodic transformations). A more topological version is thus hidden behind
Theorem its statement is the following.

Theorem 36 (see Theorem [I| in Chapter . Let o be either a positive real number or
+00. Let S be an odometer whose associated supernatural number Hpen pkr satisfies the
Jollowing property: there exists a prime number p, such that k,, = +00. Then there exists
a Cantor minimal homeomorphism T such that

1. htop(T) = Qy

2. there exists a strong orbit equivalence between S and T, which is @y -integrable for
all integers m = 0,

logt
log(orn) t

where @, denotes the map t — and 1og(®™ the composition logo . . .olog (m times).

Finally, an odometer is a factor of its associated odomutants, and odometers also have
this stunning property of being coalescent: if an odometer is a factor of a transformation
isomorphic to it, then every factor map is an isomorphism. Since we know an explicit
factor map from an odomutant to its associated odometer, this property provides a way of
finding odomutants not isomorphic to their associated odometers. In fact, it enables us to
extend Theorem 23] to odometers.

Theorem 37 (see Theorem in Chapter . Let o: Ry — Ry be a sublinear map and S
an odometer. There exists a probability measure-preserving transformation T' such that S
and T are p-integrably orbit equivalent but not flip-conjugate.

On integrability threshold provided by isoperimetric profiles

In the context of quantitative orbit equivalence between infinite amenable groups, Theo-
rem [27] provides an upper bound on how integrable a cocycle can be. More precisely, if the
group I' is a much "bigger" than A, there are obstructions for the cocycle from I to A to
be ¢-integrable. Moreover this bound is sharp in many examples.

For instance, given an orbit equivalence coupling between ZF and Z**¢, with positive
integers k, ¢, the cocycle from ZF*+ to ZF cannot be LP for any p > kiM. On the other hand,
there exists a coupling where this cocycle is L? for every p < kLM. What about the case
p = ki%? This is the question we answer in Chapter . We proved that such a cocycle
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k;
cannot be L*¥+? and more generally that the upper bound provided by the isoperimetric
profiles cannot be reached for every pairs (I', A) of infinite amenable groups, with mild
assumptions.

Theorem 38 (see Theorem [[|in Chapter [T)). Let T' and A be finitely generated groups.
Assume that there exist a non-decreasing function hr and an increasing function hy satis-
Jying hr = jir, ha = ji,o and the following assumptions as r — +00:

he(z) = o (ha(x)), (8)
VC >0, hr(Cz) = O (hr(z)), (9)
VC >0, hrohy'(Cz) = O (hr o hy'(z)). (10)

Then there is no (hp o h/_\l,LO)—mtegmble orbit equivalence coupling from T to A.

Assumption simply means that I' is a "bigger" group than A, and the idea behind
Assumptions @ and is to get rid of the constants appearing inside the maps in the
definition of being asymptotically equivalent.

As consequences, we have the following complete characterisations.

Theorem 39 (see Theorem [[11.4.4]in Chapter. Given positive integers k, £, there exists
an (LP, L) orbit equivalence coupling from ZF+t to ZF if and only if p < kLM

Plan of the thesis

The three chapters respectively correspond to the articles [Cor25a; |Cor25b; |Cor25¢]. Chap-
ters [[| and [lI] are devoted to flexibility results. In the first one, we generalize Kerr and Li’s
construction to rank-one systems. In the second one, we introduce new systems called
odomutants which form a richer class in the dynamical viewpoint and which are naturally
orbit equivalent to odometers. In Chapter [[TI, we deal with the integrability thresholds
provided by the isoperimetric profiles. For the reader who is not acquainted with some
basics of ergodic theory or geometric group theory, Appendix [A] offers an introduction to
these topics. Finally, a more detailed state of the art on orbit equivalence and related
notions is provided in Appendix



Chapter 1

Rank-one systems, flexible classes
and Shannon orbit equivalence

This chapter corresponds to the article [Cor25a).

Abstract

We build a Shannon orbit equivalence between the universal odometer and a
variety of rank-one systems. This is done in a unified manner, using what we call
flexible classes of rank-one transformations. Our main result is that every flexible
class contains an element which is Shannon orbit equivalent to the universal odome-
ter. Since a typical example of flexible class is {T'} when T is an odometer, our work
generalizes a recent result by Kerr and Li, stating that every odometer is Shannon
orbit equivalent to the universal odometer.

When the flexible class is a singleton, the rank-one transformation given by
the main result is explicit. This applies to odometers and Chacon’s map. We also
prove that strongly mixing systems, systems with a given eigenvalue, or irrational
rotations whose angle belongs to any fixed nonempty open subset of the real line
form flexible classes. In particular, strong mixing, rationality or irrationality of the
eigenvalues are not preserved under Shannon orbit equivalence.
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1.1 Introduction

At the level of ergodic probability measure-preserving bijections, quantitative orbit equiv-
alence aims at bridging the gap between the well-studied but very complicated relation of
conjugacy, and the trivial relation of orbit equivalence, which is equality of orbits up to
conjugacy.

To be more precise, given two ergodic probability measure-preserving bijections .S and T’
on a standard atomless probability space (X, A, u), if S and some system ¥~ 1TW conjugate
to T have the same orbits, then S and T are said to be orbit equivalent and the probability
measure-preserving bijection ¥: X — X is called an orbit equivalence between T and S.
Dye’s theorem |[Dyeb9| states that, if S and 7" are ergodic, then they are orbit equivalent.

To get an interesting theory, let us define the cocycles associated to W, these are
the integer-valued functions cs and cp defined by Sz = U-1T¢®W(z) and Tz =
\IJSCT(x)\Iffl(x). Shannon orbit equivalence requires that there exists an orbit equiva-
lence whose cocycles are Shannon, meaning that the partitions associated to c¢g and cp
are both of finite entropy. For @-integrable orbit equivalence we ask that both integrals
$x e(les(@)])dp(z) and §y @(|er(x)])dpu(x) are finite. In the particular case of a linear map
¥, p-integrable orbit equivalence exactly requires the integrability of the cocycles, and is
simply called integrable orbit equivalence.

Belinskaya’s theorem [Bel69| implies that integrable orbit equivalence is exactly flip-
conjugacy (S and T are flip-conjugate if S is conjugate to 7 or T—'). In fact it only
requires that one of the two cocycles is integrable. Carderi, Joseph, Le Maitre and Tessera
[CILMT23| proved that this result is optimal, meaning that -integrable orbit equivalence
never implies flip-conjugacy for a sublinear map ¢. Moreover, p-integrable orbit equiva-
lence implies Shannon orbit equivalence when ¢ is asymptotically greater than log. An
impressive result of Kerr and Li |[KL24] guarantees that these relations are not trivial:
entropy is preserved under Shannon orbit equivalence (and this is the only invariant that
we know of ). As a consequence, two transformations with different entropies can neither
be Shannon orbit equivalent nor (p-integrably orbit equivalent for any ¢ greater than log.

. . p-orbit equivalence for log < ¢
Orbit equivalence

equivalence is integrable

‘ Flip-conjugacy

Shannon orbit ¢s or ¢ ‘

Trivial relation Conjugacy

Figure 1.1: Here is a schematic view of the interplay between the relations on ergodic
bijections we have seen so far.

Historically, the question of preservation of entropy in quantitative orbit equivalence
was asked in the more general setting of group actions. We do not give any definition
in this setting, as the paper is only about probability measure-preserving bijections S,
which can be seen as Z-actions via (n,z) € Z x X — S™z. Austin [Ausl6a] showed
that integrable orbit equivalence between actions of infinite finitely generated amenable
groups preserves entropy. Kerr and Li [KL21; KL24] then generalized this result, replacing
integrable orbit equivalence by Shannon orbit equivalence, and going beyond the amenable
case using sofic entropy.

The universal odometer and a theorem of Kerr and Li [KL24]. In [CJLMT?23|,
the statement about ¢-integrable orbit equivalence in the sublinear case is the following.
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This gives a result on Shannon orbit equivalence since this is implied by ¢-integrable orbit
equivalence for ¢ greater than log.

Theorem (Carderi, Joseph, Le Maitre, Tessera |[CJLMT23|). Let p: R. — Ry be a
sublinear function. Let S be an ergodic probability measure-preserving transformation and
assume that S™ is ergodic for some n = 2. Then there is another ergodic probability
measure-preserving transformation T such that S and T are p-integrably orbit equivalent
but not flip-conjugate.

Corollary (Carderi, Joseph, Le Maitre, Tessera [CJLMT23|). Let S be an ergodic prob-
ability measure-preserving transformation and assume that S™ is ergodic for some n = 2.
Then there is another ergodic probability measure-preserving transformation T’ such that S
and T are Shannon orbit equivalent but not flip-conjugate.

The proof is constructive and the resulting transformation 7T is built so that 7" is not
ergodic. It is natural to wonder whether this statement holds for systems T" without ergodic
non-trivial powers. A well-known example of such a system is the universal odometer.

Question 1.1.1. Which systems are Shannon orbit equivalent to the universal odometer?
A first answer is given by Kerr and Li.

Theorem (Kerr, Li [KL24]). Every odometer is Shannon orbit equivalent to the universal
odometer.

Odometers are exactly probability measure-preserving bijections admitting a nested
sequence of partitions of the space, each of them being a Rokhlin tower, and increasing to
the o-algebra A, see Figure [[.2] (we refer the reader to the end of Section [[.3.a]for concrete
examples with adding machines). Kerr and Li use this combinatorial specificity of these
bijections to build an orbit equivalence between them.

Rl — Rz
d ¥ T\ d
R, , L™
\ AN \:\> AN
1
Ry — R3
v 4 Ve \ o
N A"
v 4 e 14q
N \ [ \
Ry b ! “\:f “\:f Rs
v 4 lig iy
v 4 e Ly
R

Figure 1.2: In this example, (R,) denotes the nested sequence of Rokhlin towers defining
an odometer. Dividing R in two sub-towers and stacking them, this gives the next tower
Ro. From Rs, Rs is defined by dividing in three sub-towers and stacking them.

Rank-one systems. The aim of the paper is to extend Kerr and Li’s result to rank-one
bijections. These are more general transformations admitting a nested sequence of Rokhlin
towers increasing to the o-algebra A but the towers do not necessarily partition the space.
This means that from a tower to the next one, we need to add some parts of the space which
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are not covered by the previous tower, called spacers, so that the measure of the subset
covered by the n-th tower tends to 1 as n goes to +oo. As illustrated in Figure to get
the next tower, the current one is subdivided in sub-towers which are stacked with optional
spacers between them. The number of sub-towers is called the cutting parameter and the
number of consecutive spacers between these sub-towers are the spacing parameters (see
Definition . For example, an odometer admits a cutting-and-stacking construction
with spacing parameters equal to zero at each step.

L

‘1\‘ 4
N 0
rx 1 ¢ Nq
T T 1 ¢
il 1 1 |9
R T | Ro+
iVed 1 1 1
A A
[ f ¢4 |4
LS TN
s :
T

Figure 1.3: In this example, there are four spacers and the cutting parameter is three.

Rank-one systems all have entropy zero. They include systems with discrete spectrum
([Jun76]), also called compact systems. Such systems are not weakly mixing and are
completely classified up to conjugacy by their point spectrum ([HVN42|). Examples include
odometers and irrational rotations.

The family of rank-one systems is much richer than its subclass of discrete spectrum
systems. Indeed, the latter are not weakly mixing whereas there exist strongly mixing
systems of rank one, and also rank-one systems which are weakly mixing but not strongly
mixing (Chacon’s map was the first example of such a system and opened the study of rank-
one systems). Rank-one systems can have irrational eigenvalues (i.e. of the form exp (2i76)
with irrational numbers ), it is the case of irrational rotations, whereas odometers only
have rational eigenvalues. The reader may refer to the complete survey of Ferenczi [Fer97]
about rank-one systems and more generally systems of finite rank.

The combinatorial structure of a general rank-one system does not differ too much from
the structure of an odometer but the systems can have completely different properties,
thus this class may extend the result of Kerr and Li and provide interesting flexibility
results about Shannon orbit equivalence.

A first extension of Kerr and Li’s theorem. The construction of an orbit equivalence
between the universal odometer S and any rank-one system T is a natural generalization
of Kerr and Li’s method for the universal odometer and any odometer (see Remark [[.5.20)).
The difficulty is to quantify the cocycles.

At the beginning of our work, we first proved that the Shannon orbit equivalence
established by Kerr and Li in [KL24| is actually a ¢-integrable orbit equivalence for any
¢: R, — R, with ¢(t) = o(t'/3). We then generalized this to rank-one systems called
BSP, for “bounded-spacing-parameter”, see Definition This notion of BSP systems
was already introduced by Gao and Ziegler in [GZ19|, using the symbolic definition of
rank-one systems (in this paper we will only consider the cutting-and-stacking definition of
rank-one systems, which is often more appropriate for constructions in a measure-theoretic
setting).

Theorem A. Every BSP rank-one system is p-integrably orbit equivalent to the universal
odometer for any ¢: Ry — Ry satisfying o(t) 0 (t1/3),

t—+o0
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Therefore -integrable orbit equivalence, for a ¢ as in the above theorem, and Shannon
orbit equivalence do not preserve weak mixing since Chacon’s map is a BSP rank-one
system.

Now the goal is to get a result for systems of rank one outside the class of BSP
systems. For this purpose, we find a more general framework with the notion of flexible
classes, and a general statement (Theorem implying Theorem |A| and other flexibility
results (Theorems [C] [E] [F)). Theorem [D]is a refinement of Theorem

A modified strategy. We first have to understand why the quantification of the cocycles
is more difficult to determine for general rank-one systems than for odometers (or even for
BSP systems in Theorem [A]). In [KL24], the quantification of the cocycles relies on a series
whose terms vanish to zero as the cutting parameters get larger and larger. The key is then
to get quickly increasing cutting parameters for the series to converge. In order to do so, it
suffices to skip steps in the cutting-and-stacking process, i.e. from the n-th Rokhlin tower,
we can directly build the (n + k)-th Rokhlin for k so big that the new cutting parameter
is large enough. In other words, we can recursively choose the cutting parameters so that
they increase quickly enough.

When the rank-one system is not an odometer, we need an asymptotic control on
the spacing parameters (recall that they are zero for an odometer) for the cocycles to
be well quantified. When skipping steps in the cutting-and-stacking method, the spacing
parameters may increase too quickly, preventing us from quantifying the cocycles. As we
will see in Lemma we do not have this problem with BSP rank-one systems.

When the rank-one system is not BSP, skipping steps in the cutting-and-stacking
construction is not relevant as it may improperly change the spacing parameters. In
Section [L.5.d (see Lemma [[.5.11)), we will notice that the construction of Kerr and Li
enables us to build the universal odometer S while we are building the rank-one system
T, focusing only on the combinatorics behind the systems, whereas for Kerr and Li T
and its cutting-and-stacking settings are fixed and S is built from these data. This new
strategy will enable us to have a result for systems of rank one outside the class of BSP
systems, with the notion of flexible class.

Flexible classes. A flexible class (see Definition is basically a class of rank-one
systems satisfying a common property (e.g. the set of strongly mixing rank-one systems),
with the following two requirements. We first ask for a sufficient condition, given by a
set F¢, on the first n cutting and spacing parameters (for all integers n > 0) for the
underlying rank-one system to be in this class. Secondly, given a sequence of n cutting and
spacing parameters in F¢ (they will be the first n parameters of a cutting-and-stacking
construction), we require that it can be completed in a sequence of n+ 1 parameters in Fe,
with infinitely many choices for the (n+1)-th cutting parameters, and with the appropriate
asymptotic control on the (n + 1)-th spacing parameters.

The idea is to inductively choose the parameters so that the cutting parameters in-
crease fastly enough, with the appropriate asymptotics on the spacing parameters, and the
underlying rank-one system has the desired property, namely the system is in the flexible
class that we consider.

The general statement on flexible classes is the following.

Theorem B (see Theorem|[[.3.9). Let ¢: Ry — Ry be a map satisfying p(t) e © (t1/3).
—+00

If C is a flexible class, then there exists T in C which is p-integrably orbit equivalent to the
unwversal odometer.

A very interesting phenomenon is when a rank-one system T is flexible, meaning that
{T} is a flexible class. This first means that given the parameters of a cutting-and-stacking
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construction of T, it is possible to change the (n + 1)-th parameters so that they have the
desired asymptotic control, and to inductively do so for every n so that the underlying
rank-one system is again 1. We do not know if every rank-one system is flexible. Secondly,
Theorem [B|is an existence result and when a flexible class is a singleton {T'}, this statement
provides a concrete example of rank-one system which is p-integrably orbit equivalent to
the universal odometer.

The following proposition gives examples of flexible classes.

Proposition 1.1.2 (see Proposition [[.3.§)). 1. Every BSP rank-one system is flexible.

2. For every nonempty open subset V of R, the set {Rg | 0 € V n (R\Q)} is a flexible
class.

3. For every irrational number 6, the class of rank-one systems which have €*™ as an
eigenvalue 1s flexible.

4. The class of strongly mizing rank-one systems is flexible.

Proving that a BSP system is flexible is not difficult and we rely on the fact that
bounded spacing parameters already have the desired asymptotics even though we skip
steps in the cutting-and-stacking process for the cutting parameters to increase quickly
enough (see Section . We use a construction by Drillick, Espinosa-Dominguez, Jones-
Baro, Leng, Mandelshtam and Silva [DEJLMS23| to prove Proposition for irra-
tional rotations (see Section . We also consider a construction by Danilenko and
Vieprik [DV23] for the rank-one systems with a given eigenvalue (see Section . Fi-
nally, Ornstein |[Orn72| gives the first example of strongly mixing rank-one systems and the
fact that these systems form a flexible class follows from his construction (see Section[[.4.d).

Combined with Proposition Theorem [B] provides four flexibility results. The first
one is Theorem [A] stated above, this is a generalization of Kerr and Li’s theorem. The
second one is another result with almost explicit examples of systems which are p-integrably
orbit equivalent to the universal odometer.

Theorem C. Let ¢: Ry — Ry be a map satisfying ¢(t) LS (t1/3), The set of irra-
—>+C0

tional numbers 0 whose associated irrational rotation is p-integrably orbit equivalent to the
universal odometer is dense in R.

The point spectrum of Ry is exactly the circle subgroup generated by exp (2iw6) and the
eigenvalues of the universal odometer are rational, so Theorem [C] implies that there exist
two Shannon orbit equivalent systems (more specifically p-integrably orbit equivalent with

o(t) LS00 (t1/3)), with non-trivial point spectrums and such that 1 is the only common
—>+00

eigenvalue.
The way we prove Theorem [B| will enable us to get the following refinement, its proof
is written at the end of the paper.

Theorem D. For every map ¢: Ry — Ry satisfying p(t) = (t1/3), and for every

0
t—400
nonempty open subsetV of R, the set of irrational numbers 0 € V whose associated irrational

rotation is @-integrably orbit equivalent to the universal odometer is uncountable.

Question I.1.3. Let us consider the set of irrational numbers 8 whose associated irrational
rotation is y-integrably orbit equivalent to the universal odometer. Is this set conull with
respect to the Lebesgue measure? equal to the set of irrational numbers?

Finally we get the following corollaries, providing implicit examples.
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Theorem E. For every map p: Ry — R, satisfying go(t)t =0 (tl/?’), and for every
— 400
irrational number 0, there exists a rank-one system which has €*™

which is p-integrably orbit equivalent to the universal odometer.

as an eigenvalue and

Theorem F. For every map ¢: Ry — Ry satisfying go(t)t = 0(t1/3), there exists a
—>+a0

strongly mixing rank-one system which is p-integrably orbit equivalent to the universal
odometer.

As exp (2im0) is an eigenvalue of the irrational rotation of angle 0, and as we do not
know if Theorem [C] holds for every irrational number ¢, Theorem [E] then completes this
statement with a weaker result for the remaining 6.

Theorem [F| implies that -integrable orbit equivalence, with () NP (tl/ 3), and

Shannon orbit equivalence do not preserve strong mixing. This is also a consequence of
the result from [CJLMT23|. Indeed if S is strongly mixing, then all its non-trivial powers
are ergodic and the statements give some 7" with a non-trivial power which is not ergodic,
so T is not strongly mixing. Here Theorem [F] gives an example starting from a very
non-strongly mixing system S (the universal odometer). Finally, note that strongly mixing
systems are not BSP. This is a consequence of Theorem 1.3 in |GZ19]: BSP rank-one
systems are not topologically mixing, therefore they are not measure-theoretically strongly
mixing.

Further comments. As they both preserve entropy, we may wonder whether there is
a connection between Shannon orbit equivalence (or more generally (-integrable orbit
equivalence for ¢ greater than log) and even Kakutani equivalence. Two ergodic proba-
bility measure-preserving bijections S and T, respectively acting on (X, 1) and (Y, v), are
evenly Kakutani equivalent if there exist measurable subsets A € X and B € Y with equal
measure, i.e. u(A) = v(B), such that the induced maps S4 and Tp are conjugate. Even
Kakutani equivalence is an equivalence relation, contrarily to Shannon orbit equivalence
and @-integrable orbit equivalence a priori (except for linear maps ¢, by Belinskaya’s theo-
rem). The theory of Ornstein, Rudolph and Weiss [ORW82| gives a complete classification
up to even Kakutani equivalence among loosely Bernoulli (LB) systems and entropy is a
complete invariant. Moreover the class of LB systems is closed by even Kakutani equiva-
lence, meaning that if S is LB and equivalent to T, then T is also LB.

Rank-one systems are zero-entropy and LB, and by Theorems [A] [C] [E] and [F] some of
them are Shannon orbit equivalent to the universal odometer.

Question 1.1.4. Does even Kakutani equivalence imply Shannon orbit equivalence or
p-integrable orbit equivalence for some ¢?

In a forthcoming paper we will provide a new construction of orbit equivalence in order
to prove that the converse is false: for every € > 0, there exists a non-LB system which is
(x — :B%_s)—integrably orbit equivalent to the dyadic odometer. So (x — x27%)-integrable
orbit equivalence and Shannon orbit equivalence do not imply even Kakutani equivalence.

Outline of the paper. After a few preliminaries in Section [[.2] rank-one systems are
defined in Section using the cutting-and-stacking method. We also define the central
notion of flexible classes of rank-one transformations. In Section [[.4 we prove Proposi-
tion m (Proposition [[.3.8] in Section , i.e. we show that the classes mentioned in
Theorem [B| (Theorem [[.3.9] in Section are flexible. It remains to show that every
flexible class admits an element which is ¢-integrably orbit equivalent to the universal
odometer (Theorem . In Section , we will describe the construction of Kerr and
Li, generalized to rank-one systems, and establish that this is an orbit equivalence with
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some important properties preparing for the proof of Theorem [.3.9] Theorems [A] [C]
and |F] directly follows from Proposition and Theorem We prove Theorem [D] at
the end of the paper.

1.2 Preliminaries

Basics of ergodic theory. The probability space (X, A, ) is assumed to be standard
and atomless. Such a space is isomorphic to ([0, 1], B(]0, 1]), Leb), i.e. there exists a bimea-
surable bijection ¥: X — [0,1] (defined almost everywhere) such that ¥.u = Leb, where
U, is defined by W,u(A) = pu(¥~1(A)) for every measurable set A. We consider maps
T: X — X acting on this space and which are bijective, bimeasurable and probabil-
ity measure-preserving (p.m.p.), meaning that pu(71'(A)) = u(A) for all measurable
sets A € X, and the set of these transformations is denoted by Aut(X, A, u), or simply
Aut(X, p), two such maps being identified if they coincide on a measurable set of full mea-
sure. In this paper, elements of Aut(X, i) are called transformations or (dynamical)
systems.

A measurable set A € X is T-invariant if u(7-'(A)AA) = 0, where A denotes the
symmetric difference. A transformation 7' € Aut(X, u) is said to be ergodic if every T-
invariant set is of measure 0 or 1. If T" is ergodic, then T is aperiodic, i.e. T"(x) % x for
almost every z € X and for every n € Z\{0}, or equivalently the T-orbit of x, denoted by
Orbr(x) = {T"(x) | n € Z}, is infinite for almost every z € X.

T is weakly mixing if

LS AN T B~ pAu(B)| = 0
k=0

for every measurable sets A, B. T is strongly mixing if

WA NT™(B)) ~ u(Au(B)| - 0
for every measurable sets A, B. It is not difficult to prove that strong mixing implies weak
mixing and that the latter implies ergodicity.

The notions of weak mixing and ergodicity can be translated in terms of eigenvalues.
Denoting by L?(X, A, 1) the space of complex-valued and square-integrable functions de-
fined on X, a complex number ) is an eigenvalue of T if there exists f € L2(X, A, u)\{0}
such that foT = \f almost everywhere ( f is then called an eigenfunction). An eigenvalue A
is automatically an element of the unit circle T :== {z € C | |z| = 1}. The point spectrum
of T is then the set of all its eigenvalues. Notice that A = 1 is always an eigenvalue since
the constant functions are in its eigenspace. Finally T is ergodic if and only if the constant
functions are the only eigenfunctions with eigenvalue one, in other words the eigenspace
of A = 1 is the line of constant functions (we say that it is a simple eigenvalue). If T is
ergodic, it is weakly mixing if and only if the only eigenvalue of T is 1. For a complete
survey on spectral theory for dynamical systems, the reader may refer to [VO16].

All the properties that we have introduced are preserved under conjugacy. Two trans-
formations S € Aut(X, u) and T € Aut(Y,v) are conjugate if there exists a bimeasurable
bijection ¥: X — Y such that ¥, = v and VoS = ToW almost everywhere. Some classes
of transformations have been classified up to conjugacy, the two examples to keep in mind
are the following. By Ornstein [Orn70|, entropy is a total invariant of conjugacy among
Bernoulli shifts, and Ornstein and Weiss [OW87| generalized this result for Bernoulli
shifts of amenable groups. For more details about entropy, see [Dow11| for non necessarily
invertible transformations 7': X — X, and [KL16| more generally for actions of amenable
groups. Finally Halmos and von Neumann |[HVN42| showed that two ergodic systems
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with discrete spectrums are conjugate if and only if they have equal point spectrums
(a system has discrete spectrum if the span of all its eigenfunctions is dense in L2(X, A, i1)).

Quantitative orbit equivalence. The conjugacy problem in full generality is very com-
plicated (see [FRW11]). We now give the formal definition of orbit equivalence, which is a
weakening of the conjugacy problem.

Definition I.2.1. Two aperiodic transformations S € Aut(X,p) and 7' € Aut(Y,v) are
orbit equivalent if there exist a bimeasurable bijection U: X — Y satisfying W.u = v,
such that Orbg(z) = Orbg-17g(z) for almost every x € X. The map V is called an orbit
equivalence between S and T'.

We can then define the cocycles associated to this orbit equivalence. These are mea-
surable functions cg: X — Z and cp: Y — Z defined almost everywhere by

Sz = \IfflTCS(‘”)\I/(x) and Ty = \I/SCT(y)\IFl(y)
(cs(z) and ep(y) are uniquely defined by aperiodicity).

Given a function ¢: R,y — R,, a measurable function f: X — Z is said to be ¢~
integrable if

j (@) dp < +o0.
X

For example integrability is exactly -integrability when ¢ is non-zero and linear. Then
a weaker quantification on cocycles is the notion of @-integrability for a sublinear map
¢, meaning that lim; , o ¢(t)/t = 0. Two transformations in Aut(X, p) are said to be
p-integrably orbit equivalent if there exists an orbit equivalence between them whose
associated cocycles are -integrable. Another form of quantitative orbit equivalence is
Shannon orbit equivalence. We say that a measurable function f: X — Z is Shannon if
the associated partition {f~'(n) | n € Z} of X has finite entropy. Two transformations
in Aut(X, ) are Shannon orbit equivalent if there exists an orbit equivalence between
them whose associated cocycles are Shannon.

I.3 Rank-one systems

I.3.a The cutting-and-stacking method

Before the definition of a rank-one system (Definition|[.3.2)), and for the definition of flexible
classes (Definition [I.3.7)), we need to define sequences of integers which will provide the
combinatorial data of a rank-one system, namely the cutting and spacing parameters.

Definition 1.3.1. By a cutting and spacing parameter, we mean a tuple of the form

(Q7 (U.,Oa cee 70-7q))

with an integer ¢ > 2 (the cutting parameter) and non-negative integers o o, ..., 4 (the
spacing parameters), and we denote by P the set of all cutting and spacing parameters.
We also define the set of finite sequences of cutting and spacing parameters:

P* = P".

neN

Given a sequence of cutting and spacing parameters p = (qx, (0.0, - - - » Ok g ) k=0 € P and
an integer n = 0, the tuple (gn, (0no,...,0n4,)) in P is the n-th cutting and spacing
parameter of p, and the tuple (qg, (0.0, - -, 0k g, ))o<k<n is the projection of p on P"*!
(it gives the first n + 1 cutting and spacing parameters). From p, we also define three
sequences:
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ho = 1,
hn—i—l = qphy +on

7

e (hy)n=0 the height sequence of p, inductively defined by {
hy is called the height of the n-th tower;

e (0n)n>0, With oy, = 2320 On,i (the number of new spacers at step n);

e (Zp)n=0, with Z, = max{oj; | 0 < j < n,0 <i < gj},

and it is also possible to consider the finite sequences (hg)o<k<n+1, (Ok)o<k<n and
(Z1)o<k<n associated to a finite sequence of cutting and spacing parameters in P"*1,

The terminology “cutting”, “spacing”, “tower”, “height”, etc, is justified by Defini-
tion and Figure There are many definitions of rank-one systems (see [Fer97]
for a complete survey and various facts in this section). In this paper the goal is to use
the combinatorial structure given by the cutting-and-stacking method (see Figure .

Definition I1.3.2. A transformation T' € Aut(X, ) is of rank one if there exist

1. a sequence of cutting and spacing parameters p = (¢n, (Gn,0,---,0ng,))nz0 € PV
satisfying
o
< too, (F)
n=0 hn+1

where (hy,) and (o,,) are the sequences associated to p, as described in Definition[[.3.1}

2. measurable subsets of X, denoted by B,, (for every n > 0), By, ; (for every n > 0 and
0<i<gq,—1),and X, ;; (foreveryn>0,0<i<¢g, and 1 < j < opy;if 0, =0,
then there are no 3, ; ;) such that for all n > 0

(a) Bp,...,T"~Y(B,) are pairwise disjoint;
(b) (Bn,0,Bn1,-..,Bng.—1) is a partition of By;

Y ifopi>0
hn N n,i+1,1 n,% .
(C) T (Bnﬂ) { Bn,iJrl if Oni = 0 and i < Gn — 17
o 24 Zniger i <ong :
(d) if Onyi > 0, then T(En,ld) - { Bn,i if j = Oni and i <qp,—1"

. En,O,l if On,0 > 0 )
(€) Bus1 = { Bn1  ifono=0"

and if the Rokhlin towers R,, = (T*(B,))o<k<h, 1 are increasing to the o-algebra A,
meaning that the o-algebra generated by {T*(B,) |neN, 0 < k < h,, —1} is A up to null
sets (since A is standard, this also means that {T*(B,) |n €N, 0 < k < h,, — 1} separates
the points). Note that Ry is the tower with only one level By. The sets ¥,,; ; are called
the spacers. In this paper we will usually write

e X, :=DB,u...uThw 1(B,) the subset covered by the n-th tower R,;
o ¢, == u((X,)¢) where (X,,)¢ denotes the complement of the subset X, of X.

Since X, is increasing and R, increases to the atomless o-algebra A, we have
u(X,) — 1. In other words ¢, tends to 0.

n—-+o0

Before giving examples, the following lemmas give some easy properties on these sys-
tems in order to understand their combinatorial structure and the hypotheses required in
the definition.

Lemma 1.3.3. Let (h,) and (0y,) be the sequences associated to (qn,(0n,0,- .-, 0n.qg.))n €
PN (see Definition m The following assertions are equivalent:
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é éfghﬁl
1 T(B,) 1 T4(Ba,) ; T4(By2)
’1_/\' T3(B,) ; T9(Bn,) ; T(By2)
R, | .o TB) DI
’]_/\' T(B,) ; T(Ban) ; T(Ba.2)
~ B, W, Ba

Figure I.4: An example of cutting-and-stacking construction with h, =5, ¢, = 3, op0 = 1,
On1 =2, 0p2 =0, 0,3 =1 We then have h,11 = 19.

On

~

1. the sertes 2 converges (condition in Definition|I.3.9);

hn+1

o
2. the series 2 —"— converges;
q0 - - - dn

3. there exists a constant My < 1 such that hypy1 ~ M,
n—-+o0 MO

and if one of these equivalent assertions is true, then Y, qo"nq = M%) - 1.
>0 g0---qn

. on : On 1
Proof of Lemma[[.3.3 If the series 3 2=~ converges, so does the series )] 722 since fin+1

is greater or equal to qq...¢,. Now assume that the series ), h"il converges. Notice that
we have

On hpni1 = qnhn -1 hy
= =l—=qn—
hn+1 hn+1 hn+1

and since the series is convergent, the product []g, hh:l—l converges to some My > 0,

ie. qo...qn/hnt1 — Mp. The constant My is less than or equal to 1 since we have
hn+1 = qnhy for every n = 0. Finally let us assume qq ... ¢qn/hnty1 — Mp. Notice that we
have

On _ 1 — guhay _ P . b,
q---Gn q---Gn 9Q---qn  qo---Gn-1
3 H n . hn 1 _ 1
so by telescoping consecutlYe terms, we get Zm>0 h = 11r117}_,OO m — hg = Sy 1
and we are done for the equivalence between the three assumptions. O

Lemma 1.3.4. Let T: X — X be a bimeasurable bijection. Assume that T preserves a

non-zero measure (1 and it admits a sequence of Rokhlin towers as in Definition[[.3.3. The
following hold:

B
1. the levels T*(B,,) of the n-th Rokhlin tower R, have p-measure M;
q0---4n-1
2. w 1s finite if and only if the condition 1s satisfied. Furthermore, if i is a probability

measure (this implies that T is a rank-one system), then u(By) = My and hy+1 <
q0-.-qn

My

, where My is given by Lemma|l.5.5




L3. RANK-ONE SYSTEMS 13

Proof of Lemmal[l.3.4] For a fixed n, the levels of R, have the same measure by 7T-
invariance of the measure p. Moreover the first level B, is a digjoint union of g, levels
Bo,...,Bng,—1 of Ryt1. Then it is clear by induction that a level of R,, has measure

_Bo) _ Since the sequence (Xp,),>0 is increasing to X, and X,y is obtained from X,

qo---Gn-1"
bgf addling on, spacers, which are levels of R, 41, we get
(B
n(X) = p(Xo) + 3 w(Xns1\Xn) = p(Bo) + 3. #(BoJon, (L.1)
n=0 n=0 90---4n

so u(Bp) is non-zero, and p(X) is finite if and only if the sum >’ is finite. Finally,

nz0 qo 0
let us assume that y is a probability measure. This implies ;- q(f.ﬁ = M —1 and, using
(I.1), we get p(Bo) = My. The measurable set X, is the disjoint union of h levels of R,

so the inequality h, < 7= follows from the fact that 4 is a probability measure. [

It is possible to build a finite measure-preserving transformation 7' of rank one with
a given combinatorial setting (¢n, (71,0, -- - Tngn))n=0 € P" satisfying the hypothesis ().
For instance it suffices to build (X,,) as an increasing sequence of intervals of R, with
By ; and X, ;; being subintervals of equal length and disjoint (for a fixed n), each on
which T is defined as an affine map, and with By = [0, Mp|. The convergence of the series
> hZil and Lemma ensure that X = JX,, is equal to [0,1] (up to a null set), so
the Lebesgue measure on [0, 1] is a probability measure preserved by T'. Notice that if the
series is divergent, we can set By = [0,1] and this defines T' on the set of positive real
numbers endowed with the Lebesgue measure, so this is an infinite measure-preserving
transformation.

Therefore for every (gn, (0n,0,---30n,q,))n=0 € PN satisfying the condition , there
exists a rank-one system having a cutting-and-stacking construction with these cutting and
spacing parameters, this fact will be used in this paper since it enables us to only take into
account the combinatorics behind the systems.

The hypothesis on the Rokhlin towers R, aims not only to have ¢, — 0 but also to
define two isomorphic systems when they admit cutting-and-stacking constructions with
the same cutting and spacing parameters. Moreover if T admits such a construction
with Rokhlin towers increasing to a sub-c-algebra B of A, then T, seen as an element of
Aut(X, A, 1), is not necessarily a rank-one system but admits a rank-one system (7" on
the sub-o-algebra B) as a factor.

Two different families of cutting and spacing parameters do not necessarily define
non-isomorphic systems. Indeed in a construction of a rank-one system with parameters
gn and oy, ;, one can decide to only consider a subsequence R, of Rokhlin towers. For
example, the new cutting parameters will be qu, gny+1-- - qny,, 1 for k= 0.

The rank-one systems form a class of ergodic and zero entropy systems. The easiest
examples of rank-one systems are the irrational rotations

2i76

Ry: zeTr— ez T

for every irrational numbers 6, where T is the unit circle endowed with its Haar measure.
These systems are not weakly mixing. Moreover they have discrete spectrum and the point
spectrum of Ry is {¢™ | n € Z}, so by the Halmos-von Neumann Theorem [HVN42|, Ry
and Ry are isomorphic if and only if § = 6’ mod Z or § = —¢" mod Z.

The odometers are rank-one. These are exactly the rank-one systems without spacers
(i.e. opi = 0), so the Rokhlin towers are partitions of the space. Such a system is isomorphic
to the adding machine S in the space [],-({0,1,...,¢, — 1}, namely the addition by
(1,0,0,0,...) with carry over to the right, defined for every x € [ [, {0,1,...,¢, — 1} by

Sx_{ 0,...,0,2 + 1,zi41,...) Hi=min{j >0|z; % g; — 1} is finite
(0,0,0,...) ifr=(p—-1,¢1—1,q2—1,...)
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and it preserves the product of uniform probability measures on each finite set {0, 1, ..., g,—
1}. Denote the cylinders of length & by

[x07"'7$k—1]k = {?Je H {07177Qn_1} | Yo = Ty -+ -5 Yk—1 :xk—l}'

nz=0

If §'is the odometer on the space Hn;o {0,1,...,gn — 1}, we can also set a partially defined
map
Cn: X\['y"'a'aanl — 1]n — X\[.’,”,.,’O]n

(the symbol e means that there is no requirement on the value at some coordinate) which
is the addition by
(0,...,0,1,0,0,...)
—

——
—1 times

(so S and (1 coincide on X\[go — 1]1). Then we have

3

n times

Bpi=1[0,...,0,ilns1
;_\r—_/
n times
and By, ; = Cle(Bmo) for every 0 < i < ¢, — 1, so it provides a scale in B,,. Note that it is

possible to recover the odometer S from these partially defined maps ¢, (see Figure .
In Section [[.5.a] the strategy will be to build S from partially defined maps ¢,.

R R

2] 2,0 — & . 21

1 Lo b [
) 0]

S0 v [0,1]
G

Ro Rs
2.1] Lo g e
i i
[0, 1] ;0,1,0] . \%0.,1.,1] . \#0,1,2]
2, 0] ;2,0,0] ;w,o,u ;2,0,2]
B [1,0] ;;1,0,0] E ;{1.041] E ;[1,0,2]
[0,0] Y00 \Ekéﬁxw] \%é[o,o,z]

N/

Figure 1.5: Example of odometer with ¢o = 3, g1 = 2, g2 = 3.

In the class of odometers, the number of occurrences of every prime factors in the set
{gn | n = 0} form a total invariant of conjugacy. As for irrational rotations, it is a conse-
quence of the Halmos-von Neumann Theorem since odometers have discrete spectrum and
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their eigenvalues are given by these occurrences. In particular odometers have eigenvalues
non-equal to 1 and are not weakly mixing, moreover odometers and irrational rotations are
not isomorphic. Notice that the Halmos-von Neumann Theorem implies that the conju-
gacy classes among ergodic systems with discrete spectrum coincide with the flip-conjugacy
classes since the point spectrum of a system is a subgroup of T. If every prime number
has infinite multiplicity in the set {g, | n = 0}, then the odometer is said to be universal.
An odometer is dyadic if 2 is the only prime factor.

Chacon’s map is the first example of weakly mixing system which is not strongly
mixing [Cha69| and was the starting point for the notion of rank-one systems. It is a rank-
one transformation defined with cutting and spacing parameters ¢, = 3, opo = op1 =
on3=0,0p2=1

I.3.b Flexible classes

Now we introduce classes of rank-one systems to which the main result of this paper
applies. First let us consider cutting-and-stacking constructions whose spacing parameters
have controlled asymptotics. Recall that P is the set of sequences of cutting and spacing
parameters. As introduced in Definition [[.3.1] (hy), (o) and (Z,) denotes the sequences
associated to a sequence in PN: h, is the height of the n-th tower, o, the number of
new spacers at step n and Z,, is the maximum number of spacers between two consecutive
towers, over the first n steps.

Definition I1.3.5. A construction by cutting and stacking with cutting and spacing pa-
rameters (¢n, (On,0;---,0n,gn))n=0 € PN is said CSP (“controlled-spacing-parameter”)
if there exists a constant C' > 0 such that Z, < Ch,, for all n. It is furthermore BSP
(“bounded-spacing-parameter”) if Z,, < C and 0,9 = 0y, 4, = 0 for all n. A rank-one
system 7" is BSP if it admits a BSP cutting-and-stacking construction.

Odometers and Chacon’s map are examples of BSP rank-one systems. Moreover BSP
implies CSP. The interest in the BSP property is its stability after skipping steps in the
cutting-and-stacking process, as stated in the following lemma.

Un71_1 op1=1lo,5=1
Fe====-- 1 pm==r-=--
P A 1 0n2=0 P
! \
: et e
: i L
A A\ A
| | v |
0-710:0 (Tn+l4,0:0
0’7/1.0:0

Rn Rn+1 Rn+2

Figure 1.6: Tllustration of the proof of Lemma m, spacing parameters from R, to R0
with ¢, = gnt+1 = 2 (the coloured levels are the base and the roof of the towers).
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Lemma 1.3.6. Given a BSP cutting-and-stacking construction, any subsequence of its
Rokhlin towers still provides a BSP construction with the same constant C'.

Proof of Lemma[[.3.6] Let ¢, and o, ; be the cutting and spacing parameters of the BSP
construction, C' the bound for the spacing parameters o, ;, R, the associated towers and
Rn, a subsequence. Let £ be an integer and assume ny; = ng + 2. Denote by q;% and
o*;lw the new cutting and spacing parameters from R, to Ry, . It is easy to show that
Qny, = Gning+1s Oy 0 = 0’;%7(];% =0 and for every 1 < j < @41, O';LM(j_l)an_,'_i is equal
to op, i if 1 <0< qp, — 1, opyq1,5 if @ = gy, (see Figure . Thus the non-zero spacing
parameters from R, to Ry,,,, are of the form o, ; or oy, 11, and they are all bounded
above by C. For nj4; bigger than ny + 2, the result is now clear by induction. O

If the parameters o, 4, are non-zero, then skipping steps in the cutting-and-stacking
process will cause an accumulation of spacers above the last columns and the new spacing
parameters will not be bounded if the subsequence is properly chosen so that the jumps
ng+1 — Ny increase quickly enough. We have the same problem for oy, o (accumulation of
spacers at the bottom of the first columns), hence the conditions 0,0 = 054, = 0 in the
definition of BSP.

Lemma, [[.3.6] has no reason to hold for CSP construction that are not BSP. Indeed
the spacing parameters from R, to Ry, , have to be compared with Ay, , the height of
Ry, The comparison is easily obtained for the spacing parameters oy, ;, 0 < 7 < gy,,
but for the other spacing parameters, we only know that they are bounded above by
Chpy+1,Chpyi2y oo, Chyy 1.

In the sequel we will see other important CSP examples by considering classes con-
taining “nice” cutting-and-stacking constructions, meaning that we will be able to properly
choose the parameters in order to have the desired quantification of the cocycles for the or-
bit equivalence built in Section By definition, every flexible class C will be associated
to some subset F¢ of P*, which can be considered as sufficient conditions that the cutting
and spacing parameters have to satisfy at each step for the underlying transformation to
belong to C. Recall that P* denotes the set of all finite sequences of cutting and stacking
parameters.

Definition I1.3.7. A class C of rank-one systems is said to be flexible if there exists a
subset F¢ of P* satisfying the following properties:

1. there exists a constant C' > 0 such that for all (gn,(0n0,--+,0n4.))p=0 € PN
satisfying the condition in Definition [[.3.2 if F¢ contains every projection
(qr, (Ok0, - - - ’akak))Oékén e P**! for n > 0, then these parameters define a CSP
construction (with the constant C') and the underlying rank-one transformation is in
C;

2. there exists a cutting and spacing parameter (qo, (00,0 --.,00,4,)) in F¢ with go > 3;

3. there is a constant C’ > 0 such that for all n > 1, if (g, (0%, - - - ,Uk;,qk))og/,ggn_1 is
in F¢, then there are infinitely many integers g, such that (qx, (0%,0,- -+, Tk,q.))g<r<n
is in F¢ for some 0,0, ..., 05,4, satisfying the inequality

Op < CIQn hn—1

where (hg)o<k<nt1 and (ox)o<k<n denote the finite sequences associated to the finite
sequence (qr, (0%,0,- -+ Ok,q,)) gy Of cutting and stacking parameters.

A rank-one system 7' is flexible if {7} is a flexible class.
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The third point of the definition aims to recursively choose the cutting parameters
(and we want them to increase quickly enough) with an asymptotic control on (o), while
the first point guarantees that it is possible to do so for the underlying system to be in
the class C. The second point is minor, but it is required for the initialization of the
recursive construction of an odometer orbit equivalent to an element of our flexible class
(see Lemma and Remark . It also ensures that F¢ is not an empty set.

Notice that if a construction satisfies Z,, < Ch,,_1 for all n, then it is in particular CSP
and we get 0, < C(gn + 1)hn—1 < 2Cqphy—1 as in the third point of Definition [[.3.7]

We now give examples of flexible classes. The proof is given in Section [[.4]

Proposition 1.3.8.
1. Every BSP rank-one system is flexible.

2. For every nonempty open subset V of R, the set {Ry | 0 € V n (R\Q)} is a flexible

class.

3. For every irrational number 0, the class of rank-one systems which have €*™ as an

eigenvalue is flexible.
4. The class of strongly mizing rank-one systems is flexible.

Theorems[A] [C] [E] and [F] follow from Proposition [[.3.§ and the following theorem which

is the main result.

Theorem 1.3.9. Let ¢: Ry — Ry be a map satisfying ¢(t) Ml 0(t1/3), If C is a
—>+00

flexible class, then there exists T in C which is p-integrably orbit equivalent to the universal
odometer.

I.4 Proof of Proposition [[.3.8
In this section we prove the four statements in Proposition [[.3.8]

I.4.a BSP systems

Let T' be a BSP rank-one system, C := {T'} and ¢y, 0,,; the parameters of a BSP construc-

tion of T', with a constant C' > 0. For everyn = 0and j > 1, let J(()n’n+j), . 6(1:?7(;]3]._1 be
the spacing parameters from R, to R,4;, assuming that the steps for Ryq1,..., Rnyj—1

are skipped during the construction (we then have agn’"ﬂ) = oy, and also ogn’nﬂ) =0

for i equal to 0 and ¢, ...¢n+j—1 by Lemma [[.3.6). The new cutting parameters are
¢t =g, . -gn+j—1 and are large enough with huge jumps j. Now define

Fe = { (q("kv”kﬂ), (a(()”k’nk“), el U?ZTJL)))) ‘ m=0,0=ng<n; <...< nmﬂ} )
? 0<k<m

Using Lemma [[.3.6 the new spacing parameters a](-n""n’““) are bounded by C and we get

Z U;”k:nk+l) < Cq(nk,nk+1).

1<j<q™k e )

The set of parameters F¢ thus witnesses that {1'} is flexible.
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I.4.b Irrational rotations

We now consider a construction from [DEJLMS23|. For every irrational number 6,
Drillick, Espinosa-Dominguez, Jones-Baro, Leng, Mandelshtam and Silva give an explicit
cutting-and-stacking construction of a transformation 7" which is the irrational rotation of
angle § when the construction yields a finite measure-preserving system.

The construction in [DEJLMS23|. Let  be an irrational number and [¢_1; qo, q1, - - -]
its continued fraction expansion, with ¢_; := |f| and positive integers ¢o,q1,.... Let
us assume that there is no integer n such that g = 1 for every kK = n. We consider the
sequence (hy)n=0 defined by h_1 =0, hg := 1 and hyg11 = qihi + hix—1 for every k > 0 (the
integer hy is the denominator of the k-th convergent of the irrational number #). Finally,
for every k > 0, we set 0, ; = 0 for every i € {0,1,...,qy — 1}, and oy 4, = hi—1. Then, the
sequence of cutting and stacking parameters (qx, (0%0, - - -, Ok,q.)) k=0 Provides a rank-one
system. This system is the irrational rotation of angle 6 if and only if Condition is
satisfied, and this last condition holds if and only if the series >, m converges (see

Theorems 3.1 and 5.1 in [DEJLMS23]).

Remark 1.4.1. Equivalently, we can define rank-one systems with cutting parameters
potentially equal to 1, provided that there are infinitely many cutting parameters greater
than or equal to 2, but our construction of orbit equivalence is not well-defined with this
weaker agsumption. Therefore, in the proof of Proposition for irrational rotations,
one of the main goals is to avoid cutting parameters equal to 1.

Remark 1.4.2. It is proven in [DEJLMS23| that the set of irrational numbers 6 such that
the associated series D7, - ﬁ converges has measure zero.

Proof of Proposition for these systems. Let V be a nonempty open subset of
R and
C={Ry| 0V n ROQ).

We now prove that C is a flexible class.

We first use the following basic fact from the theory of continued fractions: if A denotes
the set of sequences (g;);>—1 of integers such that qo, q1, . . . are positive, and if A is equipped
with the induced product topology, then the map

(qi)iZ—I eEAr [Q—13 q0,41, - - ] € R\Q7

is a homeomorphism (see [EW11| Lemma 3.4] for instance). We can then fix integers ng = 0
and Q_1,Qo, ..., Qn, (Where Qo,...,Qy, are positive) such that Qg ... Qy, is greater than
or equal to 3 and the following holds: for every irrational number 8, if the first coefficients
of its continued fraction expansion are Q_1,Qo,...,Qn,, then 0 is in V.

We write Q@ = (Qo,...,®@n,) and we consider the set F(Q) of finite sequences
(Gk, (Gk,0, - - - Ok, ) Jo<k<n Such that n = ng and for all k € {0,...,n},

qr = Qi if k < no,
Gy =2 i k> ng,
and
6k,i:0~ fOI‘iE{O,...,@k—l},
Ok,g, = i1

(where (Bk)ogkgn is the associated height sequence and h_q = 0). The finite sequences of
F(Q) may not be finite sequences of cutting and stacking parameters in the sense of Defini-
tion [[.3.1} since the integers Qo, ..., Qn, may be equal to 1. Moreover, even if the integers
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Qo, - - -, Qn, Were greater than or equal to 2, we could not prove that C is a flexible class with
Foe=F (@), since the first cutting parameters qi, .. ., ¢n, cannot be chosen large enough.
Notice that, although we may have ¢, = 1 for some k € {0,1,...,n0}, a finite sequence
(Gk> (Ok,0 - - - Okoqy, ) Joksn can still define the first (n + 1) steps of a cutting-and-stacking
construction, and we associate to it another finite sequence (gi, (k.0 - - -, Ok,q))0<k<n—no
corresponding to the cutting-and-stacking construction obtained from the previous one by
skipping the steps 1,2,...,n9. We get hy = ho =1, qo = Qo...Qn, = 3 and for all
Vke{l,...,n—np},

dr = (znoJrk = 27
hk = hn0+k7
Ok 25‘7104_]971‘ =0 ~ forie{O,...,qk—l},

Thar = Onothing sk = Mno+k—1 = -1 if k= 2.

For k =1, we have 014, = Bno, where iLnO is not equal to hg. Setting C' = C’ == ﬁno
(this constant only depends on Qo,...,Qn,), we have Z; < Chy and o1 < C'hy. We
immediately get the inequalities Z < Chy and o < C'hy_1 for k€ {2,...,n —ng}.

Let F(Q) be the set of finite sequences (qx, (0k0,---,0kq,))o<k<n-no Obtained from
finite sequences (Gk, (Gk0;- - -+ Ok,q.))0<h<n € ]}(Q) It is now easy to check that C is a
flexible class, with the set of parameters F¢ == F(Q) and the constants C' and C".

I.4.c Systems with a given eigenvalue

Let 0 be an irrational number and C the class of rank-one systems which has A = e as

an eigenvalue. In [DV23|, Danilenko and Vieprik present an explicit cutting-and-stacking
construction of a system in C. The parameters are chosen in the following way (see the
proof of Theorem 4.1 in [DV23]).

The construction of Danilenko and Vieprik. For every n > 1, we fix a number

jn € {1,...,n} such that &, = |1 — Mr| is less than 27/n. Fix n > 1, assume that
(@ks (k05 - - Ok ) ) o< ocn_1 has already been constructed with an auxiliary condition
4
hy > ——. (1.2)
02

Danilenko and Vieprik show the existence of a sequence (f%))mgl of positive integers less
than or equal to 27/d,,2, such that for every m > 1,

11— Aot 60,0 2T (1.3)

n?’

Next, let ¢, be an integer large enough so that the auxiliary condition ([.2]) holds at the
next step, namely

(n+1)*

hps1 = gnhn + (fg”) + ...+ ngll)an > 5
(n+1)2

(in [DV23|, ¢y, is chosen as the smallest integer satisfying the property but it is not needed,
so there are infinitely many choices). Finally the spacing parameters at this step are defined
by 0no = 0png, =0 and oy, = Kg)jnz forl<m<gq,—1.

With these parameters satisfying and , A is an eigenvalue of the underlying
rank-one system (see [DV23|, proof of Theorem 4.1, for details).
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Proof of Proposition for these systems. Let us consider the same construction
as above, but with the following auxiliary condition:

4 4
By > max 7 0 DT) (1.4)
6712 5(7’L+1)2

which is stronger than the previous auxiliary condition . Note that the real numbers
d; have been fixed before setting the parameters.

The subset Fe¢ of P* is defined to be the set of finite sequences
(qk, (0k0, - -, O-k:Qk))nggn constructed in a recursive way. Any cutting and spacing
parameter (qo, (00,0, --,0g,0)) is in Fe, and if (gk, (0k,0,- - - Ok g, ))g<pen_t 15 in Fc, then
80 18 (qks (0%,05 - - -+ Ok ) ) o< £OT €VEIY (Gny 0n0s- -, 0nyg,) that we can obtain at the
next step, as described above but with the stronger auxiliary condition (I.4).

Let p == (¢n, (0n,0,---,0nq,))n=0 be a sequence of cutting and spacing parameters. If
all its projections are in F¢, then p provides a CSP construction with C' = 27. Indeed, we
have oy, = E,(ff)jnz < 27n?/d,2 < 2mh,. As mentioned above, Conditions and
imply that the sequence p provides rank-one systems which have \ as an eigenvalue.

Finally, if (qx, (0k.,0, - -, Ok,q.))o<k<n—1 is a finite sequence in F¢, we can choose a large
enough integer ¢, so that the following holds at the next step:

(m+1)*% (n+ 2)4>

5(n+1)2 ’ 5(n+2)2

hn+1 > max (

(in particular, the new auxiliary condition (L.4) is satisfied). We use the same spacing
(n)

parameters as before, namely oy, ,, = ng)jnz. Using j,2 < n? and £y’ < 52—7;, this gives

n n) . 271n?
O-n:(gg)—i_"'—i_é() )JanCJn;ring(Mhnfla

gn—1 .

so the third point of Definition is satisfied for C' = 1.

I.4.d Strongly mixing systems

Let C be the class of strongly mixing rank-one systems. We consider the construction of
Ornstein in [Orn72|. The property the parameters have to satisfy at each step is given by
the following lemma (Lemma 3.2 in [Orn72|), proven with a probabilistic method.

Lemma 1.4.3. Let N and K be positive integers and € > 0, o > 0. Then there exist
integers m > N and a1, ...,an, such that

° g:faiéKforall1<j<j+k<m;

Jj+k

e denoting by H({, k) the number of j such that Z a; =4, for1 < j<j+k<m,

i=j
then H({, k) < ozM for every k < (1 —
, % y k< (1—¢e)m.

The set of parameters F¢ is defined in a recursive way, as in Section [[.4.d any cut-
ting and spacing parameter (qo, (00,0,-..,0¢.0)) is in F¢, and from a finite sequence of
parameters (qx, (0.0, - - ,crk,qk))ogkgq%1 in Fe, (qr, (0k,0, - - - ’U/fﬂk))ogk-gn is also in Fg if
the new parameters can be written as ¢, = m and o0, ; = a; +hy,—1 where m,a1,...,a,, are

integers whose existence is granted by Lemma with N > 10", K = h,,_1, € = 1073
and « = 5/4. There are infinitely many possibilities for ¢, as N can be arbitrarily large.
It is shown in [Orn72| that cutting-and-stacking constructions with these parameters give
strongly mixing systems, it is clear that they are CSP with C' = 2 and the third point of
Definition [L.3.7 is satisfied for ¢’ = 2.
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1.5 From flexible classes to the universal odometer

The goal of this section is to prove Theorem namely that for every ¢: Ry — R4
satisfying ¢(z) = o(t'/?), any flexible class contains a rank-one system which is ¢-integrably
orbit equivalent to the universal odometer.

I.5.a The construction

Overview of the construction. We first present a natural adaptation to the case of
rank-one system of Kerr and Li’s construction of an explicit orbit equivalence between the
universal odometer and any other odometers. We will then see that the quantification of
the cocycles becomes more complicated due to the presence of non-zero spacing parameters.

Let T € Aut(X,u) be a rank-one system and consider a cutting-and-stacking con-
struction of this transformation with the same notations gy, oy i, 0n, hn, Rn,en, Xy as in
Definition From the sequence of Rokhlin towers R,,, new towers R/, will be built as
Rokhlin towers for a new system S. These towers R!, will have no spacers, i.e. U;L’Z- =0,
so they will be partitions of X. The construction will ensure that R} increases to the
o-algebra A using the fact that it is the case for R, so S will be an odometer. For the
odometer S to be universal, we fix a sequence of prime numbers (p,)n>0 such that every
prime number appears infinitely many times, and every cutting parameter ¢/, will be a
multiple of p,,.

We will recursively define S on subsets increasing to X up to a null set. More precisely
if the n-th tower R/, has been built and its base and its height are denoted by B, and h/,,
then S is provisionally defined on all the levels of the tower except the highest one and maps
the i-th level to the (i + 1)-th one. So R/, is exactly (B!, S(B.),...,S"1(B!)) and S is
defined on X\S§"»~(B!). To refine S, i.e. to define it on a greater set, we have to build the
next tower R .| and define S as for R;,. In order to do so and according to Definition
we have to determine a subdivision of the base B; into g, subsets B} ,..., B, , ;. We
find a function (,+1 mapping bimeasurably each By, ; to By, ; ; for 0 <i < ¢;, — 2. On the

subset D1 = | Jycicq 2 Shifl(Bq'm) of the roof $"~1(B,) of R!,, S will coincide with

(n+1S 7" and will be defined on X\S"n+1(B/,,,) = D1 1 ... 1 Dyyy where B,y = Bl

is the base of the new Rokhlin tower R, ;1 for S. To sum up, S is successively defined by
the finite approximations obtained from the maps (,. Up to conjugacy, ¢, is exactly the

addition by (0,...,0,1,0,0,...) with carry over to the right (as defined in Section [[.3.a)),

)
—.

n—1 times
restricted to [0,...,0],—1\[0,...,0,q), 1 — 1],.
The construction of the maps (, is by induction on n = 0. At step n we will actually
define

!/

. ! / /
Cne1: Bpou ... uBy g 9= By u...uB, .

In order to build (,+1, a second induction on a parameter m > n is required. Actually,
By, ; will be the disjoint union of the Bj, ;(m) for m > n, and this inner recursion consists
in choosing m-bricks to define By, ;(m). By definition, the m-bricks will be the m-levels
(i.e. the levels of R.,) explicitly chosen to constitute By, ;(m). Using powers of T', m-bricks
of By, ; are mapped to the ones of By, ;,, (there will be as many in B,,; asin B}, ;, ;) and this
gives (p+1 whose orbits are included in those of T, implying immediately that the orbits of
S satisfy the same property. The reverse inclusion between the orbits will be more difficult

to prove and will be due to the choice of the bricks (see Remark after the construction).

The construction. T is a rank-one system in Aut(X, ). We fix one of its cutting-and-
stacking construction whose parameters are denoted as in Definition Let (pn)ns0 be
a sequence of prime numbers such that every prime number appears infinitely many times.



22 CHAPTER I: RANK-ONE SYSTEMS, FLEXIBLE CLASSES AND SHANNON OE

In the sequel, we will assume that, given the cutting parameters of T, some posi-
tive integers ¢}, and t, ,, that we will introduce are well-defined. In Section (see
Lemma [[.5.12)), we will give conditions on the parameters of T' for these quantities (and so
the construction) to be well-defined.

e n =1: We first build R} and ¢; by an induction over m > 1. We could denote by
Ry the trivial tower (X) with its base B == X. At the end of step n = 1, S is not
vet defined on the roof of the tower R, i.e. on its highest level, which is a Rokhlin
tower of S.

— m = 1: Let ¢j > 0 be the largest multiple of py such that ¢ < go — 1.

Remark I.5.1. At this step, we simply have to assume gy > po for the integer ¢,
to be non-zero. However, for the well definition of other quantities at other steps,
the conditions on the cutting parameters of T' get more and more technical, this
is the reason why we first assume that the parameters of 7" are chosen so that
the positive quantities are well-defined and we will then state the conditions in
Lemma (as mentioned before the beginning of the construction).

For every 0 <i < ¢, — 1, we define
By, (1) = TH(B)

and

G(1): |_| Bé,z’(l)* |_| Bé,z'ﬂ(l)

0<i<q)—2 0<i<q)—2

coinciding with 7' on its domain (hence every subset B ;(1) is composed of a
unique 1-brick T%(By)).

— m > 1 : Assume that the subsets B(l),i(M) have been built for every 1 < M <
m—1and 0<i<gqg)—1. Let

Wim = X\ |_| |_| By (M)

I<sM<m—10<i<q|—1

be the remaining piece of X at the end of the (m — 1)-th step (we could also
define Wl,l = X)

Remark 1.5.2. Notice that m-levels are either contained in Wy ,, or disjoint
from it since X\Wi,, is composed of M-levels for 1 < M < m — 1 and the
Rokhlin towers are nested. This will more generally hold true for W, ,, with
n = 2.

Let 71, be the number of integers j € [0, hy, — 1] such that Tj(Bm) < Wim,
denoted by
0< i <0 <<t <y,

T1,m

Let t1,, be the positive integer such that ¢(ti,, is the largest multiple of ¢,
such that ¢(t1,, < 1, (we assume that we can choose the cutting parameters
of T for this integer to be positive, see Lemma. The first g(t1,,m m-levels
contained in Wi ,, are now used as m-bricks, they are split in g, groups of ¢,
m-bricks of the subsets B[/J,i in the following way and the same will be done
at steps n > 1 (the fact that the inequality q{t1,, < rim, is strict, and the
way we make the ¢, groups will guarantee an easy control of the cocycles, see
Lemma [[.5.6) used for Lemmas [[.5.18| and [[.5.21]). For every 0 < i < g — 1, we
define
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-(1,m) )
J.
Bé,z(m) = |_| T( i+1+tg) (Bm)
Ogtgtlym—l
.(1,m) .(1,m) .(1,m)
S : (Ji+2+t /)_(]i+l+t ’) <]i+1+t ’)
and (1(m) coinciding with T % %/ on T %/ (By,) for every
.(1,m)

0<i<gy—2and 0 <t < ty,,—1, so that each brick T<]i“”q6) (B,) is mapped

-(1,m)

on another T<j”2*t"6) (Bp). Thus (1(m) maps each By ,;(m) on By, ,(m) and

this gives

G(m): || Buim)— || Bpip(m).

0<i<g(—2 0<i<g)—2
End of Step n = 1: For every 0 < i < ¢, — 1, we define
B(/),i = |_| B(/),i(m)
mz=1
(the set of its m-bricks for all m > 1), B} = By, and
Ci: |_| B(l),i - |_| B(,),i+1
0<i<g(—2 0<i<q)—2

coinciding with the maps ¢(;(m) on their respective domain (see Figure [L.7).

The universal odometer S we want to build is partially defined on X. More precisely
we define it on the domain D = |_|0<Z<q,0_2 B(/),i of (; so that it coincides with (3. This
gives the first Rokhlin tower R} = (B, ..., By, ;) = (B}, S(BY),... ,S%~1(B!)). The
next step will provide us a refinement R, of the tower R}, allowing us to extend partially
S on the highest level of the R).

e nn > 1 : Assume that steps 1,...,n — 1 have been achieved. There are nested
towers RY,...,R),_;. The k-th tower R} has h) = qj...q,_, levels and its base
By, is partitioned in g; levels By ... ’Bl/aq;—l' These levels belong to R}, ;, whose

base is By, = By, with (x,1 mapping B) ; to B; ;. ;. The map S is defined on
Dy u...u D, 1 using the maps (1,...,(y—1, where Dy 1 ... Dy 1 corresponds to
the union of all the levels of R} _; except its roof.

The map S is not yet defined on the roof of R} _;. By partitioning B],_; in subsets

! / 3 / 3 / 3
By _10;-- "anl,qib,lfl’ we will define R, which refines R/, _; and a function ¢,
!

mapping B,,_,; to B;hl’iﬂ. The extension of S will be defined on all the levels
of R}, except its roof (which is contained in the one of R} ;). We will construct
the subsets B), ;; as was done for the subsets By ;, except that we only use the
“material” in B, ; to form the m-bricks of each B]_; ;. In order to do so, notice
that the base B;,_; is exactly B;_,, (the first subset in the subdivision of B],_,)
which is the disjoint union of subsets of the form B;FQ,O(m) for m = n—1. Moreover
for all n — 1 < M < m, every m-level is contained in an M-level, we will then pick
the new m-bricks in B], 5 ((n),..., B, 5¢(m). This motivates the definition of each
set Wy m (the set of the remaining material to form m-bricks with an incremented

integer m). We now discuss separately the following cases.

— m=mn: Set
Wi = By, g0(n—1) 1 By, 54(n) (L5)

)
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AT

Q(2) Q(2)

B1 =B o Bé | Bé :
( >1Boom >1B()1 >1Boz
n>1 41('” : n>1 Cl m)

Figure I.7: First step of the construction (i.e. n = 1).

In Section , we will define sets E,, ., for every pair of integers (n,m) satisfying m >
n = 1. The set Ey1; (resp. Ej2; Eq3) is the union of the red areas (resp. red and blue
areas; red, blue and green areas).

and let r,, , be the number of integers j € [0, h,, — 1] such that 77(B,) € W,
(note that we could have defined 11 = qp), denoted by

<. <j( ") < hy,.

0<J( < Js Frm

Let ¢}, be the largest multiple of p,_; such that ¢/, | < 7y, (We assume that
we can choose the cutting parameters of T' for this integer to be positive, see
Lemma [[.5.12). We then define for every 0 < i < ¢/, ; — 1,

Bl

n—1,

(n) = TO)(B,),

meaning that among the n-levels in W), ,,, the n-bricks at step (n,n) are exactly
the first ¢/,_, ones (and set ¢, , = 1 for consistency later on). Let

O o) =~ | n—1,i41(1)

0<i<q), ;-2 0<i<qp,_;—2

)\ _ [ i(nom)
be the map coinciding with T(]’+2 ) (j“rl ) on each B’

n—1:(n), so that
B, ;(n) is mapped to B, ;. (n).

— m >n: Set

Wim = ( |_| 7/1—2,0(M)>\ |_| |_| n—1:(M) | (1.6)

n—1<M<m n<M<m—1 Ogigqg_lfl
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and let 7, ,,, be the number of integers j € [0, hy, — 1] such that T (By,) € Wy m,
denoted by

.(n,m) .(n,m)

0<j; < Js <...o<gm g

n
Tn,m
Let ¢, be the positive integer such that qfrz—lt'fhm is the largest multiple of
q),_1 such that ¢/, it,,m < rpm,m (we assume that we can choose the cutting
parameters of T' for this integer to be positive, see Lemma [[.5.12). The first
q),_1tnm m-levels contained in W, ,, are now used as m-bricks at step (n,m),
they are split in ¢},_; groups of t,,, m-bricks of the subsets B,’%U in the
following way. For every 0 <i < ¢/, ; — 1, we define

= ] 2l s,

n—1,2
0<t<tn,m—1

(n,m) >_<'<n,m) ) <'<n,m) )
J; / J. / J. ’
and (,(m) coinciding with T( vhEtt, ) on TN 1) (B, for
(n,m) )
7. ’
every 0 <i <¢q),_;—2,0 <t < tpm—1,so that each m-brick T< ) (B)

n

i(nm) )

J. ’
is mapped on another T< =1/ (Byy). Thus (,(m) maps each By, ;(m) on
B, 1 ;.1(m) and this gives

Cn(m): |_| %—1,¢(m) - |_| ;1—1,i+1(m)'

0<i<q), ;-2 0<i<q), -2

End of Step n: We define for every 0 <i < ¢, ;| — 1,
;Lfl,i = |_| Bgfl,i(m)
mz=n

(the set of its m-bricks for m > n), B, = B, _; ; and

. / !
Cn: |_| n—1,4 |_| n—1,i+1
0<i<q],_,—2 0<i<q],_,—2

coinciding with the maps (,(m) on their respective domain (see Figure for step
n = 2, after the first step illustrated in Figure .

As the base B;,_; of R;,_; is partitioned in B),_;,u...u B its highest

n—1l,q, _,—1
level §"n-1"1(B! ) is partitioned in S"—1"Y(B. | )y u... U Shibfl_l(B;_1 g 1)
’ HMn—1
The map S is extended in the following way. On
B =1 B —1
D, = S'n—1 ( ;_170) ... St ( ;_1’(1;171_2)7

it coincides with CnS_(h;Lfl_l). So S maps Sh;ﬁl_l(B;%u) on B;kl’iH. This gives a
Rokhlin tower Rj, for S, nested in the previous one, of base B;, :== B, | and height
hy, =q(...q,_;. Now S is defined on (Dy u...u D,,_1) u D,,. The set D,, consists
in the levels of R, except the highest one, which are contained in the highest level

of RI, ;.

Remark 1.5.3. Notice that the inclusion of the S-orbits in the T-orbits is easy since S is
defined from maps (,(m) which are “piecewise powers of 7"

The reverse inclusion will follow from the fact that we have ¢, , = 1 for every n > 1
(at step (n,n) we form groups of only one n-level). Indeed, uniqueness implies that these
chosen blocks are linked by (,(n) and hence clearly by S (on the contrary, an m-level, for
m > n, of B)_;; is mapped by (,(m) to only one of the t, ., m-levels of B]_;,,,, and
not to the other). Thus ensuring that the unique n-brick of each B;hu is a large part of
it enables the system S to capture most of the T-orbits.
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Figure 1.8: From the first step (illustrated in Figure to the second one.

In Bj, we inductively build B} ,(2), By ;(2), B ;(3),... for every 0 < i < ¢ — 1 (in this
example, we have ¢ = 2). Each set Bj;(2) is composed of a unique 2-level in B (1) u
By (2) (i-e. in pale red and pale blue areas). Then each set Bj ;(3) is composed of 3-levels
in By o(1) u By o(2) 1 Bjo(3) (i-e. in pale red, pale blue and pale green areas) and so on.
The structure that we build in By = B, can be translated in By ; and By , using the map
G1.

In Section [I.5.d, we will define sets E, ,,, for every pair of integers (n,m) satisfying m >
n > 1. The set Ea; (resp. Es2) is the union of the areas hatched in blue (resp. in blue or
green).

B11(2) B1i(3) amue)  amue)

I.5.b First properties of this construction

Recall that we consider a cutting-and-stacking construction of 7" with the same notations
as in Definition m (qns Onjis Rn, Xn, €n, ...), and the sequences (hy,), (0,) and (Z,)
associated to the cutting and spacing parameters, and the notations ¢}, R, ... refer to
the construction of S.

We state some important properties preparing for further results in Section[[.5.dl Many
of them enable us to only take into account the combinatorics behind a cutting-and-stacking
construction. We assume that all the “largest multiples” (for every n < m, the largest
multiple ¢/,_; of p,—1 such that ¢},_; < rp,, and the largest multiple ¢},_1t,m of ¢/,_;
such that ¢}, ;tp m < rnm) are non-zero. In Section m (see Lemma , we will see
how to choose the parameters for the construction to be well-defined.

Lemma 1.5.4. Every tower R, is a partition of X.

Proof of Lemma[[.5.]] Let n > 1. The levels of R}, are pairwise disjoint by the definition
of (W m)m=n- It remains to show that R;, covers the whole space. Recall that X,, denotes
the subset covered by the tower R,, and &, the measure of its complement.

The result holds for n = 1 since (Wi ) il 0. Indeed Wi ;41 N X,y is the union
m——+00

of the m-levels which are not chosen at step (1,m). By the definition of ¢; ,,, there are at
most ¢. So we have Wi 11 < € + ¢o1(Bm) — 0.

For n > 1, it suffices to show that the levels B;l_lyo, B @ -1 of R}, form a
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partition of the base B/, | of R, ;. We have to show that the measure of

Wn,m = B;LA\ |_| |_| ;zfu(M)

n<M<m—10<i<q,_;—1

tends 0 as m — +o0. But this set W, ,, is the disjoint union of Lnrsme1 Broo(M) and
Wym- It is clear that

I ( |_| B;L—2,0(M)> e 0,

Mz=zm+1

since p is a finite measure. The set W), ;,, is obtained from W, ,,—1 by adding B{%Q’O(m)
and removing ¢/, _1tnm—1 (m—1)-levels. Thus we have p (W, ) il 0 by the definition
m—>—+0o0

of (tn,m)m=n- Hence we have (an) = 0 and we are done. O
m——+00

As a consequence, if (R], ), increases to the o-algebra A (this will be proved in Corol-
lary [I.5.16f), then S is a rank-one system without spacer, so this is an odometer.

Lemma 1.5.5. Let n > 1. On the base B), of the n-th S-Rokhlin tower R, S is defined
as follows. For every 0 < i < h], —1, we have

S'=(°...¢ " on By,

n—1 n—1
with ig € [0,q5 — 1], ..., in—1 € [0,¢,,_y — 1] such that i = 3} q(...qy 13 = >, hyig.
(=0 (=0

Proof of Lemma[.5.5 By induction over n > 1. It is clear for n = 1 since S coincides
with (; on the levels of R} except its roof. Assume that the result holds for n > 1. The
tower R;, is divided in ¢, subcolumns whose levels are exactly the ones of R/, and the
in-th subcolumn (0 < i,, < hy, —1) is the S-Rokhlin tower of height hj, and base By, ; . Let
0 <i < hjy — 1. By the equality B, ., = B}, and by the definition of S from (41 (at
the end of step n + 1 of the construction), S* = SJC;T;I on B] . for non-negative integers
in and j such that ¢ = i,h], + j and j < h],. The set 47111(3711,0) is equal to By, ; , so this

is a subset of BJ,, hence the result by the induction hypothesis. O

Therefore the subset D,, defined in the construction can be written as follows:

’ ’
_ Q()fl qn—2_1 !
Dn - 1 te Cnfl n—1,in
0<’in<g;71—2
7 !
o q—1 Qp_o—1 i ’
= ¢ 60 |_| G (Br-10)

0<in<q),_;—2

and S coincides with Cn(;_(qln‘fl) . .(1_(‘16_1) on D,,.

By the cocycle of (,(m), we mean the integer-valued map defined on the domain of
Co(m) and which maps  to the unique integer k satisfying (,(m)z = T%x.

Lemma 1.5.6. The cocycle of (,(m) is positive and bounded above by hpy—1 + Zp—1.
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Proof of Lemma[[.5.6. By definition, for fixed integers 0 < i < ¢/

me1—2and 0 <t <ty m—

.(n,m)

J””“’;Ll)(Bm) takes the value Aj = ;"™ j(m)

1, the cocycle on B = T< Jivorte, |, — Jiti+tq, -

Let us recall that the integers
.(n,m) .(n,m) (n,m)
0<h < Js < <lpw! < hm

are the set of indices j € [0, hy, — 1] such that T7(B,,) S Wym. Thus Aj is obviously
positive. Let us fix an (m — 1)-level B* which is not chosen at step (n,m — 1), so it is
contained in Wi, m. If m is equal to n, we can choose B* = B}, _, o(n —1). For m > n, the
existence of B* is granted by the fact that we have ¢}, 1t m—1 < Tnm—1. We write it as
B* = T*(B,, 1), where kg is an integer in [0, by, 1 — 1].

By definition, Aj is the least positive integer j such that 77(B) is in W, ,,,. Moreover
the m-levels of B* are in W, ,,. Therefore the consecutive m-levels T(B),..., T2 ~1(B)
are not in B*.

First case. In the tower R,,, assume that the m-levels T(B),...,T*~1(B) are before

T*0(By,-10), i-e. before the first m-level of B*. Therefore the enumeration B, ..., T2 (B)
is included in the enumeration

k
Ymo1,0,1s Bm-1,0,0m-1.0> Bm-1,05- -, T"°(Bm-1,0),

implying that Aj < oym—10 + ko < Zim—1 + hmn—1.

Second case. Now assume that T'(B),..., T2 ~1(B) are after T%(B,,_14, ,-1), i.e. af-
ter the last m-level of B*. Therefore the enumeration B,..., T2 (B) is included in the
enumeration

T*o (Bm*]-ﬂm—l*l)’ s vThmilil(Bm*Lqm—l*l)v Xim—1,gm_1,15 -5 Em*Lqm—l,Um—Lqm,lv

and we get AJ < (hyp—1 — ko — 1) + om—1,9,, 1 < hm—1 + Zm—1.

Third case. Finally if T(B),..., T~ 1(B) are between T (B,,_1,;) and T (By,,_1.41)
for some 0 < i < ¢—1—2, i.e. between two consecutive m-levels of B*, then the enumeration
B,...,T%(B) is included in the enumeration

k B —1 k
T™(Bm-1,),-- T (Bm—1,i), Zm—1,i,1> - - - » Sm—1Li,om—-1.:> Bm—1,i415 - - I °(Bm—1,i+1),

this gives Aj < (hmfl — ko — 1) +Oom—1,4+ (k‘o + 1) <hm1+Zm . O

Lemma 1.5.7. An m-brick at step n is included in an M-brick at step n — 1 for some
n—1<M<m.

Proof of Lemma[[.5.7. This follows directly from the definition of W, ,,, in the construction

(see Section [I.5.a)). Indeed the “(M)” in “B;,_, o(M)” means that we only consider the M-
bricks, at step n — 1, composing Bgflo. O

We now present a combinatorial description of the construction.
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Lemma 1.5.8. The quantities mnm, qn, Gy, tn.m, On satisfy the following recurrence relation:
toq = 0;
Jform =2, to,m = Om—1;

Tnn = qn-1+ th—1,n,
(|
’ n,n
form=n>=1, Qp_1 = { Pn—1,

Pn—1
tn,n = 1;

/
T'nm = Qm—l(rn,m—l - qnfltn,m—l) + tn—l,ma
Vn,m -1

form>n=>=1, .
nm — q,
n—1

)

During the construction, some integers have been defined for consistency (r1,1 = qo,
tnn = 1). Note that in this lemma, we also define the integers ¢, ,, for n = 0. This enables
us to extend the relations

Tn;n = dn—1 + tn—l,n and T'nm = Qm—l(rn,m—l - qafltn,m—l) + tn—l,m
for n = 1.

Proof of Lemma[l.5.8 Case n = 1. For m = 1, the r;; 1-levels potentially chosen to be
1-bricks are exactly the levels of R1, so we have 711 = qo + to,1 since tg1 == 0. We choose
qf, of them, where ¢, is the largest multiple of py such that ¢ < r11, so ¢ is equal to
|(r1,1 — 1)/polpo. Finally g is obviously equal to g{ti 1 since t1; = 1. For m > 1, there
are 7y, m-levels in Wy ,,: some of them are in the ry -1 — q{)tl,m_l (m — 1)-levels which
are not chosen at step (1,m — 1) and the other are the spacers from R,,_1 to Ry,. So we
have

7
Tm = Gm—1("1,m—1 — Qot1,m—1) + Om—1

and we set tg = om_1. We choose ¢(t1, of them as m-bricks, where ¢(t ., is the largest
multiple of gf) such that ¢(tim < 1m, .. t1m = |(r1;m — 1)/q}]-

Case n > 1. For m = n, there are 1y, n-levels in Wy, ,, = B}, _5o(n — 1) u B;,_5 o(n).
First, since we have t,_1,—1 = 1, the set B, 5(n — 1) is an (n — 1)-brick at step n — 1
and it contains ¢, 1 n-levels. Secondly BZ_Q,O(n) is the union of ¢,y , n-bricks. Hence
we have 7, = qn—1 + tp_1,. By definition, ¢/, ; is equal to |(rnn — 1)/pPn—1]pn—1 and
obviously to ¢},_t,n with ¢, , = 1. For m > n, there are 7, ,,, m-levels in W,, ,,,. This set
is composed of

( I ;2,0<M>)\ T,

n—1<M<m—1 n<M<m-10<i<q, ;-1

and
1’1—2,0(7”)~
The first one is the union of the ry -1 — ¢),_;tnm—1 (m — 1)-levels which are not chosen
at step (n,m — 1), and the second one is built at step (n — 1, m) from its ¢, 1 ,,, m-bricks.
So we have
Tnm = Qm—l(rn,m—l - q:lfltn,m—l) + th—1m-

We choose ¢},_1tn,m of these m-levels as m-bricks at this step, where ¢/,_1t,m, is the largest
multiple of ¢/, _; such that ¢, 1t m < Tnm, 1. tom = |(ram — 1)/¢,_1]. O
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It will be more convenient to use the following slight modification of Lemma [[.5.8}

to,1 = 05
for m = 2, to,m = Om—1;

Tnn = gn—1 + tn—l,na
form=n =1, Gy Srpn—1, (1.8)
tn,n = 17
/
Tnm < Gm—149p—1 T th—1,m,
<

form>n =1, Tn,m

tn,m !
an—1

This is a consequence of the inequalities |z] < z and rp;m—1 — ¢,_1tnm—1 < q,,_; (by
the definition of ¢, ,—1).

As the strategy will be to recursively choose large enough cutting parameters ¢, for T,
we would like to understand the asymptotic behaviour of ¢/, as g, increases. Then the goal
is to find bounds for ¢, /qp.

Lemma 1.5.9. For every n = 0, we have

q7/1 = qp — (1 +pn)'

Pn
in Lemma, where the integer ¢, ,41 is non-negative, we get

r -1
qzz > ( Ll - 1) Pn Z gn — 1 — Pn
Pn

Proof of Lemma 5.9 Using the equalities ¢, = [MJ Pnand 741 pt1 = GntHtnnsl

and we are done. O

We have found a lower bound for ¢/,/¢,, (up to some additional term —(1 + p,,)). Let
us find an upper bound.

Lemma 1.5.10. For every n = 1, we have
4y < 3qn + A

With an asymptotic control on o, using flexible classes, we will be able to get ¢/, < 4¢,

(see Lemma [[.5.14]).
Proof of Lemma [[.5.10, By induction over i € [0,n — 1] (with n > 1) and using (L.8)), we

show that ‘
iodq A
Q;l Sqn |2+ Z H +tn—1-in+1 -
j k=1 In—k

Tnn+l — 1 ’ tn—l,n+1
tn,n-‘rl < 7 < 7 (Qanfl + tn—l,n+1) =qn + -
] 9y 4y
tn1n )
so we get q§L§2qn+q,17’1“. For 0 < i < n — 2, we have
Tn—l—in+1 — 1 1 / tn—2—in+1
< (Qan72fi + tn—Q—i,n-‘rl) =qn+—.

th—1—in+1 S

/ ~ o /
Un_2_; dp_o_; Ap_o_;
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If the result holds true for ¢, we get

J i+1
1 tn—2—in+1 1
! + (qn + . ! - | | !
i—1 k=1 n—k Qp—2—; k=1 94—k

i o
= dn (2 + Z ) + tnflf(iJrl),n H q/iv
j=1

/
1 In—k k=1 In—k

-~

@, < qn(2+

)

so the result is also true for ¢ + 1.
Taking ¢ = n — 1, this gives the lemma since ¢, > 2 for every integer £ > 1. O

I.5.c Towards flexible classes

We now explain why flexible classes fit in this construction.

First a condition for the construction to be well-defined needs an inductive choice of the
cutting parameters (gn)nz0 of T' (see Lemma [[.5.11)). Secondly, a control on the spacing
parameters will imply useful asymptotic controls for the quantification of the cocycles (see
Lemma [[.5.14). Note that, in the proof of Theorem [[.3.9] (see Section [[.5.€), we will need
other estimates to quantify the cocycles. It will be possible, again using the definition of a
flexible class, to inductively build large enough cutting parameters in order to have these
estimates.

If the parameters are chosen according to a set Fg © P* associated to a flexible
class C, the underlying rank-one system has the desired property, i.e. it is in C, and is
orbit equivalent to the universal odometer, with some quantification guaranteed by the
control of the spacing parameters and by the fact that the cutting parameters g, have
been recursively chosen and large enough.

Lemma 1.5.11. Let T be a rank-one system with cutting and spacing parameters

(QYu (UTL,07 cee 7UTL,qn))n>0

such that the construction in Section is well-defined. Then, for every n € N, ¢}, only
depends on (qx, (00, - 0k,q.))o<k<n.

Proof of Lemma|l.5.11] This directly follows from Lemma [[.5.8] O

Then the main novelty in this paper is to build the rank-one system T while
we are building the universal odometer S. Once (g, ...,q),) has been built from
(Gk, (k0 - - - Ok ) Jo<k<n, We are free to choose (¢n+1, (On+1,0,- -+, On+t1,gns,)) for the def-
inition of ¢;,, ;. The recursive definition of the cutting parameters is one of the main ideas
behind the definition of a flexible class, and it allows to find cutting parameters satisfying
some assumptions, for example the assumptions of the following lemma.

Lemma 1.5.12. Assume that for every n € N,

qn > max (py, qé, s ) (1.9)

Then the construction is well-defined, i.e. all the “largest multiples” are non-zero (that is,
the largest multiple q),_y of pn—1 such that ¢/,_y < Ty, and the largest multiple ¢),_1tnm
of ql,_q such that ¢}, _1tnm < Tnm).

Remark 1.5.13. Without loss of generality, we can assume that pg is equal to 2. Therefore
the assumption of Lemmall.5.12|for n = 0 requires that qq is greater than 2, which explains
the second item of Definition [[3.7]
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Proof of Lemma[L.5.12 First, let us prove this result at step n = 1 of the outer recursion.
At step m = 1 of the inner recursion, go is greater than po, so ¢, (the largest multiple
of po such that ¢ < go — 1) is positive. For a step m > 1, notice that there exists an
(m — 1)-level which is not chosen at the previous step (as we have ry ,,—1 (m — 1)-levels in
Wim—1 and we choose g(t1 m—1 of them, with gjt1 m—1 < 71,m—1) SO its gm—_1 m-levels are
in W1y, and this gives rq y, = ¢m—1. Therefore we have rq ,,, > ¢ and ¢; ,, is non-zero.
Now consider a step m > 1 of the outer recursion. For m = n, B;L_Zo(n —1) is an
(n — 1)-level in Wy, ,,, so we have 7y, = ¢n—1 > pn—1, hence the positivity of ¢}, ;. For
m > n, we have ry, n, = ¢n-—1 (same argument as for n = 1), this implies ry, ,, > ¢/,_; and
tnm s positive. ]

The next lemma refines the estimate given by Lemma [[.5.10] with assumptions which
will be satisfied in the context of flexible classes.

Lemma 1.5.14. Let (gn, (0n0,---,0nq,))n=0 be the parameters of a CSP construction of
T with associated constant C > 0. Assume that there exists a constant C' > 0 such that

Vn =1, op < Cl(]nhnfl and qn — (1 +pn) = C,hn

(for instance, if the third point of Definition holds and if, given
(Gk, (00 ks - -y Ogp k) )o<ks<n—1, Gn 15 chosen large enough). Then we get the following

bound: .

vneN, I <4
n
Proof of Lemma[[.5.1] For n = 0, this is a consequence of the inequality ¢ < qo — 1.
Now let us prove the result for n > 1. Using Lemma [[.5.10] it suffices to get

But we have
On < CIthnfl < qn (anl - (1 +pn71)) )

and the right hand side is bounded above by ¢,q;,_; (by Lemmall.5.9), so the result follows
from the inequality ¢/, _; < ¢q(...q,_1- O

I.5.d Equality of the orbits, universal odometer and quantitative control
of the cocycles

Recall the notations for the construction of 7" by cutting and stacking, (gn)» and (oy,i)n,i
are respectively the cutting and spacing parameters. The tower R, is the n-th T-Rokhlin
tower, its height is h,,, it covers the subset X, of X, ¢, is the measure of its complement,
Zy, is the maximum of the spacing parameters over the first n steps and My is the measure
of the unique 0-level By.

We use similar notations ¢/, k), and R}, for S. We also set

H, =hi+...+h,

forall m > 1, and H), = 0.

The construction is assumed to be well-defined, considering a cutting-and-stacking
definition of T with parameters satisfying the criterion (L.9) (see Lemma [[.5.12)). Since S
is piecewise given by powers of T', the S-orbits are included in the T-orbits. It remains to
show the reverse inclusion, to prove that (R )n>0 is increasing to the o-algebra A and to
quantify the cocycles.
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As in [KL24], we set

1 |
Em=|_|5i<|_| By, _q10(M >: |_| e z"1<|_| By _10(M )
i=0

n<M<m Ogiogq(’)fl n<M<m

0<in—1 éq;,l—l

and '
K, = |_| T'(B,).
O<i<hp—1
T Y Bn)uT (Bn)SEnn
Since By, ¢ is exactly the base By, of R;,, the subsets S*(Bj,_; o), for 0 <4 < hj, — 1, are

exactly the levels of R] which is a partition of X. So the motivation behlnd the definition
of B, is first to approximate B;z—l,O by its M-bricks for n < M < m, and then the
set Fp m, is actually the union of the M-bricks, for n < M < m, of step n of the outer
recursion, and their translates by S in the other levels in R/, (the sets Ey 1, Ej 2, E13, E21
and FE» o are illustrated in Figures and . We get a better approximation of X as m
increases and notice that F, ., is a subset of X, since every M-brick, for n < M < m, is
a union of m-levels. Finally the sets K,,, for n > 1, are introduced in order to show that
the system S captures the T-orbits (recall Remark .

Lemma 1.5.15. The following holds:

H/
h—” forn <m
m
Hj_y +pn-1h;,_4
forn=m

hn
Proof of Lemma [.5.15. We prove the inclusions
En,m c En—l,m c...C E2,m - El,m - Xm

and we bound the measures of X,,\E,, and each set Ej ,,\Er_1,m,m- The result follows
from the decomposition

Xo\Enn = (X \Erm) 0 || (Bre.m\Erm) (1.10)

2<k<n

and o-additivity of u.

The set E , is composed of m-levels, so it is contained in X,,. If m = 1, then X,,\E1 p,
is the disjoint union of 71 1 —¢{ 1-levels (see step (1, 1) of the construction). If m > 1, then
X \E1,m is the disjoint union of 71 ,, —g(t1,m m-levels (see step (1, m) of the construction).
By definition of g, (if m = 1) or t1,, (if m > 1), we thus have

%‘) ifm=1
H (Xm\El,m) <

hl

hfl ifm>1

(recall that b} = ¢().

Let k € [[2 n]. The function ; has been built in order to map each M-brick (M = k)
at step k to another. But such a brick is contained in an M’-brick (k—1 < M’ < M) from
the previous step k — 1 (see Lemma . We then have

] ( L] B >g | Bl
1

0<ip1<q}_,— k<M<m k—1<M<m
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Applying ¢{°...(;*7 and considering the union over io,...,i5_2, we get the inclusion

Eym S Ei—1,m and the equality

Ek—l,m\Ek,m =

3 ik—9 / /
|_| {0 ce Ckfl ( |_| BkQ,U(M)> \ |_| |_| kal,ik (M)
0<io<q,—1 k—1<M<m ksM<m 0<iy_1<q;,_,—1

~ J

=: [#]

0<ip—2<df_y—1

So the measure of Ey_1,m\Ekm 18 ¢ - - - @_opt ([¥]) = hj_1p ([*]) by T-invariance. The set
[#] is obtained from Wy ., (see and (L.6)) by removing the m-bricks that have been
chosen at step (k,m). If m = k, then [*] is the disjoint union of ry ; — ¢}, m-levels (see
step (k, k) of the construction). If m > k, then [«] is the disjoint union of 74, — qf._1tkm
m-levels (see step (k,m) of the construction). By definition of ¢, (if m = k) or tg,, (if
m > k), we thus have

phL: ifm =k
p(h<q
% i m > ke
and )
hk_lpkfl
fm=k
hom,
P Er—1m \Ekm) <
hl
ﬁ iftm >k

Using (I.10)) and o-additivity of u, we get the following inequalities. If m > n, we get

I H
A X \Enm) = 1 (X\E1,m) + Z 1 (Ek—1,m\Ek,m) < Z hik = Tn
2<k<n i<ksn ™ m
If m = n, we get
(X \Epm) = (N (Xm\E1m) + Z H (Ek—l,m\EkmL)> + 1 (Ep—1,0\Enn)
2<ksm—1
h; Pn—1hy,_4
< Z ko T ol
1<k<m—1 m , hn
_ Hy i Pn—1hy,_4
hn hom
and we are done. O

The quantity H},_; + pn—1h,,_; only depends on ¢}, ..., q,_o which only depend on

(¢ (0ij)o<j<q: Jo<i<n—2 (see Lemma [[.5.11)), and hy, is larger than qi ...¢n—1/My with

gn—1 appearing at step n — 1. Then the strategy will be to recursively choose the cutting
parameters g,—1 so that

H_ | +pnhl,_,

hn n—-+0o

As p(Xp,) — 1, this gives u(E,,) — 1 by Lemmal[l.5.15

n—+oo n—+0o0

0. (L11)
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Corollary 1.5.16. If u(E, ) o 1, then S is the universal odometer.

Proof of Corollary[I.5.16] By the definition of ¢/, at step (n,n) and by choice of the se-
quence (py), every prime number appears infinitely many time as a prime factor among
the integers q(, ¢}, ¢, .... If S is an odometer, then it is clearly universal. It remains to
show that (R )nen increases to the o-algebra A. Then S is a rank-one system with zero
spacing parameters by Lemma [[.5.4] so this is an odometer.

Consider a subsequence (ny)r=o such that the series »;, _, u((En n,)¢) is convergent.
By the Borel-Cantelli lemma, the set Xg = szo ﬂkzj Ey, n, is of full measure. Let
z,y € Xo. Assume that they belong to the same level of R/, for every n larger that some
threshold Ny. The goal is to show that z and y are equal, so that (R!])nen separates the
points of a set of full measure and hence it increases to A.

By the definition of X, there exists an infinite subset I of N, bounded below by Ny, such
that E,, , contains x and y for every n € I. Let us fix an integer n € I. By the definition of
Epp, x is in some SY(B),_ 4(n)) and y in some S7(B],_; o(n)), for 0 <i,j < qp...q), 1 —1.
But x and y are in the same level of R},, furthermore S*(B},_ o(n)) is included in the level
SY(By,) and S7(B;,_; o(n)) in the level S7(By,), so we have i = j. Moreover, since we have
tn,n = 1, all the sets Sk(B;LfLO(n)) are n-levels, i.e. levels of the n-th T-Rokhlin tower
R, so x and y are in the same n-level. This holds for every n € I, so for infinitely many
n. Moreover (R, )nen separates the points up to a null set, since 7" is rank-one, hence the
result. O

Lemma 1.5.17. For every n € N, we have
N(Kn) = M(Xn) —H (Bn) - 2“ (Xn\En,n) :

Moreover, p(Ky,) — 1if w(Epnn) — 1.

n—+00 7 n—+400
Proof of Lemma[[.5.17 The set K,, is equal to (E, ,\Bn) \ T (Xn\Enn), s0 we get
w(Kn) =2 p(Enn\Bn) — 1 (T (Xp\Enn))
= W (En,n) —H (Bn) —H (Xn\En,n)
= wXn) = p(Bn) = 20 (Xn\Enp) -
The second result follows from the fact that u(X,) — 1and u(B,) — 0. O

n—-—4aoo n—-+0oo0

Lemma 1.5.18. For every x € K,,, there exists k € Z such that

k| < 4(hp-1 + Zn_1)(R,_1)*

n—1
and T 1z = Skz.

Proof of Lemma[[.5.18, Let x € K,,. By the definition of K, the points « and T 'z are
in E,, and there exists 1 < i < h,, — 1 such that z € T*(B,,). Writing E,, this way:

_ %l —1 / _ % !
En,n - |_| S n' ( nfl,O(n)) - |_| S ( n—1,in—1 (n)>7
0<i<h!_,—1 0<i<h], ;-1
Oéin—lgq;‘,l_l Oéin—lgq,/nil_l

it is clear that there exist 0 < ko, k1 < hl,_; — 1 such that y = S~kog and z = S MT 1z
are in |_|O<in,1<q;klfl B;L—l,in,l(n)-

We first show that we can write y = (*22 for some ko, using the fact that ¢, connects
the n-bricks of step (n,n) of the construction (since ,, = 1). Secondly (,, can be written
as a power of S and the equality y = S*2z holds for some k3 that we will be able to



36 CHAPTER I: RANK-ONE SYSTEMS, FLEXIBLE CLASSES AND SHANNON OE
bound by Lemma Finally the result follows from the bound for each integer kg, k1, k3.

Step 1: Finding ks such that y = ¢*?z. Using Lemma , we can write

g in—2 —1_._ ~jo Jn—2
r=¢"...¢, Jyand Tz =¢"...C, [ 2
for some integers 0 < ip,jo < ¢) — 1,...,0 < in_2,jn-2 < ¢,_o — 1, and there exist
0 < in—lajn—l < q;,l —1 Such that
/ !
y € Bn_17in71(n) and z € Bn—l,jn,l(n)-

More precisely, by Lemma and the fact that y and z are in n-bricks at step (n,n), we
have

z=C (M) .. Gt (My—y) 2y and T 1o = ( (L) ... Gue1 (L1 )22

with k < Ly, My, < n for every 1 < k < n— 1. By construction, 7" and the maps (;(m),
for 1 <k <n—1and k < m < n, satisfy the following property: for every n-level T%(B,,),
with 0 < k < h, —1, contained in the domain of the map, if it is mapped to another n-level
T*(B,,), with 0 < k + £ < h,, — 1, then the application coincides with T¢ on T*(B,). In
other word it consists in going up or down |¢| floors in the tower R,,, without going above

its roof or below its base. Therefore, from B, (n) to B;,_;; (n), the map

S = (L) . o1 (L 1)In2) T TG (M) L Gy (M )i

consists in successively going up or down in the tower, so this is a power of T' given by
the difference between the floor of B;,_;,;  (n) and the one of B]_;; (n). The map

In—1—ln— in—1—tn—
7]171 1= -1 In—1"ln-1 1(”) and

also satisfies this property, thus ¢, and S coincide on B 1.

Yy = C'rl?z with kg = 1 —in 1.

Step 2: Finding k3 such that y = S¥2. Using the Lemma and the equality
Ci(B) = B;ku, we have Shnfl(“’—lﬂ"—l)y = z, we set k3 == hl,_; (jn—1 —in—1) and it
remains to find a bound for j, 1 —4,_1. We need to get more information on the power

of T, denoted by T*, which coincides with S on By, 1, _,(n). By Lemma and the
definition of S, we get

0] < (Bt + Zp_1)(io+ ... +in—o) + 14 (hue1 4+ Zn_1)(Go + - .. + jn—2)
< 2(hna+Zp ) gyt F o) F1
< 3(hp—1+ Zn—1)(gh+ -+ q, )

where “417 comes from “T~'” in the expression of S and has been bounded by (hn—1 +
Zn-1)(gh+-..+4q,_5). The sum g +...4¢q],_, is less than the product ¢} ...q},_o = hl,_;.
this gives

0] < 3(hn-1 + Zn-1) ;L—l-

Since (, has a positive cocycle (by Lemma , the equality Q(lj”_ri”_l) = T implies
|¢| = |jn—1 — in—1]- Therefore we find the bound

k3| < 3(hn1+ Zn—1)(hl,_1)*

Step 3: Bounding the integer k such that 7'z = S*z. By the definition of kg, k1
and k3, T~ ' is equal to Ska with k = ki — ks — ko which is thus bounded as follows:
k| < kol + |ki] + |k
< 2(hpy = 1) +3(hn1 + Zn1)(Byy)?
< 4(hn—1 + Zn—l)( ;1—1)27

hence the result. O
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Corollary 1.5.19. If (E, ) o 1, then T and S have the same orbits.

Proof of Corollary|l.5.19 1t is clear that the S-orbits are contained in the T-orbits.
By Lemma [[.5.17, | J, oy Kn is of full measure, so the reverse inclusion follows from
Lemma [[5.18 O

Remark 1.5.20. Corollary holds for every rank-one system 7. Indeed skipping
steps in the cutting-and-stacking process of T recursively increases the cutting parameters
Gn, it enables us to get criteria and (the first one implies that the construction
in Section is well-defined, the second one that u(E,,) — 1).

However the quantification of the cocycles will not necessarily hold for all the rank-
one systems, since we will need to control the quantities Z,, depending on the spacing
parameters (see Section .

Note that by Dye’s theorem, it was already known that every rank-one system is orbit
equivalent to the universal odometer, but the proof of this theorem does not provide an
explicit orbit equivalence, thus preventing us from quantifying the cocycles.

Now the goal is to control the cocycle cg. The equalities ([.7)) in Section and the
decomposition of B,,_1; in bricks motivate the following definition:

'_1 4, o1
vmznz1 Dam) =G (o eq o2 Baoia, ()

1 L Grm) (B, 1))

, (L12)
— qn
=7 (Uosiney

qn—l

It is the union of all the translates of the m-bricks at step (n,m) composing D,,. Note
that S coincides with Cn(m)g;(ql"’rl)...C;(qofl) on Dp(m) (since it coincides with

CnGpe (q” 21 ..Cl_(qlo_l) and (, coincides with (,(m) on the m-bricks at step n). The
partltlon of D,, into such subsets D,,(m), for m > n, gives a fine control of the cocycle cg.

Lemma I.5.21. For 1 <n <m, Dy(m) is contained in Xy \Epm—1 and we have

!
Em—_1— Em + —2 ifm>n+1
?{"71 B!
+.
Em—1 —Em + ! :nlnl ifm=n+1
n

p(Dn(m)) <

For alln > 1, we have

Moreover for every x € Dy(m),
e < (it + Zn 1)),

Proof of Lemma[[.5.21] For 1 < n < m, D,(m) is composed of translates of the m-bricks
used at step (n,m), so it is disjoint from the translates of the M-bricks used at step
(n, M) for n < M < m — 1, hence the inclusion D, ,, € X;,\Epm—1. The bound for
p(Dy,(m)) follows from the decomposition X, \Ep m—1 = (X \Xm—1) U (Xm—1\Enm—1)
and Lemma [L.5.15

For n = 1 by the definition of D,,(n) and the (;-invariance of the measure, we get

1(Dn(n)) = (g1 — Dy (Bp oln ) < qp_1p (B;z—l,o(n)) )

hence the result, since B;, ; (n) is an n-level, so it has measure less than 1/h,,.
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For the cocycle cg, we first decompose D,,(m) in the following way:

Da(m) = | ¢ ¢ (50)
¢

v

Dt

where (B¢)¢ is the family of m-bricks, at step (n,m), which constitute the subset

|—|0<in<q’_172 B;L_Lin(m). For a fixed ¢, by Lemma there exist 1 < L1 < m,...,
n—1< L,_1 < m such that

D! = BN L) ¢ (L) (Be)

and, on this subset, S coincides with Cn(m)C;_(ql"_fl)(Ln_l) . g’l_(qé_l)(Ll). Then using
Lemma we get
[(es)ipel < (hm—1+ Zm-1)((gp — 1) + ... + (g, — 1) + 1)
< (hme1 + Zm—l)qz) s qu—z
= (hmfl + mel)hglflv
hence the result. O

I.5.e Proof of Theorem [.3.9

Let T be a rank-one system whose parameters satisfy the criteria @ and . The
first one ensures that the construction is well-defined (Lemma @, the second one
implies p(Ey ) — 1 (Lemma , 8o we have an orbit equivalence between T' and S
(Lemma . We can then define the cocycles ¢p,cs: X — Z by

Vee X, Tz = STz and Sz = 7@,

In Lemmas [[.5.18] and [[.5.21] we obtained bounds for the cocycles on precise subsets cov-
ering X: (Ky), for cp, (Dp(m))nm for cg. This will provide a bound for the ¢-integral
of each cocycle. But first, we need to change ¢ via the following lemma inspired by
Lemma 2.12 in [CJLMT23]. Without loss of generality, ¢ has the properties given by the
lemma and this will simplify the bound for each (-integral.

Lemma 1.5.22. Let 0 < a < 1 and ¢: Ry — R satisfying ¢(t) = o(t*). Then there
exists ®: Ry — Ry with the following properties:

o O 45 increasing;
e O is subadditive: Vt,s € Ry, ®(t +s) < ®(t) + D(s);
o O(t) = o(t*);
o () = O (2(1)).
Proof of Lemma [[.5.23, Set
o . RY — R.

and
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The map @ is positive-valued and non-increasing, so ® is an increasing and subadditive
function satisfying ®(¢) > t0(t) for every t € R,. The assumption ¢(t) = o(t*) implies

that 0(t) = sup,>; “O(SS)H for t > 0 large enough, so we have
1
(1) > 19(t) > tsup 2L S o).
s>t S
Finally, for a fixed € > 0, there exists tg > 0 such that ¢(s) < es® for every s . For

every t = tg, this gives

1 1 1

s>t S s>t \$1 7% s
and for every t = £y, we have

t t 1
J 0(s)ds < J ( 15 + > ds = St + Int — Et% —Intg,
¢ o \ST¢ S « o

0

hence ®(t) = o(t%). O

Lemma 1.5.23. Assume thal criteria (in Lemma and (L11) (after
Lemma are satisfied. Let ¢: R, — R, be an increasing and subadditive map.

Then, setting

hi Zpi1h?
A(n) = (1 + 2(H!, + pph!, )) (h;l)Q e(hpt1) " ©(Znt1hs ) ;
hn+1 hn+1

Ac(n) = eng1(h)? (0(hi 1) + @(Znsihiia)

we have the following bound:

+o0
J oller(@))du < o(d(ho + Zo)()?) + 4 2 A)+4Y Adn).  (L13)
X n=0
Proof of Lemma |1.5.25. Motivated by Lemma [[.5.18] we will rather quantify the cocycle
cr—1 defined on X (up to a null set) by
T 'z = Ser1 @)y,
It is equivalent to quantifying cp since we have
Ve e X, ep(x) = —ep(T™ )

and p is T-invariant.
Let (K/)n>0 be the partition of X inductively defined by

K{ = Kj,
Vn >0, K|, =K, \(Kiu...uK,).

The subsets K, are pairwise disjoint and cover the whole space since we have
Kiv...uK/, =K u...uK,

and p(K,) — 1 (using Lemma [[.5.17)). By the fact that K, is included in X,,, and by
Lemmas [[.5.17 and [[.5.15] we have

(K1) < p(X\Ky)
= w(X\X,) + u(X\K,)
< sn+u( n) + 20 (Xn\Enn)
< €n+ ( —1 + Pn— lhn 1)

h,
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Since K;LH is contained in K, 41, Lemma [[.5.18implies
Vo e K)oy, lep(z)| < 4(hny + Zn) (1))

We then get
j o(ler(@)du = f o(er1 (@) du
X
- Zf, Pller-1 ()

n+1

N

Z P 1) (A + Z0) (h,)?)

Do + Zo) (W)

= 1+2(H’ +pn_1h! )
N Yl + 2004,
n=1 n

N

Now we use the assumptions on ¢ to simplify the previous bound. We have h], =
h!, 14, 1 < hl,_jh, (by construction we have ¢, ; < rppn < hy,). By monotonicity and
subadditivity, this yields

p(4(hn + Zn)(hgz—lhn)Q)
n1)? (p(h3) + o(Zuh?))

and we get the bound (I.13]). O

Lemma 1.5.24. Assume that criteria (in Lemma and (L11)) (after
Lemma are satisfied and that the following holds:

p(4(hn + Zn)(h7,)?)

=
>=

(this is an assumption that we will be able to get by Lemma |[.5.14), using flexible classes).
Let p: Ry — R4 be an increasing and subadditive map. Then, setting

h2
ryn) = 4t ((F) 4 Hnetl)),
Fg(n) = ([{7’1 +pnh;1) h;z (‘P( n+1) I QO( n+1)> ;
0 )hnH(Z ) Pyt
r H' PUlm P\Lm
3(” ) n''n— 1( hm + hm ;
To(n,m) = enhl,(o(hm) + ©(Zm)),

we have the following bound:

L olleshdn < pu(Dy(L)p((ho + Zo)hl)
+ Z I'i(n) + Z Ia(n) + Z Z Is(n,m) . (1.14)

nz=0 n=0 nzlmzn+l

D)

nz0mzn+1

Proof of Lemma[[.5.24 By Lemma [[.5.21] for each subset D, (m), we found a bound for
the cocycle cg on it, we then get
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| eteshan = % f o(les))d

m>=nz=1

N

m>=nz=1

u(D1(1))o((ho + Zo)hp)

N

2 M(Dn(m))@((hm 1+ Zm—1)hy 1)

+ Z y1(n) + Z ~2(n) + 2 Z v3(n,m)

n=2 n=1 n=1m=n+2

where

(1) = p(Dn(n)p((hn-1 + Zn-1)h;, -

72(”) = M(Dn(n + 1))90((}’% + Zn)

1)

;171)7

v3(n,m) = p(Dp(m))o((hm—1 + Zim—1)hp,_1)-
Lemma [I.5.21| also yields a bound for the measure of each set D,,(m), this implies:

o((hn—1 + Zn— 1) n—1)s

H, | +ponhl,_,

Y2(n) < (en +

!/

DL (o + 2

H
sl m) < (e + 7 ) (s + Zo )l ).

m—1

For all n > 2, note that we have

((hn—1 + Zn-1)hy,_,) <
<
and . .
In—1 < dn—1 < 4
hn = hn—l‘]n—l = hn—l’
so wet get

o(h? 1) o(Zn-1hn-1)

((hn-1 + Zn—l)h;@_ghn—l)
o (p(h2 1) + @(Zn—1hn-1))

n<4h'n_< + )zf‘ n — 2).
71(n) A o 1( )

For ~9(n) and ~v3(n,m), note that we have

vn=1,VYm=n+1, o((hm-1 4+ Zm-1)hs,_1) < bl (o (hm—

1) +©(Zm-1)),

n—1
so we get
H/ + pn— 1hn
) < (ot TP (o) 4 0(2,)
hn, Zn
=l plin) + o2 + (H s+ it ) oy (E502) 242
= I'e(n—1,n)+T2(n—1)
and
L
wnm) < (emo1t g ) n—1(@(hm-1) +©(Zm-1))
R Lo
= M (Pl ) + ol )+ Htly (Eet) o L)

= I'(n—1,m—-1)+Ts(n,m—1)
The bound ([.14) now follows immediately.

)

41
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Proof of Theorem[I.3.9 Let C be a flexible class and ¢: Ry — R. a map satisfying

o(t) P50 (t1/3). If @: R, — R, is another map satisfying ¢(t) = O (®(t)), then ®-
—+00

integrability implies ¢-integrability. Therefore, without loss of generality, we assume that
o satisfies the assumptions of Lemma i.e. ¢ is increasing and subadditive.

Using the definition of a flexible class, we will build T" with large enough and inductively
chosen cutting parameters ¢,. Let F¢ be an associated set of parameters, and fix the
associated constants C' and C' given in Definition First choose any cutting and
spacing parameter (qo, (00,0, ---,00,,)) il F¢ such that go > 3. Without loss of generality,
we assume pg = 2 and we get qo > po, as required in the assumption of Lemma
for n = 0. For a fixed n > 1, assume that (gx, (00, -.,0%q,))o<k<n—1 has already been
determined in F¢, this immediately gives ¢(,...,q,_; (see Lemma . The goal is
to find the next parameters with ¢, large enough. Consider k, > 0 such that for every
t = hnpky, the following hold:

Kn > Max (D, Qs - - - s Qye1 ) (1.15)

H' h! 1
Hy + Palty 1 (1.16)

t S n

The assumption () = o(t'/3) also implies the following inequations for a large enough

K.
o ((t%) | (Ct) 1
(1 +2(Hj, + pahs,)) (hy,) ( P )<2n; (L.17)
t
W) (o) + p(C)) € —————— 1.18
(h)? (p(t%) + (C1)) T d (L.18)
) | (CP) 1
an, (2 < = I.1
%<t + t on’ (I.19)
ot p(Ct 1
(H + pahl,) b, < i) + (t )) < gt (1.20)
e(t) | ¢(Ct) 1
Vlﬁﬂén,HMLl(t = < gurzs (L.21)
VO < €<, B (o) + o(Ch) < % (1.22)
Q- Gn1

for every t = hpk,. With Inequations ([.17), (L.18), (L.19), (L.20), (L.21) and (L.22), we
will respectively find bounds for the quantities A(n), Az(n), I'1(n), I'a(n), I's(n,m) and
I'.(n,m) (see Lemmas [[.5.23| and [I.5.24)).

We then set a new cutting parameter ¢, > k, large enough with associated spacing
parameters oy 0, ..., 0nq, 50 that (gk, (0k0, .-, 0kq))o<k<n € Fc, 0n < C'¢rhp—1 and the
following additional assumptions are satisfied:

Gn — (1 +pp) = C'hy, (1.23)

and
VO<k<n—1, g, = C2"Fg. (1.24)

Let (hy), (o) and (Z,) be the sequences associated to p = (gn, (0n,0,- -, 0ng,))n=0 €
PN (as described in Definition , (h!) the height sequence of the cutting sequence
(¢}, )n=0 for the universal odometer that we build. We first check that the underlying
system is finite measure-preserving, i.e. the condition in Definition is satisfied.
But we have

On < C/CInhn—l _ '’
hn+1 D QHQn—lhn—l dn—1

I
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so the summability easily follows from Inequality . The underlying system preserves
a probability measure, so it is rank-one. Moreover it belongs to C by the definition of a
flexible class.

Inequality ensures that the criterion holds and that the construction in

Section is well-defined (see Lemma [I.5.12)). Using hp11 = hngy, the limit in (I.11)) is

a consequence of Inequality ([.16) and implies pu(E,, ) — 1. Inequality ([.23]) implies

/

VneN, In <y
qn

(see Lemma [[.5.14)).
Then Lemmas [[.5.23] and [[.5.24] imply that the bounds ([.13)) for the ¢-integral of cp

and (L.14) for the p-integral of cg hold. It remains to prove that these bounds are finite,
namely that the series

ZA(n), ZAE(n), Zfl(n), ng(n), 2 2 I's(n,m) and 2 Z

n=0 n=0 n=0 n=0 n=1m=n+1 n=0m=n+1

converge.

Using the monotonicity of ¢ and the inequalities Zn+1 < Chy+1 and (117 - ) for t = hpoq
(which is greater or equal to hnky), we get A(n) < 5, so the series >}, - A(n) converges.
It is also straightforward to see that the series Zn>0 I'1(n) and }; ., '2(n) are convergent,

using Inequalities ([.19) and (L.20)). Inequality (L.21)) implies I's(n,m) < 2ml+1, so we get

1
Z I'3(n,m) < DYES]

m=n+1

for every n > 0, and the series >; >, - '3(n,m) converges.

For the other series >, o As(n) and >, o> >n41 Le(n,m), we have to control the
sequence (gp,) (recall that e, == p((X,)¢)). Denote by My the measure of By (the unique
level of the T-Rokhlin tower Ry). For every n > 1, we have

o Z Moq o < 2 MoC'hy—4 < 2 c’

~
k>n qo0 - - -4k k>n q0 - - - dk—1 k>n qk—1 dn—1 k>n

1 1 2
Z 2k—n < ’

Gn—1

using Lemma and Inequation ([.24)).
Given n > O Inequatlon (I.22) and Lemma imply

hn+1 < dn
27y ... qn—1  2"Mp

(h)*(p(hsr) + @(Znarhinig)) <

Combining this with the inequality €,4+1 < 2/¢y,, we then get

1

Ac(n) = 5n+1(h;z)2((70(hn+1) + ( n+1h721+1)) < 2”’71]\40’

so the series ), -, Ac(n) converges.
For fixed integers n > 0 and m > n + 1, Inequation ([.22)) and Lemma imply

hm < dm—1

b (o(hm Zm)) < < )
W(olhm) +9(Zn)) € g S

Combining this with the inequality €, < 2/gm—1, we then get

1

Te(n,m) = emhy (9(hm) + ©(Z)) < m=2)
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This gives
1
Z Le(n,m) < oo—7r
mz=n+1 2" MO
for every n > 0, so the series > - >},,~,41 Lc(n, m) converges.
Therefore the cocycles ¢y and cg are p-integrable as wanted, which concludes the
proof. O

Remark 1.5.25. For ¢-integrability of c¢g, we only need to control quantities of the form
©o(u?)/u and ¢(u)/u (p(u?)/u does not appear). Therefore Theorem can be stated
with a stronger quantification on the cocycle cg, namely t-integrability with 1 (t) = o(t/?)
(it suffices to replace ¢'/3 by ¢'/2 in Tnequation (T.22)).

We are now able to prove Theorem [D]

Proof of Theorem[D| Let ¢: Ry — R, be a map satisfying ¢(t) = o(t1/3). By

t——+0o0

Lemma [[.5.22] we may and do assume that ¢ is increasing and subadditive.

Given a flexible class C, an associated set of parameters F¢ and constants C' and C’,
the last proof shows that we can choose the parameters in the following way. First, we
choose any cutting and spacing parameter (qo, (00,0, ---,00,)) i F¢, with go = 3. Then,
if pr = (qk, (0k,0,-- -, 00, ) Jo<k<n—1 has been set, there exists a constant depending on ¢,
Fe, C, C" and pn, denoted by K, (Fe, C,C’, pp), such that Conditions (I.15), (L.16]), (L.17)),
(L.18), (1.19), (I.20), (L.21), (I.22)), (I.23) and ([.24) hold for every g, = K (Fe,C,C’, pn),
and it remains to find such an integer ¢, and spacing parameters 0,0, ...,0n,q, such that
Pn+1 = (qk, (k0 - - - 00, )Jo<ks<n 1s in Fe and the inequality o, < C'gph,—1 holds.

Let Q == (Q-1,...,Qn,) be a sequence of integers, where ng, Qo, ..., Qn, are positive
and Qo ... Qn, = 3, and let us consider the set of parameters 7(Q) built in Section [[.4.1]
and the associated constants Cg and C’b. In this case, the spacing parameters oy ; at
step k are equal to 0 or hi_1, so they are determined by the previous cutting parameters.
Moreover, the first cutting parameter go is equal to Qp ... Qn,. Therefore, for every finite
sequence pp, = (qk, (Ok,0 - - - 00, ) )osk<n—1 i F(Q), we write K, (Q, q1, - . ., gn—1) instead
of K, (F(Q),Cq, Cé?’p")'

Recall that A denotes the set of sequences (g;)i=—1 of integers such that qo,qi,...
are positive. To every sequence € = (g;)i=0 € {0,1}", we associate a sequence g(g) € A
inductively defined by:

q(€)o = qo,
Vi = 0, Q(E)H—l = Ktp(Qa Q(E)la . 7Q(E)i) +&

Every sequence € = (g;);=0 € {0, 1} provides a sequence of parameters in F(Q), whose
cutting parameters are q(€)o, q(€)1, ..., and which gives rise to the irrational rotation of
angle 6(€) = [Q—1. .. Quor ()1 a(E)2r .- ]

Let us now consider a nonempty open subset V of R and a finite sequence Q so that
f(e) is in V for every € € {0, 1}, We get that the set of irrational numbers 6 in V' such that
the irrational rotation of angle 6 is p-integrably orbit equivalent to the universal odometer
contains the set {q(e) | € € {0,1}}, so it is uncountable using the facts that the map
e € {0,1}N > ¢(e) € A is injective and the continued fraction expansion is unique for every
irrational number. O
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Chapter 11

Odomutants and flexibility results
for quantitative orbit equivalence

This chapter corresponds to the article [Cor25b).

Abstract

We introduce new systems that we call odomutants, built by distorting the
orbits of an odometer. We use these transformations for flexibility results in quan-
titative orbit equivalence.

It follows from the work of Kerr and Li that if the cocycles of an orbit equiv-
alence are log-integrable, the entropy is preserved. Although entropy is also an
invariant of even Kakutani equivalence, we prove that this relation and L<Y/2 orbit
equivalence are not the same, using a non-loosely Bernoulli system of Feldman which
is an odomutant.

We also show that Kerr and Li’s result on preservation of entropy is optimal,
namely we find odomutants of all positive entropies orbit equivalent to an odometer,
with almost log-integrable cocycles. We actually build a strong orbit equivalence
between uniquely ergodic Cantor minimal homeomorphisms, so our result is a re-
finement of a famous theorem of Boyle and Handelman.

We finally prove that Belinskaya’s theorem is optimal for all the odometers,
namely for every odometer, we find a odomutant which is almost-integrably orbit
equivalent to it but not flip-conjugate. This yields an extension of a theorem by
Carderi, Joseph, Le Maitre and Tessera.

No odometers were harmed during this work.
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II.1 Introduction

Two ergodic probability measure-preserving bijections S and T on a standard atomless
probability space (X, A, i), are orbit equivalent if S and some system U~!TW¥ conjugate
to T have the same orbits up to measure zero. The isomorphism W is called an orbit
equivalence between T and S.

A stunning theorem of Dye [Dyeb9| states that all ergodic measure-preserving bijections
of a standard probability space are orbit equivalent. To get a more interesting theory,
quantitative orbit equivalence proposes to add quantitative restrictions on the cocycles
associated to orbit equivalence W. These are integer-valued functions ¢g and c¢r defined by

Sz = \IFlTCS(I)\I/(:E) and Tx = \PSCT(I)‘I’fl(fﬁ),

they are well-defined in the ergodic case. In this paper, we consider two quantitative forms
of orbit equivalence: Shannon orbit equivalence and p-integrably orbit equivalence, for maps
¢: Ry — R.. Shannon orbit equivalence requires that there exists an orbit equivalence
whose cocycles are Shannon, meaning that the partitions associated to cg and cr are both
of finite entropy. For ¢-integrable orbit equivalence, we ask that both integrals

f o(les(@))du(x) and f (e (@) dp(z)
X X

are finite.

In this paper, when ¢(z) = 2P, we are asking that both cocycles ¢g and cp are in
LP, and thus call it an LP orbit equivalence. Also when cg and cp are in L? for every
g < p, we say that we have an L=P orbit equivalence. The notion of LP orbit equivalence
can be traced back to the work of Bader, Furman and Sauer [BFS13| in the more general
context of measure equivalence, while Shannon orbit equivalence was defined by Kerr and
Li. Finally, @-integrable orbit equivalence was first defined and studied by [DKLMT22|.

The main goal is to understand which probability measure-preserving bijections are
p-integrably orbit equivalent or Shannon orbit equivalent. However the construction in the
proof of Dye’s theorem is not explicit and does not give any quantitative information on
the cocycles. Then a more tractable question is the preservation of dynamical properties
under these forms of quantitative orbit equivalence. In order to get flexibility results and
then partially answer these questions, we introduce in this paper an explicit construction
of orbit equivalence between odometers and systems with completely different properties,
that we call odomutants.

In recent years, odometers have been a central class of systems for explicit construc-
tions, thanks to their combinatorial structure. For example, Kerr and Li [KL24| prove that
every odometer is Shannon orbit equivalent to the universal odometer, providing concrete
examples of Shannon orbit equivalent systems which are non conjugate. This result was
generalized: we show in [Cor25a| that many rank-one systems (including the odometers and
many irrational rotations) with various spectral and mixing properties are ¢-integrably or-
bit equivalent to the universal odometer, with ¢: Ry — R satisfying o(z) e o(z'/3).
Finally, in order to show that the main result of [DKLMT22, Theorem 1.1] is optimal in
many examples, Delabie, Koivisto, Le Maitre and Tessera provide concrete orbit equiva-
lences between group actionﬂ built with Folner tilings (see [DKLMT22, Section 6]). It
turns out that we get a Z*-odometer in the case of the group ZF, thus highlighting how
useful the combinatorial structures of such systems are.

!We do not give any definition in this setting, as the paper is only about probability measure-preserving
bijections S, which can be seen as Z-actions via (n,z) € Z x X +— S™x.
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In our paper, the construction is also based on odometers, it is motivated by a
construction by Feldman |Fel76]. The odomutants associated to the same odometer are
explicitely built from successive distortions of its orbits, have the same point spectrum
(Theorem but they can be completely different. They provide flexibility and
optimality results: Theorems [G] [H] [[] and [J] that we explain with more details in the
following paragraphs.

A theorem of preservation of entropy proved by Kerr and Li. We may wonder
whether Shannon or p-integrable orbit equivalence are trivial or not. Kerr and Li proved
that a well-known invariant of conjugacy, the measure-theoretic entropy, is an invariant of
Shannon orbit equivalence.

Theorem (|KL24, Theorem Al). Entropy is preserved under Shannon orbit equivalence.

A connection between ¢-integrable orbit equivalence and Shannon orbit equivalence is
given by the following statement which is a consequence of [CJLMT23, Lemma 3.15].

Lemma. Let f: X — Z be a measurable map. If it is log-integrable, then it is Shannon.

As a consequence, p-integrable orbit equivalence implies Shannon orbit equivalence
when ¢ is greater than log and, combined with Kerr and Li’s theorem, we get the following
result.

Theorem. Let o: Ry — Ry be a map satisfying logt = O(p(t)). Then entropy is

—00
preserved under p-integrable orbit equivalence.

On non-preservation of even Kakutani equivalence. Entropy is also preserved under
even Kakutani equivalence (see Section . We may wonder whether there is a con-
nection between this equivalence relation and Shannon orbit equivalence or @-integrable
orbit equivalence for a map ¢: Ry — R, satisfying logt e O(p(t)). Note that these

quantitative forms of orbit equivalence are not equivalence relations a priori. In the result
below, L<Y2 orbit equivalence means that the cocycles are in L? for every p < %

Theorem G (See Theorem [l1.4.1). There exists an ergodic probability measure-preserving
byjection T which 1s L<Y2 orbit equivalent (in particular Shannon orbit equivalent) to the
dyadic odometer but not evenly Kakutani equivalent to 4.

We actually prove that L<Y2 orbit equivalence does not preserve loose Bernoullic-
ityE]7 so it does not imply Kakutani equivalence (weaker than even Kakutani equivalence).
In [Fel76], Feldman builds a zero-entropy ergodic system which is not loosely Bernoulli.
This system, denoted by T, is actually an odomutant built from the dyadic odometer S
(this is the first example of odomutant and the starting point of our work). We prove
that S and T are L<Y/2 orbit equivalent and Theorem |G follows from the fact that every
odometer is loosely Bernoulli.

Remark I1.1.1. In [Fel76|, Feldman did not consider the question of the point spectrum
of his non loosely Bernoulli system. As a corollary of Theorem [[I1.3.13] we get that it has
the same point spectrum as the dyadic odometer.

Question I1.1.2. Does there exists a sublinear map ¢: Ry — R, such that ¢-integrable
orbit equivalence implies Kakutani equivalence or even Kakutani equivalence? Such a map
would be at least & — 2'/2. We may also wonder whether loose Bernoullicity is preserved
under @-integrable orbit equivalence for some sublinear map ¢. Note that the case of a
linear map ¢ is straightforward, as a consequence of Belinskaya’s theorem.

2Loosely Bernoulli systems form a class of ergodic systems, which is closed under Kakutani equivalence

(see Section .
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Optimality result for the preservation of entropy. As stated above, p-integrable or-
bit equivalence preserves entropy when the map ¢ satisfies log ¢ Ml O(p(t)). Theorem

— 400

shows that this result is almost sharp.

Theorem H. Let (X, p) be a standard atomless probability space, let o be either a positive
real number or +0o, and let S € Aut(X, u) be an odometer whose associated supernatural
number ]_[penpkp satisfies the following property: there exists a prime number p. such
that k,, = +00. Then there exists a probability measure-preserving transformation T €

Aut(X, p) such that
1. by (T) = ay

2. there exists an orbit equivalence between S and T, which is @m-integrable for all
integers m = 0,

logt
log(®™) ¢

where o, denotes the mapt — (om)

and log the composition logo . ..olog (m times).

The notion of supernatural number associated to an odometer is defined after Defini-
tion[[T1.2.12] it totally describes its conjugacy class. Examples of odometers S to which this
theorem applies are the dyadic odometer, more generally the p-odometer for every prime
number p, or the universal odometer. In our proof, the transformation 7" is an odomutant
associated to S, we now explain how to build such a system.

Theorem [H|is actually a corollary of Theorem [I| which is stated in a topological frame-
work. Indeed, to prove this corollary, the main idea was to use topological entropy in-
stead, simpler than measure-theoretic entropy in this context, and connected to it via the
variational principle. Moreover, for the topological entropy to be well-defined, we have
to consider odomutants that can be extended as homeomorphisms on the Cantor set. We
notice that we build a strong orbit equivalence, namely an orbit equivalence between home-
omorphisms on the Cantor set such that the equality of the orbits holds at every point of
the space (and not up to measure zero), and whose associated cocycles each have at most
one point of discontinuity.

Theorem I (See Theorem [II.5.1)). Let o be either a positive real number or +o. Let
S be an odometer whose associated supernatural number Hpen pFr satisfies the following
property: there exists a prime number p, such that k,, = +00. Then there exists a Cantor
minimal homeomorphism T such that

_Z, htop(T) = oy

2. there exists a strong orbit equivalence between S and T, which is @y -integrable for
all integers m = 0,

logt

gl e and log®™ the composition logo .. .olog (m times).

where o, denotes the map t —

In order to create topological entropy, we build an odomutant T" from the odometer S
in such a way that the dynamics of T' describes more words {P(T*(z))o<i<n-1 | © € X}
than S does, for partitions P in clopen sets that we will deﬁneﬂ Note that this is more
or less the strategy applied by Feldman for the construction of a non loosely Bernoulli
system, since loose Bernoullicity property also deals with the words produced by a system.
Then Theorem [H] follows from Theorem [I] and the variational principle since such a
transformation T is necessarily uniquely ergodic (see Proposition [[1.2.20)).

3P(y) denotes the atom of the partition 7 which contains y € X.
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For the study of strong orbit equivalence, Bratteli diagrams have played a crucial
role. Every properly ordered Bratteli diagram provides a Cantor minimal homeomor-
phism, called a Bratteli-Vershik system. Conversely, Herman, Putnam and Skau proved
in [HPS92| that every Cantor minimal homeomorphism is topologically conjugate to a
Bratteli- Vershik system. Moreover, using this characterization, Giordano, Putnam and
Skau completely classified the Cantor minimal homeomorphisms up to strong orbit equiva-
lence, using the dimension group which turns out to be a complete invariant (see [GPS95]).
We refer the reader to Appendix for a brief overview.

An earlier version of Theorem [H| (and more generally Theorem [[) stated that there
exists an odomutant with positive entropy which is orbit equivalent to an odometer with
almost log-integrable cocycles. Thanks to a suggestion of Thierry Giordano, we noticed
that odomutants have already appeared in [BH94|]. Indeed Boyle and Handelman stated a
result similar to Theorem [I| without any quantitative information on the cocycles.

Theorem (|[BH94, Theorem 2.8 and Section 3|). Let S be the dyadic odometer. If o is a
positive real number or o = +00, then there exists a Cantor minimal homeomorphism T
such that:

_Z, htop(T) = oy
2. S and T are strongly orbit equivalent.

Their proof exactly consists in building a Bratteli diagram of an odomutant associated
to the dyadic odometer. We thus manage to give a similar statement but with quantitative
information on the cocycles (Theorem . The case of the finite entropy is an improvement
of our earlier proof, and the case of the infinite entropy is a translation of Boyle and
Handelman’s proof in our formalism.

Another crucial point is that the orbit equivalence we build in our paper is explicit,
whereas Boyle and Handelman use the dimension group and so establish the strong orbit
equivalence in a more abstract way. The comparison between Boyle and Handelman’s
construction and our formalism will be detailed in Appendix

Optimality of Belinskaya’s theorem. Belinskaya’s theorem [Bel69] states that if S and
T are orbit equivalent and one of the two associated cocycles is integrable, then S and T
are flip-conjugate, meaning that S is conjugate to 7 or T—'. As a consequence, L' orbit
equivalence is exactly flip-conjugacy. Since integrability exactly means (-integrability for
linear maps ¢, it is interesting to study the sublinear case, as was done in [CJLMT23|.

Theorem (JCJLMT23, Theorem 1.3]). Let p: Ry - R, bea Sublinearfunctiorﬁ. Let S be
an ergodic probability measure-preserving transformation and assume that S™ is ergodic for
some n = 2. Then there is another ergodic probability measure-preserving transformation
T such that S and T are p-integrably orbit equivalent but not flip-conjugate.

The authors asked whether this holds for a system S such that S™ is non-ergodic for
all n = 2. The following statement provides an answer for the odometers which satisfy this

property.
Theorem J (See Theorem|[I1.6.1)). Let ¢: Ry — R be a sublinear map and S an odometer.

There exists a probability measure-preserving transformation T such that S and T are ¢-
integrably orbit equivalent but not flip-conjugate.

As in the proofs of Theorems [G] and [} the counter-example T" for Theorem [J] is again
an odomutant associated to S. To ensure that S and T are not flip-conjugate, we notice

4This means that lim @ =0.
t—+o0
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that an odometer is a factor of its associated odomutants, and we use the property of
coalescence for the odometers, which states that an extension of an odometer is conjugate
to it if and only if every factor map associated to this extension is an isomorphism.

Remark I1.1.3. Note that a probability measure-preserving transformation S such that
S™ is non-ergodic for every n = 2 factors onto some odometer. It would be interesting
to combine the proof of Theorem [J| with this remark so as to completely remove the
assumption that S™ is ergodic for some n > 2 in |[CJLMT23, Theorem 1.3].

Outline of the paper. After a few preliminaries in Section we introduce the notion
of odomutants in Section we study its measure-theoretic and topological properties,
and the orbit equivalence with their associated odometers. Theorems [G] [[] and [J] are
respectively proven in Sections [[T.4] [[T.5] and [IT.6] Appendix deals with combinatorial
results preparing for the proof of Theorem [I] In Appendix [[I.B] we describe odomutants as
Bratteli-Vershik systems and compare our proof of Theorem [[| with the proof of Boyle and
Handelman’s theorem in [BH94]. Finally Appendix[[I.C|is devoted to prove the well-known
(but left unproved in the literature) equivalence between definitions of loose Bernoullicity
in the zero-entropy case.

I1.2 Preliminaries

I1.2.a Basic definitions in ergodic theory

In a measure-theoretic framework. The author may refer to [KL16| and [VO16| for
complete surveys about the notions introduced in this section.

The probability space (X, A, ) is assumed to be standard and atomless. Such a space is
isomorphic to ([0, 1], B([0,1]), Leb), i.e. there exists a bimeasurable bijection ¥: X — [0, 1]
(defined almost everywhere) such that W,u = Leb, where W,p is defined by W,u(A) =
pu(¥1(A)) for every measurable set A. We consider maps T: X — X acting on this space
and which are bijective, bimeasurable and probability measure-preserving (p.m.p.),
meaning that u(T 1(A)) = u(A) for all measurable sets A < X, and the set of these
transformations is denoted by Aut(X, A, ), or simply Aut(X, u), two such maps being
identified if they coincide on a measurable set of full measure. In this paper, elements of
Aut(X, p) are called transformations or (dynamical) systems.

A measurable set A ¢ X is T-invariant if (7 '(A)AA) = 0, where A denotes the
symmetric difference. The system T € Aut(X, pu) is (u-)ergodic, or p is T-ergodic, if
every T-invariant set is of measure 0 or 1. If T' is ergodic, then T' is aperiodic, i.e. T"(x) %
x for almost every x € X and for every n € Z\{0}, or equivalently the T-orbit of z, denoted
by Orbr(x) == {T"(x) | n € Z}, is infinite for almost every z € X. A transformation T’
is uniquely ergodic on X if it admits a unique 7T-invariant probability measure p. In
this case, p is T-ergodic since in full generality the extremal points of the convex set of
T-invariant probability measures are exactly the ergodic ones.

Denoting by L2(X, A, 1) the space of complex-valued and square-integrable functions
defined on X, a complex number ) is an eigenvalue of T if there exists f € L%(X, A, u)\{0}
such that foT = \f almost everywhere (f is then called an eigenfunction). An eigenvalue
A is automatically an element of the unit circle T = {# € C | || = 1}. The point
spectrum of T, denoted by Sp(T), is then the set of all its eigenvalues. Notice that A\ =1
is always an eigenvalue since the constant functions are in its eigenspace. Moreover T is
ergodic if and only if the constant functions are the only eigenfunctions with eigenvalue
one, in other words the eigenspace of A = 1 is the line of constant functions (we say that
it is a simple eigenvalue). Finally, a system has discrete spectrum if the span of all its
eigenfunctions is dense in L2(X, A, ).
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All the properties that we have introduced are preserved under conjugacy. Two trans-
formations T' € Aut(X, u) and S € Aut(Y,v) are conjugate if there exists a bimeasurable
bijection ¥: X — Y such that W,y = v and WoT = SoW almost everywhere. Some classes
of transformations have been classified up to conjugacy, the two examples to keep in mind
are the following. By Ornstein |[Orn70|, entropy is a total invariant of conjugacy among
Bernoulli shifts (entropy will be introduced in Section . Moreover Halmos and von
Neumann [HVN42] prove that two ergodic systems with discrete spectrums are conjugate
if and only if they have equal point spectrums. For example, the odometers (introduced
in Section have discrete spectrum and this theorem enables us to classify them up
to conjugacy.

Transformations 1" and S are said to be flip-conjugate if T is conjugate to S or to
S~1. Since the point spectrum forms a circle subgroup, the Halmos-von Neumann theorem
actually states that the point spectrum is a total invariant of flip-conjugacy in the class of
ergodic discrete spectrum systems. Therefore we are able to classify the odometers up to
flip-conjugacy.

We say that S is a factor of T', or T is an extension of S, if there exists a measurable
map ¥: X — Y which is onto and such that V,v = g and SoW¥ = W o T almost
everywhere. The map W is called a factor map from 7" to S.

In a topological framework. The notions that we have introduced are part of a measure-
theoretic setting. On the topological side, a topological (dynamical) system is a con-
tinuous map T: X — X on a topological space X (usually X is assumed to be compact).
Two topological systems 1" and S, respectively on topological spaces X and Y, are topo-
logically conjugate if there exists a homeomorphism ¥: X — Y such that VoT = SoW
on X. A topological system is minimal if every orbit is dense. In this paper, we will only
consider Cantor minimal homeomorphisms, namely minimal invertible topological
systems on the Cantor set.

In this paper, “systems”, “conjugacy”, “entropy” will always refer to the measure-
theoretic setting. For the topological setting, we will always specify “topological system?”,
“topological conjugacy”, “topological entropy”.

I1.2.b Measurable partitions

A set P of measurable subsets of X is a measurable partition of X if:
e for every P, P, € P, we have u(P, n Py) = 0;
e the union Jpep P has full measure.

The elements of P are called the atoms. If P and Q are measurable partitions of (X, u),
we say that P refines (or is a refinement of, or is finer than) Q, denoted by P > Q, if
every atom of Q is a union of atoms of P (up to a null set). More generally, their joint
partition is

,PVQ::{PGQ|PE,P7Q€Q}7

namely the coarsest partition which refines P and Q.

A measurable partition P defines almost everywhere a map P(.): X — P where P(z)
is the atom of P which contains x. Given a measurable map 7: X — X, P provides
coding maps

[Plin: © € X > (P(T72))icjn € P,

In particular, [P],(z) = [Plon—1(z) is the n-word of x.
Given atoms P;, P;11,..., P, of P, the equality [P ] ( ) =(P;,..., P,) exactly means
that z is an element of T~*(P;) n T~ (P;1) N T-"(P,). Therefore the partition



I11.2. PRELIMINARIES o7

which gives the values of [P]; 5 is the following joint partition
n .
Pl =\/T7(P)
j=i

with T77(P) = {T7(P) | P € P}, this is a division of the space given by the dynamics of
T, over the timeline {i,...,n} and with respect to P.

I1.2.c Measure-theoretic entropy, topological entropy

Here we present two notions of entropy. For more details, the reader may refer to [Dow11]
and [KL16|.

Measure-theoretic entropy. Entropy, or measure-theoretic entropy, or metric entropy,
of a measurable transformation is an invariant of conjugacy. To define it, we first define
the entropy of a partition, which then enables us to quantify how much a transformation
complexifies the partitions.

Let T be a system on (X, ), not necessarily invertible, and P a finite measurable
partition of X. Let us define the entropy of P by

Hu(P) = = Y u(P)log u(P),
PeP

where p(P)logpu(P) = 0 if P is a null set. This is a positive real number. The following
quantity
H n—1
h,(T,P) = lim @
n—-+0o n
is well-defined, this is the entropy of T with respect to P, and it tells us how quickly
the dynamics of T' is dividing the space X with the partition P. Finally, let us define the
entropy of T by
hy(T) = S%p h, (T, P),

where the supremum is over all the finite measurable partitions P of X. This quantity is
non-negative and can be infinite.

The following result, due to Kolmogorov and Sinai, enables us to prove the well-known
fact that the odometers have zero entropy (see Section [II.2.¢€]).

Theorem I1.2.1 ([Dowll] after Definition 4.1.1]). Let (Py)r=0 be an increasing sequence
of partitions which generates the o-algebra of X (up to restriction to full-measure sets).
Then we have

hy, (T, Pr) ktoo hy, (T).
Topological entropy. In the topological setting, topological entropy is an invariant of
topological conjugacy and is defined with similar ideas.
The topological space X has to be compact. We define the joint cover of two open
covers U and V by
UvY ={UnV|Uel,V eV}

Let T be a topological system on X and U an open cover of X. Let us define

n—1
Uyt =\/ T W),
=0
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where T=(U) = {T~(U) | U € U}, and
N(U) = min{|U'| | U is a subcover of U},

where || denotes the cardinality of U’. The quantity N (U) is finite since X is compact.
The topological entropy of T with respect to the open cover U is the well-

defined limit

1 n—1
heop(T,U) = lim M,

n—+ao n

it tells us how quickly the dynamics of 7' is shrinking the open sets of U.
Finally, let us define the topological entropy of T by

htop (T) = Slsz htop(Tv Z/{),

where the supremum is over all the open covers U of X. This quantity is non-negative and
can be infinite.

The following result will enables us to build an odomutant with a prescribed topological
entropy (see Lemma [[L.5.3). We say that a sequence (Up)n=0 of open covers generates the
topology on X if for every € > 0, there exists N = 0 such that for every n = N, the open
sets of U,, have a diameter less than e.

Theorem I1.2.2 ([Dowl11, Remark 6.1.7]). Let T be a topological system on X and (Un)n>0
a generating sequence of open covers. Then we have

hiop(T) = UHm  hiop(T, Uy).

n— -+

Example I1.2.3. The compact space X that we consider in this paper is of the form

X = H{O,l,...jqn—l},

n=0

with integers g, greater or equal to 2. It admits open covers which are partitions in clopen
sets. If U is such an open cover, then Z/{Slfl denotes both joint of open covers and joint of
partitions. We have N'(U)™") = Uy~ \{D}| and this is exactly the number of words of
the form [U],(x), for x € X, where [U],, is the coding map associated to the partition U
(see Section . Therefore, in the proof of Theorem , a method to create topological
entropy consists in building a system T whose number of n-words (with respect to some
partition in clopen sets) increases quickly enough as n goes to .
More precisely, the open covers U that we will consider are

P = {[io,---ie—1]e | 0 < io < qo,...,0 <ip—1 < qo—1},
for ¢ > 1, where [ig,...,ir—1]¢ denotes the ¢-cylinder
{r = (Tn)nz0 | To =0, ..., 2—1 = ig_1}.

Note that (P(£)),=1 is a generating sequence of open covers. In Definition [[1.3.3} we will
also consider other partitions P(¥), for some reasons explained in the paragraph following
this definition.

The variational principle. In Example we explain the method that we will
apply in this paper to create topological entropy and then prove Theorem [ However we
also would like to create measure-theoretic entropy to prove Theorem [H|l The variational
principle enables us to connect these notions.
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Theorem II.2.4 (Variational principle [Dowl1, Theorem 6.8.1]). Let T: X — X be a
topological system on a metric compact set X. Then we have

hiop(T) = suph,(T),
n

where the supremum s over all the T-invariant Borel probability measures p on X.

As a consequence, if T' is uniquely ergodic, then we have
hiop (1) = hu(T)v

where p denotes the only T-invariant Borel probability measure.

I1.2.d Even Kakutani equivalence, loose Bernoullicity

The notions introduced in this section can be found in [Fel76| and [ORWS82].
Let T € Aut(X, p). Given a measurable set A, the return time ry: A — N* U {o0} is
defined by:
Vo e A, ra(z) =inf{k >1|TFz e A}.

It follows from Poincaré recurrence theorem that, if A has positive measure, then the
set {k € N* | Tkz € A} is infinite for almost every x € A. In particular, r4(x) is finite for
almost every x € A.

Then we can define a transformation T4 on the set {x € A | ra(x) < o0}, namely on A
up to a null set, called the induced tranformation on A:

Tax =T 4@y,

The map T4 is an element of Aut(A, pa), where pg == p(.)/n(A) is the conditional prob-
ability measure. Its entropy is given by Abramov’s formula:

h,,(T)
p(A)
Definition IL1.2.5. Let S € Aut(X, ), T € Aut(Y, ) be two ergodic transformations.

h#A (TA) =

1. T and S are said to be Kakutani equivalent if T4y and Sp are isomorphic for some
measurable sets A c X and BcY.

2. Moreover they are evenly Kakutani equivalent if in addition two such measurable
sets have the same measure: u(A) = v(B).

It is well-known that Kakutani equivalence and even Kakutani equivalence are equiv-
alence relations. It follows from Abramov’s formula that entropy is preserved under even
Kakutani equivalence.

Similarly to Ornstein’s theory [Orn70| for the conjugacy problem, Ornstein, Rudolph
and Weiss [ORWS82| found a class of systems, called loosely Bernoulli system, where Kaku-
tani and even Kakutani equivalences are well understood. These systems were first intro-
duced by Feldman [Fel76].

Definition I1.2.6 (see |Fel76]).

e The f-metric between words of same length is defined by:

k

fa((ai)1<isn, (bi)1<isn) =1 — -

where k is the greatest integer for which we can find equal subsequences (a;,)1<e<k
and (bjg)lgggk, with 43 < ... <1 and j; < ... < jg.
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e Let T € Aut(X, u) and P be a partition of X. The couple (T, P), called a process, is
loosely Bernoulli if for every € > 0, for every sufficiently large integer N and for
each M > 0, there exists a collection G of “good” atoms in PO » Whose union has
measure greater than or equal to 1 — ¢, and so that for each pair A, B of atoms in G,
the following holds: there is a probability measure na g on PV x PV satisfying

1. nap({w} x PY) = pa({[Plin(.) = w}) for every w e PV;
2. nap(PY x {w'}) = us({[Plin(.) = w'}) for every w' € PV;

3. nap({(w,w) e PN x PV | fy(w,w') > e}) <e.
e T is loosely Bernoulli if (7, P) is loosely Bernoulli for all finite partitions P of X.

Loose Bernoullicity for a process (T, P) expresses the fact that, conditionally to two
pasts A and B, the laws for the future are close, meaning that there exists a good coupling
between them, with close words for the f-metric.

Example I1.2.7. The Bernoulli shift on {1,...,k}? is loosely Bernoulli with respect to
the partition {[1]1,...,[k]:}. Indeed, conditionally to every past, the law for the N-word is
always the uniform distribution on {1,...,k}", so it suffices to define n A,B as the uniform
distribution on the diagonal of PN x PN with the notations of the previous definition. This
system is more generally loosely Bernoulli since {[1]1,...,[k]1} is a generating partitionE].

We will also prove that odometers are loosely Bernoulli (see Proposition [I1.2.15| in
the next section), using the following equivalent definition of loose Bernoullicity for zero-
entropy systems.

Theorem I1.2.8. Let T € Aut(X, p) and P be a partition of X and assume that h,(T,P) =
0. Then (T, P) is loosely Bernoulli if and only if for every € > 0 and for every sufficiently
large integer N, there exists a collection H of “good” atoms in va whose union has measure
greater than or equal to 1—¢ and so that we have fy(w,w") < e for every w,w' € [Pl n(H).

This has been stated by Feldman [Fel76, Remark in p. 22] and Ornstein, Rudolph and
Weiss [ORWS82, after Definition 6.1] for instance. However, to our knowledge, there is no
justification of this statement in the literature. This is the reason why we provide a proof

in Appendix
The choice of the metric is very important. Indeed, with the d-metric:
dn((ai)1<igns (bi)1<i<n) = {1 <@ <n | a; F bi},

also called the Hamming distance, we get the notion of very weakly Bernoulli systems and
this is exactly the class considered in Ornstein’s theory for the conjugacy problem.

As mentioned above, Kakutani equivalence and even Kakutani equivalence are well
understood in the class of loosely Bernoulli systems.

Theorem I1.2.9 (JORWS2, Theorems 5.1 and 5.2]). Let S € Aut(X, u), T € Aut(Y,v) be
two ergodic transformations.

1. If S is loosely Bernoulli and is Kakutani equivalent to T, then T is also loosely
Bernoulls.

2. If S and T are loosely Bernoulli, then they are evenly Kakutani equivalent if and only
if they have the same entropy.

5To prove that a system is loosely Bernoulli, it is enough to prove it with respect to a generating
partition (see [ORW82| and the equivalent notion of finitely fixed process).
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I1.2.e Odometers

Given integers qo, g1, q2, - - . greater than or equal to 2, let us consider the Cantor space
X=]]{0,1,...,qn — 1},
nz=0

endowed with the infinite product topology and the associated Borel o-algebra. The
odometer on X is the adding machine S: X — X, defined for every x € X by

0,...,0,1 + 2, z41,...) ifi=min{j >0|z; + ¢; — 1} is finite

———
i times

(0,0,0,...) ife=(@-1,0—-1,¢—1,...)

Sx =

In other words, S is the addition by (1,0,0,...) with carry over to the right.

An odometer is more generally a system which is conjugate to S for some choice of
integers g,. In this paper, we only consider this concrete example with the adding machine
and we refer to it as “the odometer on [],-({0,1,...,¢, — 1}".

Let us introduce the cylinders of length k, or k-cylinders,

[0, .- Tp—1]k = {(yn)nzo € H {0.1,....qn — 1} | yo = w0, ..., Y1 = inl}-

nz=0

We can define a cylinder with a subset I; of {0,1,...,¢; — 1} instead of x;. For instance,
[zo, I1, 22]3 denotes the set of sequences (yn)n=0 satisfying yo = o, y1 € I1 and yo = xo.
We also use the symbol e when we do not want to fix the value at some coordinate. For
instance, [zg, ®, z2]3 denotes the set of sequences (y,)n=0 satisfying yo = xo and yo = xs.
By convention, the 0-cylinder is X. For any n > 1, we also set a partially defined map

Cn: )(\[07 e, 0 1 — 1]71, — )(\[07 . .7.’O]n

which is the addition by
(0,...,0,1,0,0,...)

—_
n—1 times

with carry over to the right, and which coincides with S%--2 on X\[|e,... e g,—1 —
1]n. As illustrated in Figure , the cylinders and the maps (, offer a very interesting
combinatorial structure with successive nested towers R, Ro, .. F’:]

From (gn)n>0, & new sequence (hy),>1 is defined by

Vn=1, hp =qoq1.. . qu-1.

The integer h, is the height of the tower R,, (see Figure . By convention, we set
ho == 1, the height of the tower Rg == (X) with a single level.

As a topological system, S is a Cantor minimal homeomorphism. As a measure-
theoretic system, S is uniquely ergodic and its only invariant measure is the product
p = X0 Un Where pi, is the uniform distribution on {0,1,...,¢, — 1}. For the sake of
completeness, we give a proof of the following well-known fact on odometers, which shows
that the point spectrum is also fully understood.

Proposition I1.2.10. Let S be the odometer on [ ],-({0,1,..., ¢, — 1}. Its point spectrum
18
2imk
Sp(S)z{exp( ;ZT ) |n>1,0<k<hn—l}
n

5This kind of construction that we see in Figure is called a cutting-and-stacking construction.
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Figure I1.1: Example of odometer with go = 3, g1 =2, g2 = 3 (so h1 = 3, ho = 6, hz = 18).

and for every A = exp (2’“’“) € Sp(S), the map

hn—1

HrxeX - Z )\3115][ ]n)(m)
7=0

s an eigenfunction associated to \. Moreover S has discrete spectrum.

Remark I1.2.11. The definition of f) does not depend on the choice of k and n such that
A = exp (2”’“) Moreover, for n = 0, we have f; = 1x (by convention, the 0-cylinder is
X).

Proof of Proposition[II.2.10} Let us set A = {exp <2mk> |In>1,0<k<h,— 1}. It is
straightforward to check that f) is an eigenfunction associated to A, for every A € A. Let
us show that the span of {f\ | A € A} is dense in L2(X,p). It will implies that S has
discrete spectrum and that A = Sp(S).

Let n =21 and X = exp (2”> Given ag,...,an,—1 € C, we have
hn—1 hp—1 '
D arfre =Y POV )lgio.. o)
£=0 §=0

with the polynomial P = ag + a1Y + ... + an, 1Y !, For every j € {0,...,h, — 1},
there exists a polynomial P; of degree less than hy,, satisfying P;(\M) = 1 and P(\*) = 0
for all k € {0,...,h, —1}\{j}. This implies that the characteristic functions of cylinders
are linear combinations of the eigenfunctions fy for A € A, hence the result. O
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Let us now explain the classification of odometers up to conjugacy (and even flip-
conjugacy). Let IT denote the set of prime numbers.

Definition I1.2.12. A supernatural number is a formal product of the form Hpen phe.
with k, € N U {+w0}.

Given a prime number p € II, denote by v, (k) the p-adic valuation of a positive integer
k. To every odometer defined with integers qq, q1, - . ., we associate a supernatural number
HpEH p*» defined by

by = Y, vp(an).
n=0
As a consequence of Proposition and the Halmos-von Neumann theorem, the su-
pernatural number Hpen pFr forms a total invariant of measure-theoretic conjugacy in the
class of odometers. If k, = oo for every prime number p, then the odometer is said to be
universal. Given a prime number p, the p-odometer is the odometer such that k, = o
and k, = 0 for every g € II\{p}. In the case p = 2, it is also called the dyadic odometer.
Proposition also implies that every odometer is coalescent.

Definition I1.2.13. A transformation S € Aut(X, u) is coalescent if every system T €
Aut(X, p) which is isomorphic to S satisfies the following: every factor map from 7" to S
is an isomorphism.

The fact that odometers are coalescent is proven in [HP68] and |[New71|. In these
articles, one proves that more general systems are coalescent and the phenomenon can be
generalized in the context of group actions (see [IT16]|). Here we give a short proof for
ergodic systems with discrete spectrum.

Theorem 11.2.14. Every ergodic system with discrete spectrum is coalescent.

Proof of Theorem[II.2.1] Let S € Aut(X, i) be an ergodic system with discrete spectrum,
T € Aut(X,pu) isomorphic to S, and ¥: X — X a factor map from T to S. Given
A € T, let us denote by Eg(X) (resp. Ex(\)) the eigenspace of S (resp. T') associated to
A. First, ergodicity implies that non-zero eigenspaces have dimension 1 (see Proper Value
Theorem in |[Hal56, page 34]). Secondly, since ¥ is a factor map, every eigenfunction f
of S gives rise to the eigenfunction f o W of T, and more precisely f o W lies in Ep(\)
if f lies in Eg()\). Hence, since S and T are isomorphic, these two remarks imply that
Er(\) = {foW¥ | fe Eg(\)} for every A in the point spectrum of S (or equivalently the
point spectrum of 7"). This implies

L2(X,p) = {fo ¥ | f e L}(X, )}
since they have discrete spectrum. Hence ¥ is an isomorphism. O

For the proof of Theorem [J] the systems that we will consider will be an odometer S
and an associated odomutant T (the odomutants are introduced in Section . Since
the odomutants are extensions of their associated odometer and since we explicitely know
a factor map 1) between them (see Proposition , Theorem Will ensure that we
will not build an orbit equivalence between flip-conjugate systems if ¢ is not invertible.

Finally, odometers have the following properties.

Proposition I1.2.15. Odometers have zero measure-theoretic and topological entropies.

Proposition I1.2.16. Odometers are loosely Bemoullim

"More generally, rank-one systems are loosely Bernoulli, this is proven by Ornstein, Rudolph and
Weiss [ORWS82| (see Lemma 8.1) and we present their proof in the special case of odometers.



64 CHAPTER II: ODOMUTANTS AND FLEXIBILITY RESULTS FOR QUANT. OFE

Remark I1.2.17. In the case of odometers, we can notice in the following proofs that zero
entropy and loose Bernoullicity follow from a poor dynamics of these systems. Indeed,
given concrete partitions (for instance the partitions P(k) given by the cylinders of length
k, which increase to the o-algebra), the dynamics of an odometer does not generate a
lot of words and the different futures are close (in the sense of the definition of loose
Bernoullicity). The idea behind the definition of odomutants will be to get systems with
a less “laconic” dynamics.

Proof of Proposition [II.2.15 Let S be an odometer. The equality h,,(S) = h¢p(S) follows
from unique ergodicity and the variational principle (Theorem [[.2.4)). Let P(k) be the
partition given by the cylinders of length k. The odometer S acts as a cyclic permutation
on the elements of P(k), so the sequence ((P(k))i'),=1 of partitions is stationary and
we have h,(S,P(k)) = 0. The sequence (P(k))r>0 increases to the o-algebra of X, so we
have h,, (S, P(k)) e h,(S) by Theorem [I1.2.1| and we get h,(S) = 0. O

Proof of Proposition[II.2.16, Let S be an odometer, associated to the integers qo,q1, - - .,
let P(k) be the partition given by the cylinders of length k. We prove that (S, P(k)) is
loosely Bernoulli for every k& > 1, and we deduce from this that (S, P) is loosely Bernoulli
for any finite partition P. We use the characterization provided by Theorem

Let us prove that (S, P(k)) is loosely Bernoulli. Let € > 0, N > 2hy/e and H = Pi".
Let us denote by W the word (S“([0,... 70]k))0<z<hk—1 e (P(k)){0-e=1} of length hy,
this is the enumeration of the k-cylinders, with the order given by the dynamics of S. For
every x € X, the word [P(k)]i,n(z) consists of the tail of the word W, followed by many
concatenations of W, and the beginning of W. So any two words w = [P(k)]; n(x) and
w' = [P(k)]1 n(2') satisfy fy(w,w’) < 2h;/N < e. This proves that (S,P(k)) is loosely
Bernoulli.

Now let P be a finite measurable partition and let us show that (S,P) is loosely
Bernoulli. The sequence (P(k))r=o increases to the o-algebra of X, so for a given € > 0,
there exists k& > 0 such that P and P(k) are close, meaning that there exists a P(k)-
measurable partition Q, with |Q| = |P| = n, and a good enumeration of the atoms of Q
and P such that 33 . u(P;AQ; ) < e. Since P(k) refines Q, words with respect to P(k)
completely determine words with respect to Q, so (S, Q) is immediately loosely Bernoulli.
Then, if N is sufficiently large, there exists H < Q{V covering at least 1 — ¢ of the space
and such that any two words w,w' € [Q]; ny(H) satisfy fn(w,w') < e (the f-metric with
respect to Q). By the ergodic theorem, for every sufficiently large integer N > 0, there
exists a subset X of X such that u(Xo) = 1 — ¢ and every x € X satisfies

=>1-—2e.

jlv‘{ie{1,2,...,zv}|sixe O(ijcgj)}
j=1

This implies that for every x € Xy, the word [Q]1 v (z) determines at least a fraction 1 —2¢
of the word [P]i n(x). Therefore, given z,2" € Xo N ((Jgey €), the words w = [P]i n(x)
and w' = [P]y n(2') satisty fy(w,w’) < 5e (the f-metric with respect to P). It remains
to define H' = P}V as the set of atoms with non trivial intersection with Xo N | Jgoeyy C- It
covers at least 1 — 3¢ of the space and, with respect to P, every two N-words w and w’
produced in H' satisfy fy(w,w’) < 5e, so we are done. O

I1.2.f Orbit equivalence

The conjugacy problem in full generality is very complicated (see [FRW11]). We now give
the formal definition of orbit equivalence, which is a weakening of the conjugacy problem.
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Definition I1.2.18. Two aperiodic transformations S € Aut(X, ) and T € Aut(Y,v) are
orbit equivalent if there exists a bimeasurable bijection W: X — Y satisfying U,pu = v,
such that Orbg(z) = Orbg-1pg(z) for almost every x € X. The map W is called an orbit
equivalence between S and T'.

We can then define the cocycles associated to this orbit equivalence. These are mea-
surable functions cg: X — Z and c¢p: Y — Z defined almost everywhere by

Sz =0 7@ W (z) and Ty = WSTW T (y)
(cs(z) and ep(y) are uniquely defined by aperiodicity).

Remark I1.2.19. Conversely, the existence of a cocycle, let us say cr, implies the inclusion
of the (U !TW)-orbits in the S-orbits. So the existence of both cocycles cg and er implies
equality of orbits. This well-known characterization of orbit equivalence will be used in

the proof of Theorem [I1.3.16

Given a map ¢: Ry — R, a measurable function f: X — Z is said to be p-integrable
if

j (1 (@) )dp < +o0.
X

For example, integrability is exactly -integrability when ¢ is non-zero and linear, and
a weaker quantification on cocycles is the notion of -integrability for a sublinear map
¢, meaning that lim;, 1 ¢(t)/t = 0. Two transformations in Aut(X, ) are said to be
p-integrably orbit equivalent if there exists an orbit equivalence between them whose
associated cocycles are p-integrable. The notion of L? orbit equivalence refers to the
map p: x — 2P, and a L=P orbit equivalence is by definition an orbit equivalence which
is L2 for all ¢ < p.

Another form of quantitative orbit equivalence is Shannon orbit equivalence. We say
that a measurable function f: X — Z is Shannon if the associated partition {f 1(n) |
n € Z} of X has finite entropy, namely

= u(fH(n)log u(f 1 (n)) < +oo.

neZ

Two transformations in Aut(X, 1) are Shannon orbit equivalent if there exists an orbit
equivalence between them whose associated cocycles are Shannon.

Note that orbit equivalence preserves ergodicity. The next statement specifically con-
nects orbit equivalence and unique ergodicity. Theorem [I] and this proposition together
with the variational principle directly imply Theorem [H]

Proposition I1.2.20. Assume that two aperiodic measurable bijections S and T on a
Borel space X are orbit equivalent in the following stronger way: S and T are defined on
the whole X and the equality Orbg(z) = Orbr(x) holds for every z € XEI Then S is
uniquely ergodic if and only if T is uniquely ergodic. In this case, S and T have the same
inwariant probability measure.

Proof of Proposition [I1.2.2(0] Assume that S is uniquely ergodic and denote by p its only
invariant probability measure. The cocycle cg: X — Z is defined on the whole X and is
measurable. Let v be a T-invariant probability measure. For every measurable set A, we

8This is stronger than asking this property up to a null set.
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have

v(S(A)) = D v(S(An{cs = k}))
keZ
= S (T A A {es = k)
keZ
= 2 v(An{cs =k})
keZ
= v(4),

so v is S-invariant and is equal to p. Therefore T' is uniquely ergodic and g is its only
invariant probability measure. O

For instance, strong orbit equivalence is a form of orbit equivalence, introduced in
a topological framework by Giordano, Putnam and Skau |[GPS95|, to which Proposi-
tion [[1.2.20] applies. The definition is the following.

Definition I1.2.21. Two Cantor minimal homeomorphisms (X, S) and (Y, T') are strongly
orbit equivalent if there exists a homeomorphism ¥: X — Y such that S and V1TV
have the same orbits on X and the associated cocycles each have at most one point of
discontinuity.

Boyle proved in his thesis [Boy83| that strong orbit equivalence with continuous cocycles
boils down to topological flip-conjugacy, namely S is topologically conjugate to T or to 7.
As mentioned in the introduction, the classification of Cantor minimal homeomorphisms
up to strong orbit equivalence is fully understood, with complete invariants such as the
dimension group (see [GPS95|, and Appendix for a brief overview).

I1.3 Odomutants

I1.3.a Definitions

Let X = [],2010,1,...,¢, — 1} with integers ¢, > 2, and let us recall the notation
hn =qo...-qn—1- Thespace X is endowed with the infinite product topology and we denote
by p the product of the uniform distributions on each {0,1,...,qg, — 1}. We consider the
odometer S: X — X on this space. Recall that it is defined by

0,...,0,z; + 1,zi41,...) ifi=min{j >0]|x; + ¢; — 1} is finite

;_\/__/
i times ’

(O)O>Oa"') ifx:(QO—l,(h—la%—l,--')

and it is a p-preserving homeomorphism.

Sx =

In this section, we introduce new systems that we call odomutants, defined from S with

successive distortions of its orbits, encoded by the following maps ¢ and 1, (for n > 0).

(n)

For every n = 0, we fix a finite sequence (o. of permutations of the set

0<i<gn+1
{0,1,...,qn, — 1}, and we introduce
" X - X
" x = (x0,T1,...) > (0,(5?) (xo0), 0,(;12) (1), 0,(;23) (x2), ..., ag(CZ)Jrl (Tn)s Tnt1s Tng2,s .- -)

It is not difficult to see that v, is a homeomorphism and preserves the measure pu, its
inverse is given by

W:{X - )

T = (1’0,1'1,... = (Z()(HZ'),Zl(%),...,Zn(af),(lfn+1,$n+2,...
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with z;(z) defined by backwards induction as follows:
m )
zn(z) = <an+1) (Tn),

0 N
zi(z) = (a ) (x;) for every i € {0,1,...,n— 1}.

ziv1(x)

(IL1)

Let us also introduce

X - X
(B (n)

x = (xg,T1,...) (axn+1($n)>n>0

The map v is continuous but is not invertible in full generality. It is not difficult to see
that 1, (z) = (x) for every x € X. The map 1 also have the following properties.
n—-+ao0

Proposition I1.3.1. ¢: X — X preserves the probability measure p and is onto.

Proof of Proposition [IT.3.1 To prove that y is ¢-invariant, it suffices to prove the equality
(=1 (A)) = u(A) when A is a cylinder. If Ais an (n+1)-cylinder, then p=1(A) = ;1 (A),
so the vy-invariance follows from the ),-invariance for all n = 0.

Given y € X, let us find x € X such that ¥(x) = y. By definition, for every n = 0,

(1, 1(y)) is in the cylinder [yo, - - -, Ynlni1, 50 ¥ (¥, 1(y)) WY By compactness, there

exists a convergent subsequence of (¢gl(y))n>0, of limit z € X, and we have ¢¥(x) = y
since 1 is continuous. O

The following computations motivate the definition of odomutants. Let us respectively
set the minimal and maximal points of X:

r~ = (0,0,0,..)and 27 = (g0 —1,q1 — 1,q2 — 1,...).

We define the following sets

X, ={reX|(xo,...,xn) ¥ (xy,...,2,)},

X ={zeX|(xo,...,xn) F (xf,...,z)},

X, =X\{z"} and XJ = X\{z7}.

It is not difficult to see that X} is the increasing union of the sets X7, so for every x € X,
we denote by N7T(x) the least integer n > 0 satisfying x € X,7. This also holds for X,
and X, and N~ (x) is defined similarly.

Let z € ¢ 1(X}) and N == N ((x)). By definition of N, for every n > N, St,(z) is
equal to

(Oa"'907 O’iVN+1($N) +1, 05:]1\\5121)(1']\/-&-1)7 SRR O—gi)_,_l(xn)? Tn+1; Tn+2, )
N times

Using (IL.1), we get
U SPn(@) = (U5 (@), .y (@), st Tnsn,s )

(x) defined by backwards induction as follows:

-1
u@) = (00,) (01, (@a)) = o,

with y-(n)

7

Vn>i>N, ygn)(:c) =

VN>i>0, y(n)(a:) =

i
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By induction, it is easy to get (y](\?J)rl(:J:), e ,y,(Ln) () = (xN+1,- -, 2p) and this implies the

following simplification: 1, 1S, (x) is equal to (y(()n) (x),... ,yg\?) (), TN+1,TN42,-..) With

yi(n) () inductively defined by
—1
@) = (o),) " 0, (@) + 1),

) —1
VO<i<N—1, 5" (@)= ("“&)( >) ©)-

Yiv1

Finally, (y(()") (z),... ,yg\?) (z)) does not depend on the integer n = Nt (¢(x)).

Definition I1.3.2. For every z € ~1(XJ}), let us define
Tz =1, S, (z)

for any n > Nt (¢(x)). The map T is called the odomutant associated to the odometer

S and the sequences of permutations (a(n) for n = 0.

! )0<z‘<qn+1

As illustrated in Figure [[1.2] an odomutant 7" is a probability measure-preserving bi-
jection that we build step by step. At step n, T is well-defined on {N*(x) = n}. This is a
cutting-and-stacking method very similar to the odometer, but at every step the way we
connect the subcolumns of the tower depend on the next coordinates.

I1.3.b Odomutants with multiplicities

At first view, when looking at Figure[ll.2] we can think that an odomutant is encoded by a
cutting-and-stacking construction where the new towers at each step are built by stacking
only one copy of the dynamics of each subcolumn. Actually, with some redondancies in the
permutations of a same step, it is possible to encode a cutting-and-stacking construction
where, at every step and for every subcolumn, many copies of its dynamics could appear in
each new tower (as illustrated in Figure . In this case, the partitions in cylinder of the
same length are not the information we want to keep in mind, since they also remember
that we divide the subcolumns to get many copies of its dynamics. This motivates the
following definition that we explain with more details after.

Definition I1.3.3. Let (g, )n>0 be a sequence of integers greater than or equal to 2. Let
c=(cno,..., C”@n_l)nzl be a sequence where ¢, and ¢, ; are positive integers satisfying

n = Cp1 + ...+ Cng,, and (T;n))je{o,...,qnﬂ—l} be a sequence of permutations of the set
{0,...,qn — 1} for every n = 0. For every n > 1 and every j € {0,...,G, — 1}, we set

-1
Ij(n) = <Z Cn,i) + {07 L... »Cnj — I}H
=0

Then we say that T is the odomutant built with c-multiple permutations T](n), if T is

the odomutant associated to the odometer on the space Hn>0 {0,..., ¢, — 1} and families
of permutations (O'Z-(n))ogi<q"+l, where for every n > 0 and every j € {0,...,dn+1}, we have
UZ(”) = Tj(n) for all integers ¢ € Ij(-nﬂ).

In this case, we associate partitions P(¢) for every £ > 1, defined by

- . . -1 : . o
P(l) = {[lo,--wwfz,fj(» 010 <io <oy, 0 <o <qro0< <6Mf1—1}-

We say that the odomutant is built with uniformly c-multiple permutations if we
have cp,0 = ... = ¢pg,—1 =: ¢, for every n > 1, and we simply write ¢ == (¢n, ¢n)n>0-

We write s + {0,1,...,k} = {s,s +1,...,5 + k}. The family (1'(()")7 . ,Ié:)_l) forms a partition of
0,1,...,qn — 1.
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The odometer S on I {0,...,¢, —1} . An odomutant 7" associated to S
n>0

=4 D=3 : : :
3l ‘ ‘ ‘ B ‘ Py ‘)
o 5 ; 5 : o | : flé/) N 1\5
[ p ; p ; p [ p ; ( : \
0 \ HE HE 0] \ I I
(0.0, 1 [o1]r 1 [e2] ’[..0]2 D
o8 = (0123) o\ = (0213) o{” = (0321)
(12 — .2 ] 1
[0,2], / E / [0, 2],
q 4
(M
777
[0, 1], / i / [o, 1]y
q 4
.+
1
i
0,0l - ” 0.0l
g 1 d
ic,c_()]:; E [c_ o, 1]3

Figure II.2: Example of the first two steps in the construction of an odometer (on the left) and an
associated odomutant (on the right). For a permutation o of the set {0,...,k — 1}, the notation o =
(%0 ...4x—1) means that o is defined by o(j) = i; for every j € {0,...,k — 1}. The area coloured in purple
(resp. orange) is the subset on which S and T" are not yet defined at the end of the first step (resp. second
step), it is equal to { N = 1} (resp. {NT = 2}) for the odometer, { N o1 = 1} (resp. {N* o = 2}) for
the odomutant.

At the beginning of step n, for every i € {0, ..., §, — 1} there are ¢; subcolumns which
have been defined with the same permutatio Ti("fl) at step n — 1, they actually play
the role of ¢; copies of the dynamics of a subcolumn that we would like to stack ¢; times
in each tower. When considering the partition P(n + 1), we cannot distinguish between
these “copies”, as if it was the partition made up of the subcolumns that we would like to
stack more than once in each tower.

The odomutants built with uniformly multiple permutations, equipped with the associ-
ated partitions (P(£))s=1, better describe Boyle and Handelman’s contructions [BH94| than
odomutants equipped with P(£),>1. We refer the reader to Appendix for more details,

more precisely in Section [II.B.dl The sequences (¢, ), and (Gn)n respectively correspond

Fn=1)

1ONote that the permutations 7‘5"71), ..., Tz —1 are not necessarily pairwise different.
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to the sequences (ng)r and (my)x introduced in their paper. Then, to prove Theorem [I| in
the case @ = +00, we will partly reformulate the proof of their similar statement with our
formalism. Our proof in the case o < +00 will be different than theirs since we will build
an odomutant with pairwise different permutations at each step.

Go =2
B A
N :\
L) Ja] )
~ ( \\
@1 =2 X X
4N 4N
A A
hi = qo & (: (; N hy
L) N Nlg) )
(V \A \A (V
\ \ \ \
0 =(0,2,1,3,...,90—1) 7V =(0,q0 1,90 -2,...,1) AN
A
B .
L) N
(7 2
\
v
(12|_2
AN g
L]
AL
: ol e [0,2]2
Nl
N A
G =3 =
: : - \
1 A\ LI
. HA 2 N
LSRN : Ny b il
) ') N L) vg) )
R 12 AR
: : : ‘
[0,0]2 [e,1]2 ' [0.2]2 ! \
(0) 0 (0) [0 (0) 15
4] g1 =T Oy =Ty T
0) _ 0) _ o
Iy’ ={0,1} I," ={2} PN > [o,0]:
c10=2 =1 gy
\ :\ )

Figure I1.3: At the top, the second step of a less restrictive cutting-and-stacking construction that we
want to describe with an odomutant. At the bottom, the way we encode it with such a system. Here, the
dynamics of the yellow tower appears twice in each new towers, so we divide it in two subtowers. Note that
the partition P(2) is exactly the partition which gives the colour (yellow or blue) and the level in the hq-
tower to each points of the space, so that we cannot distinguish between points of the two yellow subtowers
which are at the same level, contrary to the partition P(2). For the third step of the construction, the
value of g2 will depend on the number (c2,0 and c2,1) of copies for the dynamics of the two current towers
in the next ones.

As mentioned in the introduction, our formalism of odomutants was inspired by Feld-
man’s construction [Fel76] of a non-loosely Bernoulli system. As we will see in the proof
of Theorem [G] this system is an odomutant built with uniformly e-multiple permutations
(n)

where the integers ¢, are powers of 2 and for a fixed n, the permutations Tin
different at each step.

are pairwise
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I1.3.c Odomutants as p.m.p. bijections on a standard probability space

In this section, we study odomutants with a measure-theoretic viewpoint.

First properties

Proposition I1.3.4. T is a bijection from v~ (X}) to v =1(XZ), its inverse is given by

T 'y =, 'S n(y)

for every y € v Y(X) and any n = N~ (¢(y)). Moreover T is an element of Aut(X, )
and 1 is a factor map from T to S.

Proof of Proposition [IT.3.4] The equality ¢, (Tz) = St () implies ¥(Tx) = S¢(z) since
1y, converges pointwise to 1. Moreover, the map 1 preserves the measure y and is onto
(see Proposition [[L.3.1)). Thus, assuming that 7" is in Aut(X, p1), S is a factor of T via the
factor map 1.

Since X is the increasing union of the sets X7, and for every n > 0, T and v, 1S,
coincide on X,, the injectivity of T on ¢~ (X)) follows from the injectivity of S and the
maps ¢, and ¥, 1.

For = € ¥~ 1(XJ), we have ¢)(Tz) = Si(z) and ¥(x) + xF, so (Tz) is not equal
to x~. Conversely, for y € 9 ~1(X5), the element = = v, 'S~14,(y) does not depend
on the choice of an integer n > N~ (¢(y)) (these are the same computations as before
Definition and satisfies Tz = y.

By -invariance, the sets ¥ ~1(X}) and ¥~ (X) have full measure, so T: X — X is
a bijection up to measure zero. It follows again from the properties of S and the maps v,
that T is bimeasurable and preserves the measure pu. O

The next result provides a criterion for ¥ to be an isomorphism between T and S. We
will not apply it in this paper but it enables us to understand that, in case permutations
have common fixed pointd'!] (see Section [[1.3.5)), we will need the sequence (gy)n=0 to
increase quickly enough, otherwise we get an odomutant 1" conjugate to S.

Lemma I1.3.5. For every n = 0, we set
Fo=A{2n€{0,...,q0 — 1} | Vi1 € {0, ..., qni1 — 1}, o) (z0) = 24}.

If the series Y, f—:' diverges, then v is an isomorphism between S and T.

Proof of Lemma[II.3.5 By the Borel-Cantelli lemma, the set
Xo = {(zn)n>0 € X | x, € F, for infinitely many integers n}

has full measure. It is also S-, T- and ¢-invariant and it is easy to check that ¥ : Xg — X
is a bijection, using the fact that the equality UQ(CZL (xn) = yp implies x,, = y, when y, is
in F,. O

Remark I1.3.6. It is not hard to see, independently of Lemma that in order to
prove Theorems [G] and [H], one needs the sequence (gn)n=0 to be unbounded. Otherwise,
let K denote an upper bound of the sequence, then the underlying odomutant admits a
cutting-and-stacking construction with at most K towers at each step. A system satisfying
such property is said to have rank K (and more generally finite rank) and it is well-known
that it is loosely Bernoulli and has zero entropy (see [Fer97]).

"For Theorem |G| (resp. Theorem , we will require 0™ (0) = 0 (resp. o™ (0) = 0 and ¢\ (g, — 1) =
qn — 1).



72 CHAPTER II: ODOMUTANTS AND FLEXIBILITY RESULTS FOR QUANT. OE

Question I1.3.7. Is it possible to find a necessary and sufficient condition on the permu-
tations o™ (for n = 0 and 0 < i < gu+1) for the factor map v to be an isomorphism?

i
Since every odometer is coalescent (see Theorem [[1.2.14)), this would enable us to know
whether or not an odomutant is conjugate to its associated odometer.

The following two results will be useful for some computations in the proofs of
Lemma [[1.3.11] and Proposition [[I.3.15] They deal with the well-definedness of powers
(positive or negative) of an odomutant at some point of X.

Proposition I1.3.8. For k € N, the following assertion hold.@

e If (x) is in ﬂi:ol STHXE), then T, T?x,...,T*x are well-defined and for every
i€{0,...,k}, we have ‘ A
Tix = 1S4, (x)
for any n > maxo<j<i—1 NT(¢(T7z)).

o If (x) is in ﬂ?:—(k—l) ST(XZ), then T~'x, T %x,..., T %z are well-defined and
for every i € {—(k —1),...,0}, we have

T ' =, 1S ", (x)
for any n = max_(;_1)<j<o N-((T'z)).

Proof of Proposition [II.3.8. For example, let us prove the first point by induction over
k = 1. The proof of the second point is similar.

The result is clear for £k = 0. Let £ > 1. Let us assume that the result holds for &k — 1
and that

k1
Y(z) € ﬂ St (X5%)-
i=0

This implies that 7% 'z is well-defined and is equal to v, S¥~14), (x) for any n greater
than or equal to maxo<j<k—2 N T ((T7x)). Moreover ¢(T%~1z) is not equal to x7. Indeed,
the first n + 1 coordinates of ¢(T%12) and ¢, (T* 'z) are the same and we have

U (TF2) = S 1y (2)

for any n > maxo<j<k o N ((T7x)), so this follows from the fact that S¥ 14(z) is not
equal to zF. This implies that T*x is well-defined and equal to ;1 S, (T*1x) for any
n > NT((T* 'z)). Finally, for any n > maxo<j<k 1 N (0(T72)), we get

Thz = ' Sn(TH ) = 4 St (U S* (@) = ' SM (),
hence the result for k. O

Corollary I1.3.9. Let x,y € X and M € N* such that x; = y; for every j = M, and set
M—1 ' ,
K= 3 hy (o), () = o), ()
j=0

Assume that x and y are different. Then the following hold:
o if K >0, then Ta,T?x,..., TXx are well-defined;

o if K <0, then Tz, T2z, ..., Tz are well-defined.

2For instance, this holds for every z € X} such that 1 (z) is not in Orbg(z™) (which is also the S-orbit
of 7), so the hypothesis holds for a set of points z of full measure.
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Moreover we have TXx = .

Remark I1.3.10. The proof of the equality 7%z = y is based on the well-understood
case of an odometer, namely the permutations agn) are all identity maps and 7" = S. More
precisely, given w, z € X satisfying w; = z; for every j greater than or equal to some M,
we know that S%w = z with
M—1
— 2 h
§=0

It remains to apply this well-known fact to w = ¢, (x) and z = ¥, (y) for a large enough
integer n.

Proof of Corollary[II.3.9. Let us consider the case K > 0 (the proof for the other case is
similar). By the previous remark, it is clear that we have

Yy = w;lSKwn(l‘)

for every n = M. Using Proposition it remains to prove that S%)(z) is not equal to
zt for every i € {0,..., K —1}. If there exists a positive integer i such that St (z) = 2%,
then we have

o) (@) =q¢; 1

for every sufficiently large integers j, and

+00
1= Z hj (ql —1- Ugjj)_*_l(l'j)>

= Z h; (% -1- Ugjj)-u( )) + Z h; <qz -1- O-J(UJJ)-H(SU]))
j=M
M—1 _
> 3 h (09, = 09, ().
Therefore ¢ is greater than or equal to K and we are done. O

An odomutant and its associated odometer have the same point spectrum

Since every odomutant 1" factors onto its associated odometer S, we have the inclusion
Sp(S) < Sp(T) between the point spectrums. We actually show that this is an equality.
The following lemma is inspired by Danilenko and Vieprik’s methods to study the point
spectrum of rank-one systems (see Proposition 3.7 in [DV23]).

Lemma I1.3.11. Let T be an odomutant built from the odometer S on X =

[15010,...,q0 — 1} and the families of permutations (Ua(gzzrl)ogzn+1<qn+l. If X eTis
an eigenvalue of T, then for every € > 0, there exists a positive integer n such that for ev-
ery m = n, there exist Epp < [T/, {0,...,q; — 1} and &1 € {0, ... gmi1 — 1} satisfying
the following:

® M > 1 — 8;

dndn+1 - - -Gm

o for every (Yn, .-, Ym), (%ns-- -, 2m) € Enm, we have

)\ZJ n (ij)+1(y/) Uz]Jrl(zJ))

With Yma1 = Zm+1 = Tm+1-
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Proof of Lemma[II.3.11 Let € > 0, A € T an eigenvalue of T" and g, an eigenfunction of
T associated to X\. Without loss of generality, we assume that ¢ < 1/2. Moreover, the
modulus of g is almost everywhere constant (since it is T-invariant and 7" is ergodic), so
we assume that gy has modulus 1. There exists o € T and a measurable subset A < X of
positive measure such that

Vee A, |gr(z) —a] <eg/2. (1I1.2)

Since the partition given by the n-cylinders is increasing to the o-algebra on X as n — 400,
we can find n > 0 and (xg,...,2Zp_1) € H;:& {0,...,¢; — 1} such that

AN 20, 2n_1]n) > (1 —Du([z0; - - - s Tn_1]n)-

Let m > n. Then there exists ;11 € {0,...,¢m+1 — 1} such that
,LL(A M [$07 ey Ip—1,9,...,9, $m+1]m+2) > (1 - E2)M([$07 ey Ip—1,9,...,9, xm+1]m+2)
(IL.3)
and we set
m
M(A N [:E[Ja ceesTn—1,Yny - -+ Ym, ZEerl]erQ) >
Epm = e € 0,...,q;,—1 .
{(y" ) € L0 o0 = 2l nts ettt ons)
By Inequality (IL.3), we get
E
7| nml >1—-e.
dn ---dm

Let (Yns---»Ym)s (Zns .-+, 2m) € Epm. Let us set
By = A N [1’07 ey Tn—1,Yny - - - 7ym7xm+1]m+27

BZ =An [J)O, ce oy Tp—1,2ny -+ -5 Zmy xm+1]m+2-

and

=2 (o) ) =08, (2)

(With Ym11 = 2zm41 = Tm+1). By Corollary [IL3.9} the set T- (B,) is included in the
cylinder

C = [0, s Tn—1,2Zns - Zm, Tm+1]m+2,
which implies that B = T—K (By) N B; has positive measure. Indeed, if B were a null set,
the cylinder C' would contain two subsets T~ (B,) and B, of negligible intersection and
we would get u(C) > 2(1 —e)pu(C) by definition of E,, ,,, this is not possible since ¢ < 1/2.

Then we have gy(T%z) = Mg, (x) for almost every = € B, and since every € B is in
A and satisfies T5x € A, we get |1 — AX| < e using ([1.2). O

Lemma I1.3.12. Let 0 < e < 2 and 6 = 0(c) > 0 such that
{veT||l-v|<e}={exp(2inT) | —0 <T < 6}.

Let v € T\{1} salisfying |1 — v| < e. We write it as v = exp (2in7) with —0 < 7 < 0,
T % 0. If € is small enough so that 0 < 1/4, then for every intervaﬁ J of Z, we have

30 66
Z]l\l 1/9|<€\ |J|+H
jedJ

3By an interval of Z, we mean a set of the form {k € Z | a < k < b} for some integers a and b.




I11.3. ODOMUTANTS 75

Proof of Lemma|l[.53.14 Without loss of generality, we assume that 7 is positive. Let J
be an interval of Z. If we have

2 ]]-|1—1/j‘ =0,

JjeJ

then the result is clear. Now we assume that there exists j € J such that |1—17| < . Since
v is not equal to 1, this implies that we have |1 — v¥| < ¢ for infinitely many integers k.
Since 6 is less than 1/4, we also have |1 — v*| > ¢ for infinitely many integers k. Therefore
we can find sequences (ng)eez and (my)eez of integers such that ny < my < ng 1 < myiq
for every £ € Z, so that we can write

Z=...uCouD o C_iuD_1uChuDyuCiuDiu...
with intervals Cp =={k€Z | ny < k <my} and Dy = {k € Z | my < k < ny41} such that
Vke Cyp, |1 —vF| <ecand Vke Dy, |1 —vF| > e
For every { € Z, we have
(mg—mng— 1)1 <20 < (my —my+ 1)1

and (ngy1 —my + 1)1 > 1 — 26,

this implies

26 26
——1<|C <—+1
T T

1_
29_1.

and |Dy| >

Now we set ly == max{{ € Z |ny < minJ} and ¢; := max{{ € Z | ny < max.J}. We then
have the inclusion | |, 1<y, _1 (Cr 1 Dy) © J which yields

| > (6 — o — 1) (i—2>.

Finally, we have

{1
D i< < ) 1CH]

jeJ 0=t
20

< (b —4y+1) <T+1)
20
=41 20

<<{ >|J|+2<+1)
;—2 T
20 0
=+ = 2

<<17 7é>|J|+2<9—|—9) sincelgg
;—2; T T T
30 0

6
_1—29|J|+7

and we are done. O

Theorem 11.3.13. Let T be an odomutant built from the odometer S on X =
[1,2010,...,g0 —1}. Then T and S have the same point spectrum.

Using the Halmos-von Neumann theorem [HVN42|, we get the following corollary.
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Corollary I1.3.14. Let T be an odomutant built from the odometer S on X =
[ 12010, sq0 — 1}. If T is conjugate to an odometer, then T is conjugate to S. 0

Proof of Theorem[II.3.13 Since T factors onto S, we already know that Sp(S) < Sp(T).
Let A be an eigenvalue of T Let us show that this is an eigenvalue of S. Let € > 0 small
enough so that 6 < 1/4 and 29 < 1/4, with € = 6(¢) introduced in Lem We
also assume that ¢ < 1/2. Let n be a positive integer given by Lemma for the
eigenvalue A, and v == M. If v = 1, we are done.

Now assume v # 1. Let us choose a sufficiently large enough integer m so that m > n
and —9% — < %. We consider a set E,, ,, < H;”:n {0,...,q; — 1} and an integer zp,41 €

Tqn...qm

{0,...,qm+1 — 1} satisfying

| Enm] ,
o ———————— >1—¢
qndn+1---Adm

o for every ¥ = (Yn, ... Um), 2 = (Zns-- -, 2m) € Epm, we have

‘1 _ H(y)-H(z)

<e,

where H : HT:n{O7...,qj—1}—>{0,...,qn...qm—1} is defined by

m

H:y=Yn,--Ym) Z Z(/jz_l yj ) With Ym11 = Tmi1.

The existence of E, ,, and z,, is granted by Lemma . Since ¢ < 1/2 and H is a
bijection, there exists two different elements y and z in E,, ,, such that H(y) — H(z) = 1.
This implies

I1—v| <e.

Let us fix z € E), ,, and set

J:{H(y)—H(z)|yeH{0,...,qj—1}}.

By Lemma [[1.3.12] we have
39 60 qn...q
jeJ

and we get a contradiction since we have

Z ]1\171/1'\<5 > |En,m| >(1—=€)gn---Gm
jeJ

with € < 1/2. Thus we have A\"» = 1. O

I1.3.d Orbit equivalence between odometers and odomutants

In this section, we prove that an odomutant and its associated odometer have the same
orbits. Moreover, given a non-decreasing map ¢: R, — R, we give sufficient conditions
for the cocycles to be p-integrable.
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Proposition IL3.15. For all z € v~ (X%), we have Tx = STz where the integer
cr(z) is defined by

N1
er(z) = . hiyi(z) — x;) (1L.4)
i=0

with N1 == NT((x)) and yo,...,yn, (x) inductively defined by

-1
ymy(@) = (o,) 7 (@) (on) + 1),

. -1
VO<i< N -1 y@) = (0 ) ().

Yir1(z
For all x € X3, let us define the integer cs(x) by:

es(@) = h, (003 (1 + a) = o2 (o))

+ o (62200 — 0 D, ) (115)

Ny—2 '
+ 3 b (a0 = 0, (20))
i=0

with Ny = N*(z). Then we have Sz = Tz for every x € X5,

Proof of Proposition[I.3.15 For x € Y=Y XJ), the value of cp(x) follows from the com-
putations before Definition [[I.3.2] For z € X} and Np := N*(z), we have

€r = (QO - 1) ce o3 GNy—1 — 1) TNy 3 LTNg+1y TNy+25- - )
——
Fqn,—1
and Sx = (0,...,0,1 +2ZN,, TNy+1, TNyt+2, - - -)
so the second result is clear by Corollary [[1.3.9 O

Theorem 11.3.16. The map ¥ := idx is an orbil equivalence between T and S. Moreover,
given a non-decreasing map ¢: Ry — Ry this orbit equivalence is p-integrable if one of
the following two conditions s satisfied:

(C1) the series ) ‘p(%l“) converges;

(C2) the series

: (m(
plhy {1+
é:o hont2 osx;qn,

0<Tn+1<qn+1,
o) (@n)Fan—1

1
and Y - 3 ¢(hn(1+
n=0 n+2 0<$n<£]n_2a
0<£n+1<‘]n+1

-1
(o8,) @l (o) + 1) = o

)

)

o™ (1 +zn) — ol ()

Tn4+1

converge.

As we notice in the next proof, we need coarse bounds to get that Condition
implies ¢-integrably orbit equivalence, whereas Condition is a finer hypothesis. For
Theorem [J| Condition will enable us to exploit the sublinearity of the map ¢, and
Condition will be enough for Theorems |G| and .
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Proof of Theorem[II.3.16. By Proposition the set of points x € X satistying Tz =
Ser(@)g and Sz = Ty for integers cr(x) and cg(x) defined by and have
full measure, so the map idx is an orbit equivalence between S and T'.

The value of ¢p(x) gives the following bound:

Ni—1
er(@)] <, | (6),) 04 (ex) + 1) — 2, 12 hiluie) =] (IL6)
with Ny = Nt (¢(x)). Given n > 0, z, € {0,.. —1} and zp4+1 € {0,...,¢ns1 — 1} such
that a,g:ll(zn) + ¢, — 1, we have
il € X | N* () = .20 = 22 = 2u1}) = 5

We finally get

| #lerta =% X [veepen ler@Din)

n=0 0<2, <qn, Tn=2n,
0<Zn+l<%z+l Tn+1=2n+1

ngal(zn)#%z_l
> © (hn <1 +

0<zn<gn,
0<Zn+1 <gn+1,

Ug:iJrl (2n)=*Fgn—1

-1
(o92.,) " (@8, () + 1) = 24

<,

n>0 hn+2

From Inequality (IL.6]), we also get |er(x)| < hn,+1 and the following coarser bound:

| #lerta =Y Y fvpen #ller@Dduta)

n=0 0<zn<qn, . In sz
0<zp+1<qn+1, ntl ntl

ngll (zn):*:qn -1

< Z ! Z ¥ (thrl)

h
n=0"""t2 o<z, <qn,
0<zn+1<qn+1,

Ugnll (Zn)#CIn_l

< Z 790 hpy1)

nz=0 n

For the other cocycle, we have

ot (L4 an,) — o) (wn,)

les(w)] < hn,

TNy+1 xN +1
(N2—1) Np—1 i
+ hny 1 ‘UlerN (0) — ;(ENQ (2 Ny—1) o (x)].
<hn,

2
with No = NT(z). Moreover it is easy to get
1

hn+2

p({r e X | N+(x) =N, Ty = Zn, Tntl = Zntl)) =

for every n > 0, z, € {0,...,qn, — 2} and 2,41 € {0,...,gn+1 — 1}. Thus we find a bound
on the p-integral of cg with the same method as cp. O
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I1.3.e Extension to a homeomorphism on the Cantor set, strong orbit
equivalence

We move on to a topological viewpoint. We give a sufficient condition for an odomutant to
have an extension to a homeomorphism. It turns out that in this case the orbit equivalence
that we obtained in the last section is a strong orbit equivalence.

Proposition I1.3.17. Assume that az(n)(()) =0 and O'z(n) (gn—1) =qn —1 for everyn =0
and every 0 <1 < q, — 1. Then the odomutant T admits a unique extension, also denoted
by T, which 1s a homeomorphism on the whole compact set X = Hn>0 {0,1,...,q, — 1}.
It is furthermore strongly orbit equivalent to the associated odometer S. In particular, it

follows from Proposition [IT.2.20 that T s uniquely ergodic.
Remark I1.3.18. In this case, the equality S o 1)(x) = ¥ o T'(x) holds for all x € X.

Proof of Proposition [[I.3.17. Since, for every n = 0, the points 0 and ¢, — 1 are fixed by
the n-th permutations, z~ is the only point z € X satisfying ¢)(z) = 2~ and ™ is the only
point z € X satisfying ¢)(x) = x*. This implies that we have

vTHX) = X = X\{z 7} and 9 TH(XG) = X = X\{z "},

and T is a bijection from X\{z%} to X\{z7}, so we set Tz :=2~. Themap T: X —> X
is now a well-defined bijection.

The odometer S and the maps v, are continuous on X so it is not difficult to see that T’
is continuous on each point of X\{z*}. It is easy to check the equality T'([go — 1,...,¢n —
1n+1) =[0,...,0]n+1, so the continuity at «* is clear. Therefore T: X — X is continuous
and invertible, where X is a Haussdorf compact space, so T is a homeomorphism.

By Proposition we have Tz = ST@y and Sz = T®) for every z € X,
with cep(x) and cg(z) defined by and ([LB). These relations are extended at z¥,
with ep(x™) = eg(xt) = 1. Thus S and T have the same orbits and it is clear that the
cocycles are continuous on X (x7 is the only point of discontinuity if the cocycles are
not continuous) [ O

II.4 On non-preservation of loose Bernoullicity property un-
der L<'/2 orbit equivalence

In this section, we prove that L<2 orbit equivalence (in particular Shannon orbit equiva-
lence) does not imply even Kakutani equivalence.

Theorem I1.4.1. There exists an ergodic probability measure-preserving bijection T which
is L<Y2 orbit equivalent (in particular Shannon orbit equivalent) to the dyadic odometer
but not evenly Kakutani equivalent to it.

Feldman [Fel76| has built a zero-entropy system which is not loosely Bernoulli. In his
construction, for some partition that we will specify, the elements in [0,...,0], produce
words, describing the future, which are not pairwise f-close for the f-metric introduced
in Section (therefore, the underlying system is not loosely Bernoulli). The goal is
to describe his system as an odomutant built from the dyadic odometer and permutations
that we are going to define. These permutations will fix 0, so that we will be able to
read the words produced by the points at the bottom of the towers (using Lemmas
and , with respect to the partition that we will consider.

Let us set Gn = 2"10 ¢, = (n)??+'*3 and ¢, = & = (§,)??+1*2 for every n = 0,

q"l
(n)

ho =1 and hp41 = gnhy,. We inductively define words a; ’ (we keep the notations of

14We can notice that we have {T"x~ | n € N} = {S"2~ |ne N} and {T "2" | ne N} = {S™"z" | n e N}.
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Feldman in his paper) for every n = 0 and every i € {0,...,q, — 1}. Let us start with
qo different letters a(()o), .. a(p) 1 seen as words of length ho = 1. For n = 0, if words

(n) (n) (n+1) (n+1)

ag s g, , of length h, have been set, then we define new words ay yeeer Gy T,
of length hn+1, by

™D = (i (Y@

(q~n)2(j+1) (‘jn)Q(q”H—l*j)
én—1> >

)

where (w)* denotes the concatenation of k copies of a word w.

For j € {0,1,...,Gns1 — 1}, T](") is a permutation of the set {0,1,...,¢, — 1} which

permutes the entries of the finite sequence
(n) (n) _(n) (n) (n) (n) )

u = (g R I SRR L I RERRYC/ NS PRRERLcY |

g v
cp times cp times ¢ times

so that the concatenation gives a§n+1)

(n)

, namely T satisfies

(n)

a;  =U _(n U (n e U (n .
j M) ") " (gn—1)

We now consider the odomutant T associated to the odometer S on the space X =
[I5010,1,...,q, — 1}, and built with uniformly c-multiple permutations TJ(")
C = (Cn7 q~n)n20-

In view of the cutting-and-stacking construction behind the definition of this odomu-
tant, we can be convinced that 7' is isomorphic to the non Bernoulli system built by
Feldman. However we give more details on the fact that 7" is not loosely Bernoulli, based
on the justifications of Feldman. Given n > 0, Lemmas [[I.A.T|and [I.A.3]in Appendix [[T.A]

imply that the words [P(1)], () for z € [0, ...,0], (i.e. the points x at the bottom of

the towers at step n) exactly correspond to the words aén), e ,agzzl. As in [Fel76], the
properties we are interested in can be deduced purely from this fact. Indeed, given any
point x not necessarily at the bottom of the towers at step n, the word [P(1)]p, () is the
concatenation of the tail of some a( ") and the beginning of some agn), and this observation
leads us to apply the same reasoning as in [Fel76, Step III and Step V in p. 36] to conclude
that 7" has zero entropy and (T, P(1)) is not loosely Bernoulli using the characterization
provided by Theorem Therefore T is not loosely Bernoulli.

where

Proof of Theorem[G] Let S be the odometer on X = [, .,{0,1,...,¢, —1} (so S is
loosely Bernoulli) and T the odomutant described above, which is not loosely Bernoulli,
so that S and T are not evenly Kakutani equivalent by the theory of Ornstein, Rudolph
and Weiss (see Theorem . Note that S is the dyadic odometer since the integers ¢,
are powers of 2.

Let us prove that S and T are L<Y2 orbit equivalent, using Condition of Theo-
rem . Let us fix a real number p satisfying 0 < p < 1/2. We have

hy = hy 1 5721Qn1+3 hn712(n+9)(2"+11+3)

and this gives h, = 2% with

Sp= > (i +9)(27 +3) = Cn2" + D2" + o(2")
=1

for some positive constants C' and D. For a fixed constant C’ € [C, %] and for a sufficiently
large integer n, we have
Cn2™ < S, < C'n2",
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this gives

c/

1,7 OM n— 2% ron g’ Ion ! Ion
hy < 2072 = (20("—1>2 1) T 02" < (95n1)PE 90— (py,, )2C 2"

and /
2%;071

hn?

20'P2"
hnfl

< (hn_1)2%lP*12C’p2” - (20,(1171)2"_1)

Since we have Q%p < 1, the series > % converges for p(z) = 2P, so we are done by
Theorem 0

II.5 On non-preservation of entropy under orbit equivalence
with almost log-integrable cocycles

In this section, we prove that orbit equivalence with almost log-integrable cocycles does
not preserve entropy. The statement is actually stronger, with a topological framework:

Theorem 11.5.1. Let o be either a positive real number or +00. Let S be an odometer
whose associated supernatural number HpEH v satisfies the following property: there exists
a prime number p. such that k,, = +00. Then there exists a Cantor minimal homeomor-
phism T such that

1. htop(T) = oy

2. there exists a strong orbit equivalence between S and T, which is pm-integrable for
all integers m = 0,

logt
log(®™) ¢

(om)

where o, denotes the map t — and log the composition logo . ..olog (m times).

We will crucially use the combinatorial lemmas stated in Appendix [I.A] The cases
a < 40 and a = +oo will be in fact separated, but in both proofs, we will apply the
following lemma which will be useful for the quantification of the cocycles.

Lemma I1.5.2. Let (¢,)n>0 be a sequence of integers greater than or equal to 2, and let
B > 0 such that
loggn _

lim inf =0
n—+0o0 n

where hy == qq . ..qn—1- Then, for every integer m = 0, we have

1

Toms .~ < exp —5]1”
log (Qn—i-m) ( )

for all sufficiently large integers n. In particular, the sequence (m)n20 s summable.
Proof of Lemma[II.5.2. Let us consider an integer N such that
vyn =N, Bh, = 1.
For every n = N, we have
10g gn+1 = Bhnt1 = qn X Bhn = gn.
By induction, we easily get for every n = N,
log®™ (qn+m) = an,

so we have log”™ (gn+m) = exp (Bhy). O
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Before the proof of Theorem in the case @ < 400, we need two preliminary
lemmas. The first one (Lemma provides permutations so that we can easily compute
the entropy of the underlying odomutant. The second one (Lemma proves that the
formula given by Lemma enables us to get all possible finite values of the entropy
with a proper choice of parameters.

Lemma I1.5.3. Let (gn)n=0 be a sequence of integers greater than or equal to 2 and
(n)

satisfying qn+1 < (qn — 2)!. Then there exist permutations oy, ,, for n = 0 and x,11 €
{0,..., qns1 — 1}, satisfying the following properties:

1. for every n = 0, the maps aén),agn), .. ’Urg:ll—l are pairwise different permutations

of the set {0,...,q, — 1}, fizing 0 and g, — 1;
2. the topological entropy of the underlying odomutant is equal to

1m .

n—-+0oo hn

Remark I1.5.4. The entropy hop(T) is well-defined by Lemmalll.3.17} as well as the limit

lim 1989 Tndeed, the sequence (1284
hn ) hn

m

is decreasing since we have ¢, < (g,—1)%'.
nz0

Proof of Lemma[I1.5.3 By Lemma in Appendix [[T.A] we can choose permutations
satisfying the first item and such that the following hold for every n > £ = 1:

In < N(P(f)g"—l) < hnflc.Inqu—qunil-
On the one hand, we have

log N(P(1)g ") 10g g

On the other hand, this gives
b (T, P(0) = 1l BN (PO
topiSs N n—lg-loo hn,
. loghy 1 +1oggn + 2logqn—1 + qn—1log?2
< lim
n——+w hn
= lim log dn
n——+0o0 hn
and we finally get, using Theorem [[1.2.2]
log gn

hiop(T) = lim hiop(7.P(£)) <  lim

n—-+oo0 hn
Hence the result. O

Lemma I1.5.5. Let a be a positive real number and HpEH p* o supernatural number. We
assume that there exists a prime number p. such that k, = +o00. Then there exists a
sequence (qn)n=0 of integers greater than or equal to 2, satisfying the following properties:

1. we have ¢ui1 < (qn — 2)! for every n = 0;

log qn
q0---9n—1

2. the sequence ( ) tends to a;
nz=0

3. we have Y o vp(qn) = kp for every p € 1L
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Proof of Lemma|ll.5.5 Let K be a large enough power of p,. so that the following property
holds: for every integer ¢ satisfying ¢ > K, we have (¢ — 2)! > K. Let

N = Z kp e NuU {+00}
PeI\{p.}

and (p;)1<i<n be a sequence of prime numbers satisfying >, .,y Ip,=p = kp for every
p € I\{p+}, and >} ;on Ip=p, = OE By induction, we build a sequence (qn)n>0 of
integers greater than or equal to 2, an increasing sequence (i,)p>0 and a non-decreasing
sequence (jn)n>0 of non-negative integers, satisfying the following properties:

1. qo > flogp* and log gy = a + 5;
2. K < qnt1 < (gn — 2)! for every n = 0;
3. for every n = 1, the following holds:

5 lo 2
a+ <2 <oy —"
qo..-4qn—1 qo0 - - -Gn—1 qo .- -Gn—2

where qq ... gn—2 is equal to 1 if n = 1;
n
4. g, = K" H p;j for every n > 0, with j_; = jo = 0 (so we have gy = p0);
J=jn—-1+1

5. jn — NIif N <400, j, — +0o0 otherwise.
n—00

n—aoo

Such a sequence (¢, )n>0 satisfies the assumptions of the lemma.
We choose a large enough integer ig such that the hypotheses on qp := K are satisfied.
Let n = 0. Assume that the integers qo, ..., qn, %0, - -,%n,J1,- - -, jn have been defined and

let us build ¢p11,%n+1, Jn+1. In particular, the integers qo, ..., g, satisfy
lo )
Vee{0,... n},—2® S04 2
qo0---qk-1 q0---qk—1

Let jn+1 be the greatest integer k satisfying

e k>=j,and,if N < 00, k <

k
o K H Dj < (Qn 2)'7
j:jn+1
lo H’? .
&\ Lj=jn+1Pi a
° < —
qo .- -4n 2

Let us consider the sequence («;);>1 defined by

log (KZ ?”;;Hpj>
QG = )
qo---4n

and let I be the greatest integer i such that K* i”;lﬂpj < (gn — 2)!. The sequence
()i=1 is an arithmetic progression with common difference

log K
QO---Qn.

15“(p¢)¢;1” and “Zi>1” in the case N = +0o0.
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Moreover, we have
jn 1
log K N log ( 1 pj)
q0 q0---A4n

a1 <

< Q,

and, using the assumption on ¢, and the inequalities log (k!) > klog (k) — k and log k < k,

log (K123 11y
q0 - --4n
>, log ((an —2)1)
qo - --qn
_ log(gn!) log(gn—1) log(gn)
Q-G Go---Gn  G0---dn
S Un10g(en) —gn _log(gn —1) _ log(gn)

ary1 =

Q- n Q-G G--n
log(gn) 3
Q-1 Q-1
2
>a4—— .
Q- qn1

Therefore, there exists i’ € {1,...,I} such that

2 log K 2
o+ - <ap <+ —.
q0---Adn—1 qo---dn qo - --4n-1

Since we have 2¢g, = 2K > K +log K > 5 + log K, we get

5 2
at+———<ap<at+———.
qo - --qn q0 -+ - qn—1

It remains to set i,,1 == i’ and g1 = K'n+1 ngg‘iﬂ Dj-

Finally, we have to check that the increasing sequence (j,)n>1 of integers diverges if
N = +o0, or converges to N if N is finite. If it was not the case, then there would exist a
positive integer n such that the following hold for every k = n:

log Djn+1

[0
> —.
qo---qx 2

Kpj,+1 > (qx —2)! or
But the integers q; are greater than or equal to 2, so it would mean that the sequence
(gr)k=0 is bounded, which is in contradiction with the inequality loggr > aqo. .. gk, so
(Jn)n>1 satisfies the desired property. Hence the lemma. O]

Proof of Theorem[l] in the case o < +00. Let a be a positive real number and let S be an
odometer whose associated supernatural number Hpen pkr satisfies the following property:
there exists a prime number p, such that k,, = +oo. Without loss of generality, S is
the odometer on the Cantor set X =[],.,{0,1,...,q, — 1}, where the sequence (¢, )n>0

satisfies 2 < ¢, < (gn, — 2)! for every n = 0 and lo}%i — «. The existence of such a

sequence is granted by Lemma [[[.5.5, By Lemma 11.5.3 and Proposition [I1.3.17, we can

find families of permutations such that the underlying odomutant 7' is a homeomorphism
strongly orbit equivalent to S and its topological entropy is equal to a.
Finally, given an increasing map ¢: Ry — R, the orbit equivalence is (p-integrable

if (p(hn+1)/hn)n is summable, by Theorem [I1.3.16] (see Condition [(C1)). This holds for
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o(x) = lolgégfgx()x). Indeed, we have
o(hnt1) _ 1 log (hn1)
hn logom(hn-i-l) hn
< 1 log () , logan
log”™(qn) \  hn ha,

1 log gn )
< om 1 + )
log®"(qn) ( ho,

so using the monotonicity of the sequence (%) (see Remark [[1.5.4), we get
n n>

Qp(hn-‘rl) < 1
hn IOgom (Qn)

and we are done by Lemma [[I.5.2] with 5 = a. 0

(1 +1ogqo)

In the case a = 400, we prove Theorem [I| with the same methods as in [BH94|, but
with our formalism. We will consider an odomutant 7" on [ ],.,{0,1,...,¢, — 1}, built

(n)

with uniform c-multiple permutations 7;, where ¢ = (¢n, Gn)n>0, and for every n > 0 and

every 0 < j < {ny1, T](n) is a permutation on {0,1,...,¢, — 1} fixing 0 and ¢, — 1. For

every n = 0, we assume that the map

G101, Gugr — 1} > (V) )

is Kp11-to-one for some positive integer #,,1 (as in the assumption of Lemma [I1.A.4).
Finally, we write x, = g—z for every n = 1. Then we have ¢, = c,§, for every n = 0
and ¢, = Kpxn for every n = 1. The sequences (hy), (Gn), (¢n), (kn), (Xn) respectively
correspond to the sequences (i), (mg), (nk), (Jx), (My) in [BH4|. The integer xp+1 is
the number of sequences of the form (T(n)(.[(()n)), . ,Tjn) (Ié:ll)) for j€{0,...,Gn+1 — 1},

J
(Qn - 2)!
cplin=2(c, — 1)127

so we have

1 < Xn+1 <
thus motivating the following lemma.

Lemma I1.5.6. Let p, ¢ and c be positive integers and q == §c. Assume that p = 2 and
q = 3. Then the greatest power of p less than or equal to

(g —2)!
i2(c— )2

15 greater than or equal to

11 /1 q~q
e
p % \ec

Proof of Lemma |l1.5.6, Using the inequalities

€ (&

(¢-2! _ & ¢ 1 (e (D' 1 _ 11 "0
Adi2(c—1)12  qlg—1) (c—1)cd 7 \gq eq(g)cch ¢ \ec

and we are done. O

we get
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Proof of Theorem|] in the case o = +00. Let

N = Z kp e NuU {+00}
PEI\{p.}

and (p;)1<i<n be a sequence of prime numbers satisfying >, .,y Ip,=p = kp for every
peIl\{ps}, and >}, sy Lp=p, = Om Let us define ¢, = pY for every n = 0. By induction,
we build sequences (kp)n>1 and (xn)ns>0 of integers, and a non-decreasing sequence (Jjp, )n>1
of non-negative integers, satisfying the following properties:

(QH_Q)!

1. for every n = 0, xn+1 is the greatest power of p. less than or equal to T (e~

Where qn = KnXn (Wlth Ko = ]_) and Qn = qun7
Jn
2. kp = pf" H p; for every n > 1, with jg = 0;

J=jn—1+1

3. jn = NIif N <400, j, — +0o0 otherwise.

n—o0 n—0o0
Let us define gp == p.. Given n = 0, assume that Xo,.--,Xn,J0s- -5 Jn, K1,-- -, K have
been set (if n = 0, then there is no integer x;). We define x,, 11 as the greatest power of p.

(Qn_2)!

olan (e 1) Jn+1 as the greatest integer k satisfying

less than or equal to

e jp,<kand, if N < +w, k<N,

hn+1

k
o [Tjmjripi <p™™,

and kKpy1 = pf”“ ;":*ji 41 Pj- Let us define T' as the odomutant built with uniform

c-multiple permutations T}n), with ¢ == (¢n, Gn)n>0, and assume that the assumption of
Lemma in Appendix [[T.A]is satisfied: for every n > 0, the map

G0, 1 st — 1} = (), r )

iS Kpt1-to-1. Note that the fact that x,+1 is less than or equal to

(Qn+1 - 2)'
Cn+1!‘j”+1 (CnJrl - 1)'2

enables us to find such families of permutations. It is straightforward to prove that j, —
+o0 if N =00, or j, » N if N < 400, so T is an odomutant associated to S.
Lemma implies
N hn—1 (jn
NP ) 2 —— 57
k=t Fp
for all n = ¢ > 1. By Lemma [[I.5.6] we have for every i > 1,

1 1 1 qi—1
Gi = KiXi = K _ 0 %—17
qi iXi zp* ( i—1)2 (667;_1) (Qz 1)

this gives

qll/hz > Ii;/hi ( 1 )I/hi ( 1 )1/(Ci_lhi_l) (j}i];hl

~2
b«q; 1 €Ci—1

16“(p¢)¢;1” and “Zi>1” in the case N = +0o0.
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and we can apply this inequality many times to get

. L 1/hi 1/(ci—1hi-1)
1/ > 1/hs ( 1 ) ( 1 ) i
" (E & > (E p*q~i2,1 €C;—1 9

n n 1/h; 1/(ci—1hi=1)
2 K, = P« 4qo.
Hence we have,

log N(i (5)6‘"_1) ~ = (log (p*df,l) log (eci—1)
> (0 — .+ - ‘
A > (£ —1)logp. + log Go 3 + P

n i=1

+oo [ log (p*q$_1) + log (eci_1)

It is straightforward to check that the series » ( 5 o ) converges and

we denote by V its value. We are now able to get that T" has infinite topological entropy:

hiop(T) = lim hiop(T,P(0)) = lim ((£ — 1) logps + log o — V) = +o0.
f—+00 f—+00

Let us finally check Condition |(C1)|in Lemma|lI.3.16|to prove that there exists a strong
orbit equivalence between T and S, which is ¢,,-integrable for every m > 0, where ., () =

%. We first have ¢, < (p.)"™, xn < (gr=1)?"" < (hy)®™~! and log £, < 2hy, log p.

by definition, so
log hyy1 = log hy, + log ey, + log Ky, + log xn < (1 + 3logps)hy + ¢n—1log hy,

this implies

log h log h
g n+1 < (1+310gp*)+ g n
hn hnfl
and we get bgfi:f“ = O(n). Then, it remains to prove that the sequence (M)n20

is summable. This is a consequence of Lemma [I1.5.2] with 5 = log p., since we have
log q,, = log Ky, = hy log ps

by definition of k,. So there exists a strong orbit equivalence between T and S, which is
m-integrable for every m = 0. 0l

I1.6 Orbit equivalence with almost integrable cocycles

In this section, we prove that being orbit equivalent to an odometer, with almost integrable
cocycles, does not imply being flip-conjugate to it.

Theorem I1.6.1. Let ¢: Ry — R be a sublinear map and S an odometer. There exists a
probability measure-preserving transformation T such that S and T are p-integrably orbit
equivalent but not flip-conjugate.

For Theorems |G| and , some invariants (loose Bernoullicity property, entropy) ensure
that we build an odomutant 7" which is not flip-conjugate to the associated odometer
S. For Theorem we use the fact that every odometer is coalescent (see Theo-
rem [[1.2.14)). Given a sublinear map ¢: Ry — Ry, the goal is to find families of permuta-
tions (U(n)

Trp1 , for n = 0, such that the factor map

>O<xn+1 <@n+1

Y:zreX - (Ué?)(l‘o) cD(x1), 0P (x9),.. ) e X

) ] ) T3

from the associated odomutant T to S is not an isomorphism, with -integrable cocycles
for the orbit equivalence between S and T
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Lemma I1.6.2. Let (g,)n=0 be a sequence of integers greater or equal to 2. For every
n = 0, let (agflll
defined by:

be a family of permutations of the set {0,1,...,q, — 1},

) 0<Tn+1<qn+1

Vans1 €{0,. .., qne1 — 1}, Vie {0,...,qn—1}, o

vy (1) =i+ Zpg1 mod gp.

Assume that the infinite product [],-, (1 — q%) converge. Then ¢:xz € X —
(O';((;Zl_l(l‘n))ngo € X is not injective almost everywhere.

Proof of Lemma[ll.6.9 Let Y1 ={r e X |Vn 20,2, ¥ (¢gn — 1)Lniseven} and Y2 = {z €
X |Vn =0,z % (gn — 1)14is 0ad}- It is straightforward to check that

i) = () =TT (1= ) o

Let 8: X — X defined by:
0(x) = (xp, + (—1)" mod gpn)n>o0-

The map 6 is in Aut(X, p) since X can be seen as the compact group |[,>,%Z/q.Z, with
its Haar probability measure p and € as the translation by ((—1)"),>0. Moreover, 0 is a
bijection from Y to Y2 and we have ¥ (0(x)) = ¢ (x) for all x € Y7.

Let us prove by contradiction that v is not injective almost everywhere. Assume that
1 is injective on a measurable set Xy of full measure. This hypothesis and the equality
1 o6 =1 on Yy imply that the sets X and 8(Xy n Y1) are disjoint. This finally gives

H((X0)%) 2 1 (8(Xo n Y1) = u(Xo A Y1) = (Y1) > 0
and we get a contradiction since (X()¢ has zero measure. O

Before the proof of Theorem |J} we use a lemma stated in [CJLMT23| and which enables
us to reduce to the case where the sublinear map ¢ is non-decreasing (actually the statement
is stronger but we only need the monotonicity).

Lemma II1.6.3 (Lemma 2.12 in [CJLMT23|). Let p: Ry — Ry be a sublinear function.
Then there is a sublinear non-decreasing function @: R. — Ry such that o(t) < §(t) for
all t large enough.

Proof of Theorem|[J. Let ¢: Ry — R, be a sublinear map. If ¢ is another sublinear
map satisfying o(t) = O(¢(t)), then @-integrability implies ¢-integrability. Therefore, by
Lemma [[T.6.3] we assume without loss of generality that ¢ is non-decreasing.

Let (gn)n=0 be a sequence of integers greater or equal to 2 and S the odometer on X =
[1,2010,1,...,¢, — 1}. The Halmos-von Neumann theorem implies that S is conjugate
to the odometer on [],-,{0,1,...,¢,_, ... g, 1 — 1} for any increasing sequence (i, )n=0
satisfying ig = 0. Therefore, we can assume without loss of generality that the integers ¢,
are sufficiently large so that they satisfy the following properties:

L JThso0 (1 - qin) convergedtZ;

2h
2. the series Z SO(h n) converges.
n

"By definition, the infinite product [1.so (1 - %) converges if the sequence (]_[270 (1 - i))
= n - n=0

ax
converges to a nonzero real number.
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Let T be the odomutant built from S and the same families (ag(cZ)Jrl>0< - as in
<Tn n
Lemma By this lemma and Theorem [[.2.14] S and T are not conjungaluteq. Since S
is conjugate to its inverse S~! (by the Halmos-von Neumann theorem), S and T are not
flip-conjugate.
It remains to quantify the cocycles, using Condition of Theorem Letn>=0
and z,41 € {0,...,qn41 —1},and i € {0, ..., g, — 1} such that x,,11 = ¢ mod ¢,. For every

z€{0,...,qn —2}\{gn — i — 1}, we have

-1
(UW ) (0™ (2n) +1) —2p = 0™ (1 +1,) — 0 (z,) = 1.

Tn+1 Tn+1 Tn+1 Tn+1

For z, = g, — 1, we consider the following bounds:

~1
(o) 0l e+ 1 - <4
and [0 (14 2,) - o), (20)] < dn

We finally get

g 1 T <hn (1 + (a;@l)_l (08, () + 1) — 2 ))

nz=0 n+2 0<.Z’7L<Qn7
U<In+l<Qn+h

o) (@n)Han—1

Y D e(m(1](e) T e s - a))

n=0 n+2 0<zn<gn—2
0<Zn+1<gn+1
TnFqn—i—1

<Y Y (40— 2)e(2h) + (bl + a0))

h
n>0'mt2 0<Zn+1<qn+1

©(2hn) ©(2hn11)
< Z T + Z hi < +00

n=0 n=0 n+1

and similarly

1
25 Y e(ha(1+
n>0 "2 o<, <gn—2,
0<Tnr1<gn+1

ol (1 +mn) — ol (wn)

Tn+1 Tn+1

)<=

so S and T are -integrably orbit equivalent. O

Remark II.6.4. As Theorem [ the odomutants 7" in Theorem [G] and [I| can be built as
homeomorphisms, with a strong orbit equivalence between them and the odometers S.
This is clear for Theorem |G| since we may assume U(”’i)(% —1) = g, — 1 without loss of
generality. For Theorem [J] we have to slightly modify the settings in Lemma and
its proof. For example, we can define JQ(EZ)H as the permutation mapping 0 to 0, ¢, — 1 to
gn—landie{l,...,qg, —2} to 1 + (i — 1 + 2,1 mod ¢, — 2). The set Y] becomes the
set of z € X such that x, ¢ {0,q, — 2,q, — 1} if n is even, x, ¢ {0,1,¢, — 1} if n is odd,
and vice versa for Y5. Then the ideas remain the same.
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II.A  Some combinatorial properties

In this section, we fix an odomutant 7" built with uniformly e-multiple permutations, with
¢ = (¢n, Gn)n=0 and g, = c,Gn. We refer the reader to Deﬁnitionfor all the notations
that we will use, although not defined in this section (for instance the partitions P(¢), the
segments IJ(.Z), etc).

In the proof of Theorem [, for combinatorial purposes appearing in the computation of
topological entropy, we need to understand the dynamics of this odomutant with respect to
the associated partition 75(6) for some ¢. Indeed, as explained in Example computing
the topological entropy with respect to a clopen partition partly consists in counting words
given by the associated coding map. Recall that, given ¢, = 1 for every n = 0, and an
odomutant built with e-multiple permutations, P(¢) is the partition P(¢) in f-cylinders of
the space X =[],201{0,...,¢n — 1}, as introduced in Example

As we can notice in the proofs of the following results, it is more convenient for the
computations that the permutations have common fixed points (here this is the point 0),
as in Section when one wants to extend an odomutant to a homeomorphism. With
this assumption, at each step of the cutting-and-stacking construction, we can study the
words produced by the points in the first level of the towers, and the recurrence relation
describing such a word at step n + 1 as a concatenation of words at step n (Lemmas
and . Counting only these words gives a lower bound of the number of all the words
produced by the coding map, thus providing a lower bound of the topological entropy with
respect to the clopen partition that we consider. If this lower bound of hio,(7") diverges to
+00, then we have built an odomutant of infinite entropy. This is the strategy that we will
apply in the proof of Theorem [[|in the case o = +00, using a lower bound on the number
of words provided by Lemma [[T.A.4 when the odomutant satisfies some assumptions. Note
that this lemma is a reformulation of the main ideas of Boyle and Handelman for the
proof of their similar statement [BH94, Section 3]. In the case o < +0o0, we will need an
exact formula on the entropy. To this purpose, Lemma provides an upper bound of
the number of all words produced by a coding map, and thus a finer upper bound of the
entropy as we see in the proof of Theorem

Lemma II.LA.1. Let £ = 1 and T be an odomutant built with uniformly c-multiple permu-
tations firxing 0.
1. For everyn =€ — 1, for every x, € {0,1,...,¢, — 1}, the set
(PO, (@) [ €0,...,0,2n]n41}
is a singleton, denoted by {W(ﬁ(ﬂ))ﬂ(&)}
2. The following holds in the case n = £ — 1: the preimages of the map
2o €{0,1,.. . qr 1 — 1} —> W(P(£)D

Te—1

are I(()Z*l), . ,Iéf;l). Therefore this map is co_1-to-1.

3. For everyn < {—1, for every (zn,...,Te—1) € | [,,<jcp—110,1,...,q — 1}, the set

{IP(O1n, (@) |z €[0,...,0,Zn, ..., ze-1]c}
is a singleton, denoted by {W(75(€))(£),_._m_1 )

4. For everyn < {—1 and every (zn,..., 20 2) € [ [,<cico_210,1,..., ¢ — 1}, the preim-
ages of the map
Tp—1 € {07 17 vy qe—1 — 1} = W(,]S(g))(n)

T yeesTp—2,T0—1
1)

PTqe—1

i

are Therefore this map is cp_1-to-1.
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Remark II.A.2.

e In the case of multiple permutations with ¢, = 1 for every n = 0 (so ¢, = qn), we
get P(£) = P(£) and I](-Z) = {j} for every ¢ > 1 and every j € {0,...,q¢ — 1}, so the
map

Ty—1 € {07 17 ceesqr—1 — 1} = W(P(E))(éil)

Tp1
is injective.
e The first point of the above lemma remains true if we replace P(¢) by any partition P
refined by P(¢). Indeed, the result is true for the partition P(¢) (it suffices to consider
T as an odomutant built with multiple permutations and ¢, = 1). Moreover, the

word [P]p, () is obtained from the word [P(O)]n, () by applying letters by letters
the projection which maps P € P(¢) to the atom of P containing P.

Proof of Lemma[I[lLA.1 Let = € [0,...,0,2p]n41- We can write z =
(0,...,0,2n,Tp41,...). All the permutations fix 0, so for every i > n — 1, we
N— —
n times
have
’Lbl(x) = ((& .. ,_9, O'é:)_*_l(xn), ey Ua(vzi)Jrl(xi)’ Lit1y Li+2y - - )
—
n times

For ke {0,1,...,h,—1}, let (ko, k1,...,kn 1) be the n-tuplein [ [o,,,_, {0,1,...,¢; — 1}
satisfying
k=ko+hiki+...+hn_1kn_1.

We then have

Skwl(x) = (k?(], ]451, ceey knfl, O'gill(l‘n), ey O'g)_'_l(l‘z), Li4+1yLi4+2y - - )
so T*z is equal to (y(()k), ey yT(lk_)l, Ty Tpil,.-.) Where yi(k) defined by
yng) = Tn,

) —1
vo<isn—1,y® = (a%) (ks).

Yit1

(

Denote by j(k,¢—1) the integer in {0,1,...,q_1} satisfying y/i)l e 1=V

gk, =1y
{0,1,..., hy — 1}, (y(()k), .. ,yff)) does not depend on 2,41, Znio,... and only depends on

T, so does the h,-tuple ([yék), e éli)w [](.fk_;)_l)]g)ogkghn,l which is equal to [P(£)]p, ().

For every k €

In the case n = ¢ — 1, we have yé]i)l = xp, so the value of the word W(P(ﬁ))gﬁ) only
(n)

depends on the interval ;™ containing @p,.
We similarly prove the last two items. O

Lemma I1.A.3. Let £ > 1 and T be an odomutant built with uniformly c-multiple permu-

tations fizing 0. Let us recall the words W(P(ﬁ))(ﬁ) defined in Lemma |IL A. 1. Then, for

everyn = ¢ —1 and z, € {0,1,...,q, — 1}, we have
W)+ = w(B@) - wde)™ W)™

(o) )

Proof of Lemma[II.A.3 Given n > ¢ — 1, note that we have

(U£Z)+1>_1(QTL_1) '

0.1, h =1 = || ({0,1,...,hn—1}+hnz’>.

0<i<gn
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Moreover if ¢ is in {0,1,...,¢, — 1}, if 211 isin {0,1,...,gn+1 — 1}, we have

. -1
T ([0, +,0,0,znslre) = (0,0, (08, ) (), nsaluse

This implies that, for a fixed 2 € [0,...,0,0,Z,51]ns2, the element y; = T%n(z) is in
-1
[0,...,0, (agﬁll) (1)]n+1 and we get

W@MwwmnN@:W@hNWWMFﬁﬂQW@D:W@w%L)yw

by Lemma [[I.A.1] Finally the hy,,1-word on z is the following concatenation:

WA, = [POIh.. ()
= [P(OJo,n41-1(2)
= [P(O)]on—1(2) - [POnn 2n—-1(2) - -+ [P hy(guss —1)ins1 -1 ()
NG W)™ WP
“WPO w0 TP e PO ey
_ W(ﬁ(f))[()n) ) W(P(E))EZ)SEZ)Jrl)_l(l) W ~(€))((Z)§E’:L)+l>_l(qn—l)

and we are done. -

(n)

Lemma I1.A.4. Let T be an odomutant built with uniformly c-multiple permutations T;
fixzing 0. Let (kp)n>1 be a sequence of positive integers and assume that for every n = 0,
the map

GE(0 L, Gy — 1} > (B, T )
i8 Kpt1-to-1 (in particular, K41 divides qnﬂ/r;gl. Then, for alln = ¢ = 1, we have
B(0)) ™) _ O
P10 <o, <g -1}z —"
|
Remark I1.A.5. In the case of uniform permutations with pairwise different permutations,
the lemma implies that

(W PO 10< 20 < g0~ 1} = an

S0 W(ﬁ(f))gfl) is an injective function of z,,. This could also be deduced from Lemmal|lI.A.3
Therefore, odomutants can have more words in their language than odometer, and then
their entropy can be positive.

Proof of Lemma[IT.AJ. Let (P(£))¢=1 be the sequence of partitions associated to the con-
struction of this odomutant with uniformly c-multiple permutations. Given n = £ > 1, we
consider the projection m,,1¢: P(n + 1) — P(£) which maps P € P(n + 1) to the atom
of P(¢) containing P. This projection induces a map on the set of words with letters in
P(n + 1), it consists in projecting each entry on P ().

18Let us go back to the intuition behind uniformly multiple permutations. Since we consider the par-
titions P(¢) instead of P(f), we cannot distinguish between the copies of a subcolumn that we stack

to form each tower. Therefore, given two permutations 7'](") and 7-;,"), if (TJ(TL)(I(E”)), - ,7-](")([;:)71)) =
(7;7)(18")), ce TJ(,”)(I{g:)_l)), then we cannot distinguish between the permutations that they encode, al-

though these permutations are different.
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Claim 1. Let =z € [0,...,0], and k € {1,...,n}. For every i € {0,1,...,2—: — 1} and
every j € {0,1,...,qu_1 — 1}, the point £(v7) = Ts+its—15 js in [0,...,0]s—1. Moreover,
(2(49));, does not depend on j and we have

(2, = ngz

20

(i) and (20D);,_; = °’<(f<_i,3)k(j )

where i, == liJ

Proof of the claim. Let us write thy = iphg + ikr1hge1 + ... + in_1hp_1 with 4, €

{0,...,qm — 1} for every m e {k,...,n — 1}. Given j = n, we have
0i(@) = (0,2, 0,08 () )
n times
and o
S () = (0,0, 0,y iy oy ine1, 080, (@), )
k—1 times

Hence we get (07 = Qb;lSih’f*jh’f*le(x) for every j = n, which implies
(29, = ap,
(D), = oV (5, 1),

2.9 n—2 .
(.T( 7‘7))71—2 = O-EZ‘(i’j)))nfl (Zn—2)7

(200 = a0, (i),
(@)1 = o3 (),

so we are done. Bclaim

Claim 2. With the hypotheses of the lemma, for every k € {{,...,n}, the map
Tevins {WPE+1)E 10 < oy < go— 1) = {WAE)E 10 < 20 < go — 1}
is at most RZ"/hk -to-1.

Proof of the claim. Let z € [0,...,0],. We have [P(k + 1)]s,(z) = W(P(k + 1))5;72) and
[P(K)]n, (z) = W(75(k:))(w71) We first write these words as a concatenation of words of
size hy_1, namely the words [P(k + 1)]p,_, (T™*=1x) or [P(k)]p,_, (T"™*-12) for m €
{0,1,..., hZfl —1}. Givenm e {0,1,2,..., hzjl —1}, the point 7™"~1(z) isin [0, ...,0]x_1
by the last claim, so we have

(k=1)

~ i B ~
[P(k + 1)]hk—1(T (z)) = W(P(k + 1))(Tmhk71(x))k717(Tmhk71(;,;))k

and

[Pk he, (T (2)) = W (P (k)0

(T"Lhk—l (x))k71 .
Secondly, we gather these words of length hj_; in groups M (k + 1), ; or M (k)g, i of qr—1
words:

A k— A k—
M(k + 1)xn,i = W(P(k + 1))Ex(i}))))k—lv(x(i’o))k " W(P(k + 1))Ex(i’11)))k—1,($(i’l))k

WP + 1) A

(m(i»qkq*U)k_l’(x(iqu_lfl))k
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and
M (k)i = WPK)(an)y, , WEPE) s, - WPED o
for all i € {0,1,.. h—" — 1} in such a way that we have
WPk + 1)) = M(k + 1)g,0 Mk +1)g,1-...- M(k + D 1
and
WPEE) = MK)yo - M(K)ey1 oo MOR),, .
To prove the lemma, it now remains to prove that, for every i € {0,1,.. h—” — 1}, the map

Tkt AME+ 1)z, |0 < 2n < gn— 1} = {M(k)g,i | 0 < 2y < g5 — 1}

is at most kp-to-1. Let us fix a word M(k),,, with i € {O,l,...,h — 1} and
z, € {0,1,...,qp, — 1}. We write i = |i/qr]- By the last claim, the quantities

(), ..., (29%-1-1), are equal and their common value is denoted by X}, and we
have )

(wlia—1d)y, | = <Ug(k 1>> () (I1.7)
for every 7€ {0,1,...,qr_1}. This first implies that

(2001, (@Y, (e,

are qx—1 pairwise different elements of {0,1,...,qx—1 — 1}. Since we know each subword
W(ﬁ(k))gl;(:i%)kil of M(k)z, i, the third item of Lemma [[I.A.1{implies that we completely
know the sets I(()k_l), . ,Iéf__llll, S0

k—1 k—1 k—1 k—1
(o8, D)o a0

is also completely determined. By assumptions, X is in the disjoint union of k; sets of
the form I§k).

To conclude, we have proved that, if we have 711 (M (k+1)y, ) = M(k)s,,: for some
yn €{0,1,...,q, — 1}, then M(k + 1), ; is of the form

WPk +1D)0eoy  x, - WPE+1D)0 e W(PE )Y

1, Xk (2D, Xy (z (hap—1- U)k 1,Xg

(%)

with Xj in the disjoint union of ki sets of the form I, and which completely deter-
mines (z0), 1, (2GD)_4,..., (20%17Dy, ; by Bquality ([I.7). But since two ele-
ments X; and X in the same I§k) provide the same word M (k + 1),,; (by the last
item of Lemma [[LA1)), we get that there are at most kj possible values for the word
M(k} + 1)ymi. Oclaim

By the last claim, the map

Tn

Ture: AW PO+ D) [0 <y < gu—1f > {WEO) |0 <y < gn—1]
is at most (H Hzn/hk>—t0—l, so we have
le=t

\{W(ﬁ(n 1)) 0 <2 < gn— 1}‘
[ Tiee ”"Zn/hk

(W PO 10 <20 < g1}

and the result follows from the second item of Lemma [LAT] O
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Lemma II.A.6. Let (q,)n=0 be a sequence of integers greater than or equal to 2 and

(n)

satisfying qn+1 < (qn — 2)!. Then there exist permutations UIZH, forn =20 and z,.1 €
{0,..., qns1 — 1}, satisfying the following properties:

1. for every n > 0, the maps U(n) gn)’ e ’Ué:lrl

of the set {0,...,q, — 1}, ﬁa:mg 0 and g, — 1;

are pairwise different permutations

2. the following bounds hold for everyn > € > 1:

dn < N(P(O!™) < hyy1gng?_, 29

Proof of Lemma [T A6 Let us recall that N(P(£)A"~') is equal to the cardinality of
{[P(O)]n,(x) | = € X}. If the permutations 0'( ) g ) , are pairwise different

U qn+1—

for every n > 0, then we get N (P(E)g"_l) > qn for the underlying odomutant (see Re-

mark [[I.A.5| following Lemma [IT.A.4)).

Givenn = 0, let iy, € {2,...,¢,—2} be such that (i,,—1)! < ¢,11 < i,! and let us choose
(n)

any family <Uz"+1 of pairwise different permutations of the set {0,...,q, —1}

)ngn+1 <gn+1

fixing 0,4, + 1,4 + 2,...,¢q, — 1. Given an integer £ > 1, let us find an upper bound of
N(P()tn~1) for every n > £. Let n > £ and z € X. There exists i € {0,1,...,h, — 1}
such that y = Tz is in [0,...,0,2,]nr1. Let us write z == T"z. Thus [P(£)]s, (z) is
the concatenation of a final subword of W(P(f))g}) and an initial subword of W(P(Z))gz)
Writing ¢ = jhy,—1 + r with integers j € {0,...,¢n—1 — 1} and r € {0,..., hy—1 — 1}, and
using Lemma we have

Cw (n—1) o (n—1) _ (n—1)
PO (a) = w0 WO Dy e WO D WO
WO WPy WOy

where w is a final subword of W(P(f))((n(nl)l)) " of length h,, 1 —r, and w an initial sub-
oiy, J

word of VV(P(K))(n (nl)l) ) of length r. Therefore, to every word of the form [P(¢)]s,, ()
oo j

for the points x € X sharing the same integers z,, 2, j and r, we can associate the family

(o) s () =2 (o0) e (o 0) ).

In the particular cases j = 0 and j = ¢,—1 — 1, this family is respectively equal to

() e o) e -2)
() e (o) s - 2))

Moreover, this association is injective, as a consequence of Remark following
Lemma Thus we have

and

hn-1—1 Qn71_2
NPOFTY <Y <a§”) o Y b§-">>
r=0 1

j=

Gn—1—2
<o (a0 eSS )

j=1
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(n)

where a;” and bgn) are respectively the cardinality of

{(( = 1)) 1(3'),...,(05;3;—1))’1 (qn1—2)> |xn6{0,1,...,qn—1}}
{(( :E;Z 1)) 1(1),...,(0%*1))_1 (])> |xne{0,1,...,qn—1}}_

We now find upper bounds of the quantities a§n) and bg"), using the properties of the
(n)

and

permutations that we have chosen at the beginning of this proof We have a;’ = gy,

() Sip1 X...xjifl < znlanda()—llfznl—i—l < ¢n_1 — 2. We also have
bgn)<zn,1><... X (p— 1—j+1)1f1 < iy 1—1andb()—qnlfzn 1 <7< qp1 — 2.
We then get

u+g%2+ 2(puum
J=1

in—1—1 'L 1' l 1| Qn71_2

§2Qn+<z (n_l)( n_)>+inn 1+ Z dn

=1 tn—17J min1+1

m2 i 1

-2 . _ | n—1 —

< qnQn—1 + Zn_1(1n71 1)' Z ( -1 )
7j=1
< 2 gin-1-1
< GnGn-1 t+ 45 19n
< anrzl—12in71
< qan%ilQQn—l’
and we are done O

II.B Further comments on odomutants: Bratteli diagrams,
strong orbit equivalence

II.B.a Bratteli diagrams, strong orbit equivalence

We introduce the most important definitions and results in the context of strong orbit
equivalence. For more details, we refer the reader to [HPS92| and [GPS95].

Bratteli diagrams

A Bratteli diagram is a graph B = (V, E) with the set of vertices
V= UW:

and the set of edges

EzUEm

k=0

where V, and Ej, are finite, V) = {v(o)} and the edges in E), connect vertices in Vi, to vertices
in Vi1 (multiple edges between two vertices are allowed). If e € Ej connects vg € Vi to
Vg+1 € Vi1, we write s(ex) = vg and r(ex) = vgy1, this provides maps s: E — V (source
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map) satisfying s(Ey) € Vi and r: E — V (range map) satisfying r(Ex) € Viy1. We
assume that
YoeV, st(v) + &

and

Yoe V\Vo, rt(v) £ &.
For k < ¢, a path from vy € Vi to vy € Vyis a tuple (eg, exi1,--.,er1) satisfying s(eg) = vy,
r(e;) = s(e;i1) for every i € {k,..., ¢ — 2} and r(es—1) = vy.

An ordered Bratteli diagram is a Bratteli diagram together with a linear order in
r~1(v) for every v € V\Vj, namely we consider a bijection

r o) > {0,1,...,|r ()| -1}

for every v € V\Vy. Then we consider Ej as a subset of Vi x Vi1 x N: an edge e, € Ej, is

written as (vg, Vpi1, px) Where vx = s(er), ver1 = r(ex) and pg € {0,...,|r L(ex)| — 1} is
the rank of e, for the linear order in 7~ (vg, 1), we write pp = rk(ey).
Let us set

Xp = {(@c)k}O € H Ey | Vk =0, T(ek) = S(Gk-‘rl)} )

k=0
XB,min = {(ek)k>0 e Xp | Vk = 0, rk(ek) = ()}
and X max = {(ex)k=0 € X | Vk =0, tk(ex) = [r~ ' (r(e))| — 1}.

As a subset of ]_[,@0 Fi, Xp is endowed with the induced product topology. Xp is a
compact and totally disconnected metric space. By definition, the cylinderﬁ of Xp are
clopen sets and form a basis of the topology.

A Bratteli diagram is simple if there exists a subsequence (k) such that for every pair
of vertices in Vi, x Vi, ., there exits a path between them. If an ordered Bratteli diagram
is simple, then X p has no isolated points, so it is a Cantor set.

Given a Bratteli diagram B = (V, E), we can enumerate the vertices of each V,:

V. = (n) (n) )
n—{vo 7"'7U‘Vn|,1}7
and define the incidence matrices

— (n)
M, = (mi,j 0<i<|Vpg1|—1

(n)

(n+1)
i7j )

where m; / is the number of edges of F,, connecting UJ(-n) to v,

Bratteli-Vershik systems

Given an ordered Bratteli diagram B, we define a map Tp: Xp\XB max = XB\XB min in
the following way.
Let z = (ex)k=0 € XB\XB max and

N =min{i > 0 | tk(e;) < |r ' (r(e;))| — 1}.

Let fy be the edge in r~!(r(ey)) satisfying rk(fn) = rk(eny) + 1 and (fo,..., fy_1) the
minimal path from v(? to s(fy), namely this is the unique path satisfying rk(f;) = 0 for
every i € {0,..., N — 1}% Then we define

TBx = (fla"'afNaeN+17€N+27"')'

9 defined as in Section
*OWe find this path in an inductive way: fy—_1 is the unique edge satisfying 7(fn_1) = s(fn) and
rk(fnv—1) =0, fnv—2 is the unique edge satisfying r(fn—2) = s(fn—-1) and rk(fny—2) = 0, and so on.
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The map T is called the Bratteli-Vershik system associated to the ordered Bratteli
diagram B.

An ordered and simple Bratteli diagram is properly ordered if Xp yin and XpB max
are singletons. Given a properly ordered Bratteli diagram, we extend T' to the whole set
Xp by setting

TB(xmax) = Tmin

where Xpmax = {Tmax} and XBmin = {Zmin}- In this case, we can check that Tp is a
Cantor minimal homeomorphism.

=0

El)

Vl' -

Figure II.4: Example of ordered Bratteli diagram B. The image of (eo, €1, €2, ...) by T is (fo, f1, €2, .).

For example, the Bratteli-Vershik system of the diagram in Figure [[I.5]is topologically
conjugate to the odometer on X =], .,1{0,1,...,g, — 1}, the following map

U: ()0 € X — ((U(O),U(1)7$0> , <v(1),v(2),az1) , (U(2), v :1:2) ,) € Xp

is a conjugation between them. As we explain in the next part, every Cantor minimal
homeomorphism can be described by a Bratteli diagram.

g —1 @1 g2 —1 g3 —1

My = (a0) My =(q) My = (q2) M; = (q3)

Figure I1.5: An ordered Bratteli diagram describing the odometer on [],.,{0,...,¢, —1}. The image
of (60, €1,€2,€3,.. ) by Ty is (fo7 fl, fz, €3, .. )

Cantor minimal homeomorphisms

The Bratteli-Vershik systems of properly ordered Bratteli diagrams describe all the Cantor
minimal homeomorphisms.

Theorem (Herman, Putnam, Skau [HPS92|). If T is a Cantor minimal homeomorphism,
then there exists a properly ordered Bratteli diagram B such that the associated Bratteli-
Vershik system Tp is topologically conjugate to T'.

We briefly describe how a Cantor minimal homeomorphism 7': X — X is encoded by
a properly ordered Bratteli diagram. All we have to find is an increasing sequence (P, )n=0
of partitions generating the topology, of the form

Po = {T9(Bu) [0 <i <ky—1, 0<j < h™ — 1}
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where k,, hgn), ceey hl(;) are positive integers, and the sequence (Bj,)n>0 defined by
B, = |_| Bn,ia
0<i<kn—1

is decreasing to a singleton {y}.
By “increasing sequence of partitions”, we mean that Py is finer than P,,, namely the
atoms of P,, are unions of atoms of P, 1. The partition P, is composed of k, towers and
given i € {0,...,k, — 1}, the tower
h(m 1
Tni = {Bni, T(Bn),...,T" (Bni)}

)

has height hgn).

Without the assumption that the partitions have to generate the topology, the con-
struction only consists in considering in an inductive way a clopen subset B,11 of By,
that we partition in B, 0, ..., By k,—1 according to the value of the first return time. The
underlying sequence of partitions does not necessarily generate the topology. For a gener-
ating sequence, we refer the reader to Lemma 4.1 of in [HPS92| and Lemma 3.1 in [Put89]
for more details.

The properly ordered Bratteli diagram B = (V, E) is defined as follows. Assume that
Po =X (so kg = hy = 1) and define

V= {Tni | 0 <i < by — 1}

Given n > 1 and i€ {0,...,k, — 1}, the tower 7, ; visits successively the towers
7;71,55"7") ) 7;171,43”')’ o 7;71,252‘;?

with integers Eg-n’i) €{0,...,k,1 — 1} and 7,,; = 1. Then E is defined so that r=(Ty,.)
has cardinality r, ; and

r N (Toi) = {(7;1,41,;),7%@]') |0<j < i — 1} :

The underlying Bratteli diagram is properly ordered and the associated Bratteli-Vershik
system Tp: Xp — Xp is topologically conjugate to T: X — X. Note that zni, € Xp
corresponds to the point y € X.

To sum up, a Bratteli diagram encodes a cutting-and-stacking process defining a system

(see Figure [[L.6]).

Classification up to strong orbit equivalence

Here we present a complete invariant of strong orbit equivalence, due to Giordano, Putnam
and Skau.
Recall the incidence matrices

()
M, = (m/} >0<¢<|Vn+1|71
0<j<| V|1
given an enumeration of the vertices of each V;,. Then let us define the group G(B) as the
following inductive limit

G(B) = lim z/Vol 2o, zVil My, 7jva| M,

With the usual ordering on each Z!Y»|, G(B) has a structure of ordered group, the unit
order is chosen as the image of 1 in Z = ZYl. The ordered group G(B) is called the
dimension group of B. We refer the reader to [GPS95| for more details.

For instance, for the dyadic odometer, the incidence matrices are all (1 x 1)-matrices
equal to (2), and the dimension group is Z [1/2].
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Tio Tis m
Tia [] 0 I
o)
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, @ | - -
@: - - n
Too Ton T Ta T

Figure 11.6: Example of towers 7, ;, and the associated Bratteli diagram.

Theorem I1.B.1 (Giordano, Putnam, Skau [GPS95|). Let S and T' be two Cantor minimal
homeomorphisms. The following assertions are equivalent:

1. S and T are strongly orbit equivalent;
2. If B (resp. B') denotes a Bratteli diagram associated to S (resp. T), then the di-
mension groups G(B) and G(B') with distinguished order unit are order isomorphic.
I1.B.b Bratteli diagrams of odomutants

Let X = [],501{0,...,4, —1}. Denoting by P(n) the partition whose atoms are the
n-cylinders, with P(0) = (X), note that the sequence (P(n)),, generates the infinite
product topology on X and P(n + 1) is composed of g, towers of height h,,, denoted by

Tn+1,i = {Bn+1,i;T(Bn+1,i)7 e 7Thn71(Bn+1,i)}

where Bpy1, = [0,...,0,i]n41, for every i € {0, ..., g, — 1} (see Figure[lI.2)). The atoms of

Tn+1,i are the cylinders of the form [z, ..., zp—1,%]n+1 with x5 € {0,..., g, — 1} for every
ke{0,...,n— 1}
Given n > 1 and i € {0,...,¢q, — 1}, the tower T,.1,; visits the n-th towers with the

following order:

7;7<Ul(n—1))71(0)7 7;7(02(”_1))—1(1), N ,7;7<U£n_1))71(%71).

According to Section [[I.B.a] we get the Bratteli diagram B of T illustrated in Figure [[1.7]
The following map

U: (Zp)ns0 € X — (<v(0) v(1>,0) , (v(l) (2 U(O)(x0)> , (v(2) v(3) 0(1)(x1)> ,) € Xp

» Uz 20 Va1 s Oy 21 Vay's Oy
is a conjugation between T and the Bratteli-Vershik system T’p, it satisfies
U H(XE)) = XB\XB max
and (¢ (X)) = Xp\XB min:

In the case the permutations satisfy a(n)(O) =0, ng)(Qn —1) =¢q, — 1 for every n > 0,

i
the Bratteli diagram is properly ordered and we have

XB,max = {\Ij(x-i_)}
and XB,min = {\I/(:L’f)} .



II.B. FURTHER COMMENTS ON ODOMUTANTS 101

Figure II.7: An ordered Bratteli diagram describing the odomutant built from the odometer on
[1.5010,-..,gn — 1} and families of permutations (aE”)) for n > 0.

0<i<qn+1

I1.B.c Comparisons between Boyle and Handelman’s system and our
odomutants.

As mentioned in the introduction, Boyle and Handelman have shown the following result.

Theorem (Boyle, Handelman [BH94|). Let S be the dyadic odometer. Let o be either a
positive real number or +00. Then there exists a Cantor minimal homeomorphism T such
that:

1. S and T are strongly orbit equivalent;
2. htop(T) = .

In their proof, they build a Bratteli diagram Bpy (see Figure [[I.8) similar to the

diagram in Figure @, the only difference is that for every k£ > 1, for every o) e Vi,

i
v§k+1) € Vi1, with 0 <4 < gr—1 and 0 < j < g — 1, there are ng edges connecting these

vertices. Then the ideas remain almost the same. Every vertex vj(.kﬂ) € Vi11 provides a

permutation Uj(vk72) on the niqr_1 edges of range vj(.kﬂ), satisfying

o2 (0) = 0

and a§k_2)(nqu,1 —1) =npqr—1 — 1,

so that the diagram is properly ordered and the associated Bratteli-Vershik system T :=
TRy, can be extended to a homeomorphism on the Cantor set. The permutations are
chosen in order to get hyop(T') = a (we refer the reader to their proof for more details, note
that their proof in the case & = +00 has been here entirely reformulated in our formalism).

It turns out that their Bratteli diagram is a diagram for an odomutant. Let us recall
the following facts.

e In a Bratteli diagram, for some fixed vertex U](-k-H) € Va1, with 0 < 5 < g — 1, the

set of edges ril(v](-kﬂ)), with its linear ordering, encodes the stacking of subtowers
of Tro,-- Thygp_,—1 to build the tower Ty41 ; (see Figure [L1.6)).



102 CHAPTER II: ODOMUTANTS AND FLEXIBILITY RESULTS FOR QUANT. OE

()

o

Figure II.8: Bratteli diagram built by Boyle and Handelman in the proof of their Theorem 2.8 [BH94],
with n1 =2, no = 3.

e In the cutting-and-stacking construction of an odomutant described in Figure[[I.2] ev-
ery tower Ty ;, with 0 < ¢ < gx—1, is uniformly cut in g1 subtowers (77‘371.(6))0<€<qk+1
and we build every tower Tj1j, with 0 < j < g, by choosing only one subtower in

each T 0, .., Tkgq._,—1 and stacking them.

The Bratteli diagram Bgpy of Boyle and Handelman describes the following cutting-
and-stacking construction: every tower 7Tj; is uniformly cut in nggp+1 subtowers
(77€7i(€))0<€<nqu+1_1 and we build every tower Tjy1; by choosing exactly nj subtowers
in each Tr0, ..., Th,qg,_,—1 and stacking them.

As explained in Section to understand why this is equivalent to the con-
struction of an odomutant, it suffices to cut each k-th tower 7, in nj (sub)towers
Tr,i,0)5 - - They(inj—1)> in such a manner that for every (k + 1)-th tower Ty 15, each tower
Tk, (i,m) contains only one of the ny subtowers Ty ;(¢) which form Ti.1 ;. We then replace
the former k-th towers Ty ;, with 0 <@ < g1, by the new ones Ty, (j 1), with 0 <@ < g1
and 0 < m < ng — 1, and we recover the cutting-and-stacking process of an odomutant
described above (with new integers ny equal to 1). In other words, each vertex in Vj is
split in ny, copies, and we get the Bratteli diagram By illustrated in Figure m

An infinite path of Xp,, can be uniquely written as

TN T
(.22, (o) i+ )

with 0 < i < gx—1 and 0 < my < ng — 1 (we omit the first edge (v(o), v,gll), 0)). With the
notations of Figure [[1.9] the map

k) (k AR
(('Uz(k)a Uz(k_:rll)’ (o-i(k-%—ll)) (nklk + mk))> k>1 © XBBH

(k) (k+1) -D\"1, .
i <(U(ik7mk)’v(ik+1,mk+1)’ <0ik+1 ) (g, + mk)))k>1 € XBy

k=1

is a conjugation between the Bratteli- Vershik systems Ty, and T Bl
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()

(3)

Y0,0) . - Va2-10)

Figure 11.9: To get Bgy = (V',E') from the Bratteli diagram Bgu of Boyle and Handelman (see
Figure [I1.8), we successively duplicate the vertices and the edges.
In Bgmu, the integer n1 is equal to 2 (from each vertex in Vi to each one in Va, there are two edges), so

€Y 1)

each vertex v;”’ (with 0 <14 < go) is split in two new vertices V(10 and 1)8)1), each one being associated to

one of the two edges in r_l(v]@)) (for every 0 < j < q1). For every 0 < m1 < nq — 1, there is only one edge
between v to vg}n)n (this edge can be considered as a copy of the edge from v(®) to the former vertex
o)

i)
The integer n» is equal to 3 (from each vertex in V> to each one in V3, there are three edges), so each

(2) . . . . . (2) (2)
;77 (with 0 < j < ¢1) is split in three new vertices V(50y V(i)

to one of the three edges in r_l(v,is)) (for every 0 < k < ¢2). For every 0 < ma < n2 — 1, we define the
edges of range uﬁ)nz as copies of the edges of range the former vertex vj(-z). A thicker edge corresponds to
one copy. We do not indicate the rank of the other edges (the thinner ones) for clarity.

Then we apply the same algorithm to define the new vertices and edges in F5, V4, E5, VJ, .. ..

vertex v and v((jz.)z), each one being associated

I1.B.d Comparisons between Boyle and Handelman’s proof and our
techniques.

Unlike Boyle and Handelman, we prove the case o < +00 of Theorem [ with a cutting-and-
stacking process where all new towers contain only one copy of each former tower. This is
naturally the construction encoded by an odomutant endowed with the sequence (P(¢))s>1
of partitions in ¢-cylinders (see Figure . In order to get the case a = 400, the main
trick is to understand that a less restrictive cutting-and-stacking process, namely where
every former tower may appear many times in the new ones, is encoded by an odomutant
equipped with another sequence of partitions. Here the partitions are the ones associated
to a description of this odomutant by multiple permutations, namely the partitions 75(€)
(see Definition . A first way to understand why this is relevant is to notice that with
these partitions, we cannot distinguish between towers of the same step, as if they were
the copies of the same former tower which appear in a new one (see Figure . Another
remark is that Boyle and Handelman use the partitions in cylinders in the Cantor space
XBpy on which their system T, is defined. Therefore, if we want to reformulate their
proof in our formalism and with the odomutant conjugate to Ty, we have to consider
the image of these partitions by the conjugation that we explicit above. It turns out that
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we get the partitions P(f).

To prove that the system T, is strongly orbit equivalent to the dyadic odometer
S, Boyle and Handelman use the Giordano-Putnam-Skau theorem and the fact that the
dimension group of Tgy, is Z[1/2]. In our proof of Theorem [I} the orbit equivalence is
explicit and this enables us to directly show that the cocycles have at most one point of
discontinuity. This also enables us to quantify the integrability of this orbit equivalence.

II.C Equivalence between definitions of loose Bernoullicity in
the zero-entropy case

To our knowledge, justifications for the equivalence between two definitions of loose
Bernoullicity in the zero-entropy case (see Theorem [II1.2.8)) is missing is the literature.
Here we provide a proof. Let us first recall these definitions, that we already wrote in

Section [L.2.dl
Definition II.C.1. Let T € Aut(X, 1) and P be a partition of X.

e (T,P) is loosely Bernoulli, and we write T is LB, if for every € > 0, for every
sufficiently large integer N and for each M > 0, there exists a collection G of “good”
atoms in PEM whose union has measure greater than or equal to 1 — ¢, and so that
for each pair A, B of atoms in G, the following holds: there is a probability measure
nA R O PN x PN satistying

(D) nap({w} x PY) = pa({[Plin(.) = w}) for every w e PV;
(ID) nap(PY x {w'}) = pp({[Plin(.) = w'}) for every w' € PV;
(1) nap({(w,w') € PN x PN | fy(w,w') > €}) <e.
e We say that (T, P) is LBy if for every € > 0 and for every sufficiently large integer N,

there exists a collection H of “good” atoms in P{V whose union has measure greater
than or equal to 1 —¢ and so that we have fy(w,w’) < ¢ for every w,w' € [P]i n(H).

Theorem II.C.2. Let T' € Aut(X,p) and P be a partition of X. If h,(T,P) = 0, then
(T, P) is LB if and only if it is LBy.

This theorem relies on the following key lemma which crucially uses the assumption
on the entropy. Note that, when considering a set Q of subsets of X, for instance a set of
atoms of a partition, ;(Q) will abusively denote the measure of (.o A-

Lemma I1.C.3. Let T' € Aut(X,p) and P be a partition of X, such that h,(T,P) = 0.
Let a > 0 and N be a positive integer. Then there exists an integer Mo = 0 such that the
following holds for every M > My: there exists a collection (QC)CGP{V of disjoints subsets

of PY,, such that
o for every C € PN, for every A€ Qc, we have us(C) = 1 — \/a;
o for every C € PN, we have 1 (Qc) = (1 — 24/a)u(0).

Note that the second item implies u (UCeP{V QC> >1-24y/a.

Proof of Lemma[II.C 3 By [Dowll| Fact 2.3.12|, the assumption h,(7,P) = 0 implies
that P{¥ is P ,-measurable, where

Pgoo =0 (PQN[,M 2 O) y
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namely PY_ is the o-algebra generated by the increasing sequence of algebras
(a(P°0) wso- LThen the following holds for every C' € PN: for every n > 0, there
exists Bo € (Jprso0(P2yy) such that u(CABe) < n. Applied to n = au(C), this fact
provides an integer My > 0 such that every atom C € P} is closed to some B¢ € J(,PEMO),
namely u(CABc) < au(C). Let us fix an integer M > M), and notice that B¢ is also in
a(PY,))-

For every C' € va , let us set

Qc={AeP | A< Be, pa(C) > min (1 —+/a,1/2)}.

Given two distinct atoms C,C’ € P{, the sets Qc and Q¢ are disjoint, otherwise we
would have an atom A € PY u lying in Q¢ and Q¢ and such that the following occurs:

1(A) = p(An C) + p(An ') = (1a(C) + pa(C)) p(A) > u(A),

a contradiction.
Given C € PV, it remains to prove pu(Qc) = (1 — 24/a)u(C). Let us write

Qs ={AeP’ | Ac Bc)\Qc.

On the one hand, we have

pBenC)= > wAnC)+ >, wAnC)

AeQc AeQg,

< Qo) + (1 = Ve)u(Qp)

= w(Qc) + (1 — V) (u(Be) — u(Qc))
= (1 = va)u(Be) +vapu(Qc)
< (I =va)(1 +a)u(C) + Vau(Qo).

where the last inequality comes from
u(Be) < p(BeAC) + pu(C) < (1 + a)u(C)
On the other hand, we have
1B A C) = p(C) = u(BoAC) = (1= a)u(C).

Combining all these inequalities, we get

wQe) = —=(1—a—(1 - va)1 + ) u(C) = (1 - +/a)’u(C) = (1 - 2/a)u(C),

T
as wanted. O

Proof of Theorem[II.C.2. Assume that (T, P) is LB. Let us fix € €]0, 1[ and a sufficiently
large integer N as in the definition of LB. With a > 0 small enough so that

(1-+va)(l—va—e)>1-2

and 1 —24/a > ¢
we apply Lemma [[I.C.3| to get M and (QC)CEP{V as described in the statement. By

definition of LB associated to the quantities &, N and M, we get G PEM covering at
least 1 — ¢ of the space, and a family (n4 ) eg of probabilities on PV x PV satisfying

items [(T)], and [(TIT)] Let us define
H={CeP)|GnQc+ T}.
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We first have
wH) = Y u@ =Y S wCaza-va) Y S ua

CeH CeH AeQcnG CeH AeQcnG

=(1—vauldn | Q¢

cep]N

(1—va)(l—va—¢)
1 — 2e.

VoWV

Secondly, let us consider C,C" € H and let us prove that w = [P]; n(C) and w' =
[Plin(C") are fy-close. By definition, we can pick A € G n Q¢ and B € G n Q¢r, and

using items and we have
nap({wy x PY) 2 pa(C) = 1-va

and n4 g(PY x {w'}) = pa(C') = 1 — /e

This implies
nap({(w,w)}) =1-2y/a>e,

so fn(w,w") < e by item |(IIT)l We have proved that (T, P) satisfies LBg for 2¢.
Let us now assume that (7', P) is LBy, we fix £ > 0, a sufficiently large integer N > 0
and an associated H < Pj¥ as in the definition of LBg. With o > 0 small enough so that

(1-va)yz1-¢

and (1 —2¢/a)(1 —¢) =1 — 2¢,

we apply Lemma to get My and for every M > My, an associated collection
(QC)CGP{V as described in the statement. Let us fix M = My and let us consider

g = UQC

CeH

and for every A, B € G, the probability ns g on PV x PV defined by

nap({(w,w)}) = pa{[Plin() = whus{[Plin() = w'}),
they automatically satisfy items [(I)] and [(IL)] Given C,C" € H, A€ Q¢ and B € Qcv, and
w = [P]in(C) and w' == [P]1.n(C"), we have
nas({{w,w)}) = pa(C)up(C) = (1 -Va)* =1 —¢,
and since fy(w,w') < g, we get item Finally, we have
n(g) = CZM(Q@ >(1- 2@;{“(0) = (1 -2va)u(H) = (1-2Va) (1 —¢) > 1 - 2.

We have proved that (T, P) satisfies LB for 2¢, N large enough and M > M. By [Fel76,
Corollary 2|, we can replace “for each M > 0” by “for every sufficiently large M > 0” in
the definition of LB, so we are done. O
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Chapter 111

On the absence of quantitatively
critical measure equivalence
couplings

This chapter corresponds to the article [Cor25¢].

Abstract

Given a measure equivalence coupling between two finitely generated groups,
Delabie, Koivisto, Le Maitre and Tessera have found explicit upper bounds on how
integrable the associated cocycles can be. These bounds are optimal in many cases
but the integrability of the cocycles with respect to these critical thresholds remained
unclear. For instance, a cocycle from ZF™* to Z* can be LP for all p < kLM but not
for p > kLM, and the case p = ki% was an open question which we answer by the
negative. Our main result actually yields much more examples where the integra-
bility threshold given by Delabie-Koivisto-Le Maitre-Tessera Theorems cannot be
reached.

111
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I11.1 Introduction

Measure equivalence is an equivalence relation on countable groups introduced by Gromov
as a measured analogue of quasi-isometry. A first example of measure equivalent groups is
given by two lattices in the same locally compact group.

Another source of examples is provided by orbit equivalence. Two groups I' and A
are orbit equivalent if there exist two free probability measure-preserving I'- and A-actions
ar and ap on a standard probability space (X, u), having the same orbits. This yields
measurable functions cra: I' x X — A and cpor: A x X — I' describing the distortions on
the orbits, called the cocycles and defined almost everywhere by the equations

ar(v)z = ap(cra(y,z))x and ap(N)z = ar(car(X, z))z.

More generally, the notion of measure equivalence also yields cocycles cpp: I' x Xy — A
and car: A x Xp — I', where (Xr, ux,) and (X,, px, ) are probability spaces arising from
the measure equivalence coupling between the groups (see Section .

When the two groups are finitely generated, a stronger notion called L' measure
equivalence can be defined. It requires that the measurable functions |epa(7,-)[g, and
lea,r (A, +)g,. are integrable for every 7 € I' and A € A, where ||, and |.[g, respectively
denote the word-length metrics with respect to some finite generating sets Sr and Sj of
the groups. This definition does not depend on the choice of ST and Sp and we simply
say that cr p and car are integrable. Many rigidity results have been uncovered in this
context (see e.g. [BFS13] and [Ausl6b]). Most of the time, these results tell us that L1
measure equivalence captures the geometry of the groups, in contrast to Ornstein-Weiss
Theorem |[OWS80| which states that all infinite countable amenable groups are measure
equivalent.

To get finer rigidity results among finitely generated groups, Delabie, Koivisto, Le
Maitre and Tessera [DKLMT22] introduced more general quantitative restrictions on the
cocycles. Given positive real numbers p and ¢, we say that two finitely generated groups
I and A are (LP,L9) measure equivalent (resp. (LP,L%) orbit equivalent) if there exists a
measure equivalence (resp. an orbit equivalence) between them and the associated cocy-
cles crp and cpr are respectively L and L9, i.e. the real-valued measurable functions
lera (v, )lg, and [ear(A,)|g. are respectively LP and L7 for every v € I' and A € A. We
also replace L? or L? by L? when no requirement is made on the corresponding cocycle.

We can also define (g, 1)-integrability measure equivalence (resp. orbit equivalence)
for non-decreasing maps ¢, ¥ : Ry — R, (see Definition . In particular, LP” means
that we consider the map = +— P,

In the case of the groups Z? for d > 1, Delabie, Koivisto, Le Maitre and Tessera
prove that there is no (L?,L%) measure equivalence coupling from Z*+¢ to ZF for p > kLH
(IDKLMT22, Corollary 3.4]). On the other hand, they explicitly build a measure equiva-
lence from ZF*¢ to Z* which is (LP, L) for every p < kiﬁ (|[DKLMT22, Theorem 1.9]).

k
The existence of an (L%, L") measure equivalence coupling from Z*+¢ to ZF remained
unclear (see also [DKLMT22, Question 1.10]). Our contribution provides a negative answer
to this question (see Corollary [I11.4.3]), thus yielding the following complete description:

Theorem K (see Theorem [[I1.4.4). If k and ¢ are positive integers, then there exists an

(L, L% measure equivalence coupling from ZF to ZF if and only if p < kLH

The absence of measure equivalence coupling from Z*+¢ to Z* with the critical integra-

k
bility (L#+,L%) was the initial goal of the paper. As we will see later in this introduction,
this is actually a particular case of more general statements (see Theorems [L| and .
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Our result relies on the following key lemma (Lemmal/lI1.3.2/in the easier case I' = ZF+*
and A = ZF): given a measure equivalence coupling from Z*+¢ and ZF, if a cocycle is -
integrable, then it is ¥-integrable for another non-decreasing map ¢: R;. — R such that

Y(z) = O(p(x)) does not hold as x goes to +co. If now we assume that the cocycle czi 7+
k
is p-integrable where p(x) = xF+7 we can combine this with a more precise version of

[IDKLMT22, Corollary 3.4]: by their Theorem 3.1, we must have ¢(z) = O(¢(x)), a
contradiction, thus proving our result. It is interesting to note that while the statement
does not mention e-integrability, its proof crucially uses it.

This key lemma is a natural adaptation of the following elementary, yet fundamental
fact.

Fact. Let (up)nen be a sequence of non-negative real numbers which is summable. Then
there exists a sequence (Vn)nen 0f non-negative real numbers which is summable and such
that u, = o(vy,).

Proof of the fact. We can find an increasing sequence (N)i>1 of positive integers satisfying
N; = 0 and Z:;Nk Uy < k%, for every k£ = 2. Then for every integer n > 0, we define
Up = kuy, if Np <n < Ngi1. We have

and u, = o(vy). O

Let us now present generalizations to other groups, using the isoperimetric profile
(Theorem L)) and then the growth (Theorem|N). First, recall that given non-decreasing real-
valued functions f and g defined on a neighborhood of 400, we say that f is asymptotically
less than g, denoted by f < g, if there exists a constant C' > 0 such that f(x) = O (¢(Cx))
as x — +00. We say that f is asymptotically equivalent to g, denoted by f =~ g, if f < g
and f > g. The asymptotic behavior of f is its equivalence class modulo =.

Given a finitely generated group I, its tsoperimetric profile is a real-valued function
Ji,r defined on the set of positive integers and given modulo ~ by the formula

jLF(.T) = sup ﬂv
AcT,|A|<z |5A|

where 0A = SrA A A and St is a finite generating subset of I'. It has been computed
for many groups, for instance j; z4(7) ~ 2% [Cou00], J1,zsezyz(x) = log z [Ers03|, where
(Z/2Z)Z is a lamplighter group (the definition is recalled in Section [[IL4.c). Note that it
is an unbounded function if and only if the group is amenable. It can thus be interpreted
as a measurement of amenability: the faster it goes to infinity, the “more amenable” the
group is. We refer the reader to [DKLMT22| for more details on the isoperimetric profile
and more generally the ¢P-isoperimetric profile.

Now we state the theorem of Delabie, Koivisto, Le Maitre and Tessera on the behaviour
of the isoperimetric profile under quantitative measure equivalence.

Theorem III.1.1 ([DKLMT22, Theorem 1.1]). Let ¢: Ry — Ry be a function such that
¢ and t — t/p(t) are non-decreasing, let I' and A be finitely generated groups. Assume
that there exists a (¢, LY)-integrable measure equivalence coupling from T to A. Then their
isoperimetric profiles satisfy the following asymptotic inequality:

Yo JLA X JIr-
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If ji A is injective, then ¢ o j1 A < j1,r means that there exists a constant C' > 0 such
that the following holds as z goes to +oo:

p(z) = O(j1,r(Cii 5 (2))), (ITL.1)

so Theorem [IT1.1.1| provides upper bounds = ~ j; r(Cjx(2)) for C > 0. In order to

k
generalize our first contribution (“there is no (L%+, L") measure equivalence coupling from
rom o other groups, we must pay attention to a few obstacles which do no
7k from ZF7) to other g t ttention to a few obstacles which do not
appear in the case I' = ZF*¢ and A = ZF.

e The isoperimetric profile of a finitely generated group A is not necessarily injective,
SO is not well-defined in full generality. But when studying this function, we
only take into account its asymptotic behaviour. Moreover, we will check that it
suffices to consider an injective function hp with the same asymptotic behavior (the
existence of such a map is granted by Remark [[IL.1.2)).

e Given two different positive constants C' and C’, we do not know if the func-
tions 71 r(Cj; A () and j1,r(C'j; A(.)) have the same asymptotic behavior, so Theo-
rem does not provide a precise upper bound of ¢ a priori. This is the reason
why we will assume that the isoperimetric profile of I' satisfies j; r(Cz) = O(j1,r(z))
for every C' > 0. For other technical reasons arising from the existence of a constant
in the definition of “p-integrability” (see Definition [[T1.2.4), we will also require this

hypothesis on ji r ojf}x. These requirements motivate Assumptions ([I1.3)) and (I11.4))
in Theorem [[] below.

e In Lemma [[I1.3.2] where we build a new map % from the original one ¢ = jiro
jf}\ (for the case I' = Z**¢ and A = ZF, see the paragraph after the proof of the

elementary fact), we need ¢ to be sublineauE]7 hence Assumption ([I1.2)) in Theorem
Hence, a first generalization is the following.

Theorem L. Let I' and A be finitely generated groups. Assume that there exist a non-
decreasing function hr and an increasing function ha satisfying hr = jir, ha = ji,a and
the following assumptions as x — +o0:

hr(xz) = o(hp(x)), (I11.2)
VC >0, hp(Cz) = O (hr(z)), (111.3)
YC >0, hrohy'(Cz) = O (hr o hy'(z)). (T11.4)

Then there is no (hr o hXI,LO)—mtegmble measure equivalence coupling from T' to A.

Remark I11.1.2. The isoperimetric profile of a finitely generated group I' is always asymp-
totically equivalent to an increasing function hr. For instance, if j; r satisfies

0< ij(n -1 < jlyp(n) =...= ij(n +k—-1)< jlyr(n + k)
for some positive integers n and k, then we can set

k—1

k

Jir(n) + —min (jir(n + k), 2j1,r(n))

hr(n + Z) = 2

for every i € {0,...,k — 1}. We do not provide the details.

!This is necessary to assume that j; r oj;}\ is sublinear. Indeed, we cannot apply the same strategy in
the case I' = Z and A = Z2, since Escalier and Joseph have built a measure equivalence coupling from Z
to Z* which is (L, LP) for every p < 3 (not yet published work).
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It is straightforward to check that the equivalence relation & preserves Assump-
tion for a non necessarily injective function. Moreover satisfying Assumptions
and is also preserved under this equivalence relation, as well as satisfying Assump-
tions ([IL.2), (IIL.3) and when the inverse of one of the functions is well-defined.

Question III.1.3. Does the isoperimetric profile of a finitely generated group always
satisfy Assumption ([II.3)7 In the case jir(x) = o(ji,a(x)), does there always exist a pair
(hr, hp) of functions satisfying the assumptions of Theorem

The following corollary allows us to answer a question of Delabie, Koivisto, Le Maitre
and Tessera (see [DKLMT22, Question 1.2]|) by the negative for many of finitely generated
group I'.

Corollary M (see Corollary [II1.4.1)). Let T' be a finitely generated group which is not
virtually cyclic. Assume that its isoperimetric profile jir satisfies

vC >0, jir(Cz) =0 (jir(z)) as x — +o0. (I11.5)
Then there is no (jir, L%)-integrable measure equivalence coupling from T to 7.

Given an increasing function satisfying a mild regularity condition, Brieussel and
Zheng [BZ21| build a group whose isoperimetric profile is asymptotically equivalent to
this function. It turns out that this regularity condition implies our condition (IIL.5]) (see
Section . Moreover, if I' is such a groupﬂ, it follows from the work of Escalier |[Esc24|
that there exists an orbit equivalence from T to Z which is almost (ji r, L°)-integrable, thus
providing a complete description similar to Theorem [K| (see Theorem .

Explicit constructions of orbit equivalences in [DKLMT22| show that the upper bound
given in Theorem is sharp for other groups than Z¢, such as lamplighter groups or
iterated wreath products. The existence of a measure equivalence coupling with this criti-

cal threshold remained unclear and our Theorem |l enables us to answer by the negative.
We refer the reader to Theorems [[T1.4.6] [[T1.4.8], [[T1.4.10] and [[TT.4.11] for precise statements.

Another rigidity result in [DKLMT22| deals with the notion of volume growth. Given
a finitely generated group I' and finite generating set Sr of I', we define

Vr(n) = H*yl o 7,y mESr U (Sp) U {ep}}‘

for every positive integer n, where er denotes the identity element of I". As for the isoperi-
metric profile, we extend Vr to a continuous and non-decreasing function. The wvolume
growth of I is the asymptotic behavior of Vp, it does not depend on the choice of S, nor
does its extension to R, . We say that T' has polynomial growth of degree d if Vy(z) ~ x°.
Finally, note that the volume growth is increasing but the isoperimetric profile may fail to

be injective.

Theorem II1.1.4 ([DKLMT22, Theorem 3.1]). Let ¢ be an increasing, subadditive func-
tion such that ©(0) = 0, let ' and A be finitely generated groups. Assume that there exists
a (p, LO)-integrable measure equivalence coupling from T to A. Then

VF < VA © @717
where o~ denotes the inverse function of .

With the same strategy as Theorem [[] we get the following statement.

*We call it a Brieussel-Zheng group, although their construction is more general.
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Theorem N. Let I' and A be finitely generated groups. Assume that there exist two

increasing functions hr and hp satisfying hr = Vp, ha = Vj and the following properties
as x — +00:

ho'(z) = o (hy'(2)), (I11.6)

VC >0, hp'(Cz) = O (hy''(2)), (II1.7)

VO >0, hp' o ha(Cx) = O (hp' o ha(z)). (I11.8)

~—~

Then there is no (hIT1 o hy, L9)-integrable measure equivalence coupling from T to A.

We will prove Theorems [[] and [N] in Section [[I.3] and give the main applications in
Section [[11.4

More general statements of Delabie, Koivisto, Le Maitre and Tessera deal with asym-
metric weakenings of measure equivalence coupling: measure subgroup, quotient and sub-
quotient couplings. We can still apply our ideas to these generalizations.

Theorems [[] and [N] still hold in the context of quantitative orbit equivalence, since the
existence of a (¢, ¥)-integrable orbit equivalence from I" to A is equivalent to the existence
of a (p,1))-integrable measure equivalence coupling with equal fundamental domains.

IT1.2 Quantitative measure equivalence

The groups I and A are always assumed to be finitely generated. By a smooth action of a
countable group I', we mean a measure-preserving ['-action on a standard measured space
(€, 1) which admits a fundamental domain, namely a Borel subset X of Q that intersects
every I'-orbit exactly once.

Definition II1.2.1. A measure equivalence coupling between I' and A is a quadruple
(Q, X1, Xa, 1) where (2, ) is a standard Borel measure space equipped with commuting
measure-preserving smooth I'- and A-actions such that

1. both the I'- and A-actions are free;

2. Xr (resp. Xy) is a fixed fundamental domain for the I'-action (resp. for the A-
action);

3. Xt and X, have finite measures.

We will always use the notations v = x and A *x (with v € I', A € A, z € Q) for these
smooth actions on 2. The notations v - and A - z refers to the induced actions that we
now define, as well as the cocycles.

Definition II1.2.2. A measure equivalence coupling (€, X1, Xa, ) between I' and A
induces a finite measure-preserving I'-action on (Xy, ux,) in the following way: for every
v eI and every z € Xy, 7-x € Xy is defined by the identity

(Axvy=xx)n Xp ={y- 2},

it is unique since Xy is a fundamental domain for the smooth A-action.
This also yields a cocycle cpa: I' x Xy — A uniquely (by freeness) defined by

cra(y, @) sy saw=7-x,

or equivalently cp A (7, ) * v * x € Xy, for almost every x € X and every v € I'. We simi-
larly define a finite measure-preserving A-action on (Xr, p1x;.) and the associated cocycle
CAT ! A x XF — I
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Remark III.2.3. The cocycle crp: I' x X5 — A satisfies the cocycle identity
Vy1,72 € L', Vo€ Xy, era(v1y2: @) = cra(y1,72 - )er a (2, ).

Definition ITI.2.4 (Delabie, Koivisto, Le Maitre and Tessera [DKLMT22|). Let ¢: Ry —
R, be a non-decreasing map. Given a measure equivalence coupling between I' and A, we
say that the cocycle crpa: I’ x Xy — A is g-integrable if for every v € T', there exists

¢y > 0 such that
cra(y, )
| ¢<'L%>muu@<+w
XA Cy

where Sy is a finite generating set of A and for every A, |\|g, denotes its word-length
metric with respect to Sy, defined by

Als, =min{n =0]3I\1,...., \n €Sy U (Sa) P u{eal, A=A A}
We define g-integrability for ca r in a similar way.

Remark III.2.5. Defining ¢-integrability for the cocycle cr a with the use of constants
¢y is necessary because we need the following properties:

e this notion of y-integrability does not depend on the choice of the finite generating
set of A, since for any finitely generated sets Sy, S}, there exists a constant C' > 0
such that

1
=gy <A, < CIg,
for every A € A;
o if ¢ & 1), then p-integrability and -integrability are equivalent notions;

e to prove that the cocycle crp: I' x X) — A is p-integrable, it suffices to check the

finiteness of
lera(y, )| g
J w(A dpx, (%)
XA Cy

for every element v in a finite generating set of I". This follows from [DKLMT22,
Proposition 2.22].

Definition IIT.2.6 (Delabie, Koivisto, Le Maitre and Tessera [DKLMT22|). A measure
equivalence coupling (€2, X1, X, 1) between the groups I' and A is a (¢, ¢)-integrable
measure equivalence coupling from I' to A if cra: I' x X5 — A is p-integrable and
ear: A x Xr — I is 1)-integrable.

For p > 0, we write LP instead of ¢ or ¢ if we consider the map ¢ — P, and we write
L% when no requirement is made on the cocycle. For example, the measure equivalence
coupling is (¢, LP)-integrable if cr 5 is p-integrable and cj 1 isin LP(Xy, px, ); it is (LP, L)-
integrable if cp 5 is LP(X, ). Finally, a measure equivalence coupling is ¢-integrable if
it is (¢, p)-integrable.

Note that a (p,1)-integrable measure equivalence coupling from I' to A is a (¢, )-
integrable measure equivalence coupling from A to I.
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I11.3 Proof of the main results

We now prove Theorems [ and The key result is Lemma [II.3.2] which uses
Lemma [TL3.1]

Lemma II1.3.1. Let z € R and 6: [z, +0) — R be a conlinuous sublinear function. If y
is a real number satisfying y < 0(t) for every t € [x,+0), then the set

E(x,y,0) = {t > x| Vs e [x,t],0(s) = Qit)_;y(s —x) + y}

18 not bounded above.

Proof of Lemma [[T1.3.1] Let us consider the continuous maps a : t € (z,4+00) — R and
m : te (x,+00) — R defined by
0(t) —y

a(t) = P and m(t) = Slér%;g]a(s).

Note that the set E(x,y,0) is equal to {t > x | m(t) = a(t)}. Let us also define the set
E' = {te (x,+w©)|Vse (z,t), m(s) >m(t)}.
By the assumptions, the non-increasing map m satisfies the following properties:
e m(t) > 0 for every t € (z, +0);

©mlt) o0

e if t is in E’, then we have m(t) = a(t).
Therefore the set E is not bounded above and is included in E(x,y,0). O

Lemma II1.3.2. Let p: Ry — R, be a continuous, sublinear and increasing function.
Given an integer £ = 1 and a probability space (X, ), let fi,..., fo: X — N be measurable
maps satisfying

f (i) dpu(z) < +00
X

for every i € {1,...,¢}. Then there exists a subadditive map 1p: Ry — R such that
¥(0) =0, ¥ and t — t/1(t) are non-decreasing, and

1. o(zk) = o((xy)) for some increasing sequence (Tk)k=0 of non-negative real numbers
tending to +o0;

2. for every i€ {1,...,4},
JX Y(fi(x))du(x) < +oo.

Proof of Lemma[IIT.3.2, For every n > 0 and every i € {1,...,¢}, let us define the non-
negative real number W) = em)u({fi = n}). For every i € {1,...,¢}, the sequence

(ug))n%) is summable since

+0

Mould = > pn)u({f; = n}) = f o(fi(2))du(x) < .
n=0 X

n=0
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Let (Ng)k>1 be an increasing sequence of positive integers satisfying Ny = 0 and

VE>2, Vie{l,....t}, > u,(f)<ﬁ.
n=Ny

Then for every integer n > 1, we define K, :== k if N < n < Nj11. The sequence (K;,)p>1
tends to +00 and the sequences (Knug))n% are summable (see the proof of the fact in the
introduction).

We inductively build an increasing sequence (x)r=o of integers satisfying xo = 0 and
xp = Niyq1 for every k > 1, a decreasing sequence (ay)r>o of positive real numbers, a
sequence (b )k=0 of non-negative real numbers satisfying by = 0, and a continuous piecewise
linear map ¢ : Ry — Ry satisfying the following properties:

e for every k > 0, for every t € [z, zp11], ¥(t) = by + art and Y (t) < (k + 1)p(t);
e for every k = 0, ¥(zy) = kp(zy).

Let us set zg :== 0, x1 := Na, ag = ¢(N2)/Na, by = 0 and for every ¢ € [0, No],

P(N2)
t) = t.
Given an integer k = 2, assume that we have already defined 0 = 29 < 1 < ... < xp_1,
ap > ... > a2, by,...,bp_o and the map ¢ on [0,z 1]. By the assumptions on ¢ and

since

Y(xp-1) = (k= Dp(rp—1) < ke(zp-1),

we can apply Lemma [[I1.3.1 to = = z_1, y == ¥(xp_1), 0 = k x ¢. We choose ) €
E(xg_1,Y(zr—1), k x @) sufficiently large so that

® T = Npiq;

® qp_1 = —= is less than ax_o,

the last condition being possible since ¢ is sublinear. Let us define

br—1 = P(xg-1) — kcp(fiz)_—;i(jkﬂ)ka

We then extend ¥ on [zj_1, zk] by setting

ko(ar) — Y (wr-1)

T — Tp—1

P(t) = b1 +ap_1t = (t = xp—1) +Y(Tp—1),

so that v satisfies ¥(xy) = ke(xy) and ¥(t) < kp(t) for every t € [xg_1, 2] (by definition
of the set E(xp_1, ¥ (xk—1),k x ¢)). The real number by_; is necessarily non-negative since
we have by_o + ap_oxr_1 = br_1 + ap_17p_1 with ap_1 < ap_o and bg_o = 0.

Let us prove that v satisfies the desired conditions. The map 9 is increasing since the
real numbers a; are positive. It is easy to prove that ¢(zr) = o(¢(zx)). Since the map
t € (0,+0) — =L is non-decreasing if @ > 0 and b > 0, we get that the map ¢ — ¢/i(t)
is non-decreasing. We build ¢ as a concave and increasing map satisfying ¢(0) = 0, so ¢
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is subadditive. Finally, given an integer i € {1,...,¢}, we have

+00 Tg1—1

Zw p({fi=n}) => > dmu{fi =n}

n=xi k=1 n=xg
+00 Tp41—1

<Y (k4 Dpmu({fi = n})

k=1 n=xy
+00 Tr41—1

Z 2 Knp(n)p({fi = n})

k=1 n=x
= Z Knuff) < w0,
n=1

where the second inequality follows from the inequalities k + 1 < K, for every integers n
and k satisfying n > x;, (since we have z > Ni,1). The equality

xr1—1

| ottt = 3 vlulis =np + ST vt = n})

n=xi

implies that the integral is finite. O

Proof of Theorem[L] Suppose that there exist a non-decreasing function hr and an in-
creasing function ha satisfying hr = jir, ha = ji,ao and the following assumptions as
xr — +00:

hr(xz) = o(hp(x)), (I11.9)
YC > 0, hp(Cz) = O (hr(x)), (T11.10)
YO >0, hr o hy'(Cz) = O (hr o hy (7). (I11.11)

Let us assume by contradiction that there exists a (hro hxl, L%)-integrable measure equiv-
alence coupling (€, Xp, Xp,u) from T' to A. Let us fix finite generating sets Sp of ' and
Sp of A. We write St = {y1,...,7}. For every i € {1,...,¢}, there is a constant c,, > 0

such that
Cr A\Yi, T
J hr o th M dpx, (x) < +o0.
XA Cy;

Using Assumption for ¢ = c¢,,, we may and do assume that c,, = 1 for every
i € {1,...,¢}. We now apply Lemma to ¢ = hro h/_\1 (¢ is sublinear by As-
sumption (LIL9)), (X,u) = (Xa,px,) and fi: @ — |era(vi,2)|g,- We thus get that
(0, Xp, Xa, i) is a (¢, LO)-integrable measure equivalence coupling from I' to A, for some
map ¢: Ry — R, satisfying the following properties:

(A) hr o ki (x) = o(¢(zy)) for some sequence (z)x=o of non-negative real numbers
tending to +o0;

(B) ¢ and t — % are non-decreasing;
(C) 1 is subadditive;

If we have
7 Yo ha, (IT1.12)

namely ¢(z) = O (hF(ChKI(aE))) for some constant C' > 0, then we get a contradiction
with Assumption ([I1.10) and Property Now it remains to prove Inequality ([II.12]).



122 CHAPTER III: ABSENCE OF QUANTITATIVELY CRITICAL ME COUPLINGS

First, Property and Theorem [IT1.1.1] imply that
J1T F Yo jina,

which means that there exist constants C, D > 0 such that ¢(j1a(z)) < Dyjir(Cx) for
every © > 0. Secondly there also exist constants C,Cy, D1, Dy > 0 such that hy(x) <
D1jia(Ciz) and jir(z) < Dohp(Cax) for every > 0. Moreover, by Property and
the monotonicity of ¥, we have ¥ (cx) < [c]i(x) for every ¢ > 0. Finally, this gives

Y(ha()) Y(D1j1,4(Crz))
[D1]¢(j1,4(C12))
[D1]Dj1r(CCx)
[Dl]DDghp(C’ClC’gx)

and we get Inequality ([11.12]). O

Proof of Theorem[N. This is the same proof as Theorem [[] except that we get a contra-
diction with Theorem using the fact that Lemma yields a map 1 which
can be increasing and subadditive and satisfy ¢(0) = 0. Moreover we similarly prove that
Vi = Vp o™t implies hp 3= hp oyp™h O

ININ N N

I11.4 Applications

I1I.4.a Coupling from a finitely generated group to Z

Corollary 111.4.1. Let I" be a finitely generated group which is not virtually cyclic. Assume
that its wsoperimetric profile jir satisfies

vC > 0, er(C.%') =0 (jl,r(]})) as r — +oo. (HI.13)
Then there is no (ji1r, L%)-integrable measure equivalence coupling from T to 7Z.

Proof of Corollary [[IT.4.1. A group I' is not virtually cyclic if and only if j; r(z) = o(x).
This is a consequence of the Coulhon Saloff-Coste isoperimetric inequality [CS93, The-
orem 1] and the fact that the volume growth of such a group is at least quadratic if it
is not virtually cyclic (see e.g. [Manll, Corollary 3.5]). We then apply Theorem [L| and

Remark [[T1.1.2] to get Corollary [[T1.4.1 O

In [BZ21, Theorem 1.1] Brieussel and Zheng prove that for any non-decreasing func-
tion f: Ry — Ry such that = — z/f(z) is non-decreasing, there exists a group I' such
that jir ~ %, we call it a Brieussel-Zheng group (although their construction is more
general).

Defining the map F = f{ﬁigv the monotonicity of f (resp. of x — x/f(x)) implies
that F'/log is non-increasing (resp. F' is non-decreasing) and the converse is true. There-
fore, any non-decreasing function F': [1,00) — [1,00) such that F'/log is non-increasing
is the isoperimetric profile of a group. This equivalent statement was already noticed in
[DKLMT22, Theorem 4.26].

From this we deduce that the isoperimetric profiles provided by Brieussel and Zheng
satisfy Assumption ([IL.13). Indeed, let F' be a non-decreasing function such that F/log
is non-increasing, and let C' be a positive constant. If C' < 1, then the monotonicity of F
directly implies the inequality F(Ct) < F(t). If C > 1, we get

F(Cx) - F(x)
log (Cz) ~ log (z)
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log (Cz)

by monotonicity of F'/log, so we have F'(Cz) < F(x) Toa (2]

where the right-hand side is
less than 2F(x) when x is large enough.

As mentioned in the introduction, Escalier [Esc24, Theorem 1.7] proves that for everyﬂ
Brieussel-Zheng group I' mentioned above, there exists an orbit equivalence coupling from

I to Z which is (e, L?)-integrable for all ¢ > 0, where @ (7) = ( J.r(@)

Tog ju.r(ayree - Hence, we

deduce the following.

Theorem I11.4.2. Let I' be a Brieussel-Zheng group and p > 0. Then there exists a
((j1.r)P, LO)-integrable measure equivalence from I to Z if and only if p < 1.

IT1.4.b Coupling between groups of polynomial growth

Corollary 111.4.3. Assume that I' and A have polynomial growth of degree b and a re-
spectively, with b > a. Then there is no (La/b,LO) measure equivalence coupling from I to

A.

Proof of Corollary[I[IT.4.3. The isoperimetric profiles satisfy j; r(z) ~ 21/% and Jia(z) ~
21/ (see |[CS93, Theorem 1]), so the corollary follows from Theorem . O

As mentioned in the introduction, Delabie, Koivisto, Le Maitre and
Tessera [DKLMT22| explicitly build an orbit equivalence in the special case of the
groups Z% for d > 1, and then show that there exists a measure equivalence coupling from
7P to Z® (with b > a) which is (LP, L%)-integrable for every p < a/b. But the existence of
an (L“/ b 1.9)-integrable coupling remained unclear. Our Corollary [II1.4.3| then gives the
following complete description.

Theorem I11.4.4. Given positive integers b > a, there exists an (LP,L°) measure equiva-
lence coupling from Zb to 72 if and only if p < a/b.

III.4.c Lamplighter groups

Let G and F' be two countable groups and (—BQGGF be the subgroup of F¢ consisting of

all functions with finite supportﬂ We define the action of G on @ gec F a8 follows. For

every g € G and every f € @ e ', the function g- f € @ e F is defined by:

Vg' e G, (9-N)d) = flg™"d).
Then the wreath product F ! G is the semi-direct product
G = <@F> x G.
geG
When F is a non-trivial finite group, F'? G is also called a lamplighter group.

Corollary I11.4.5. Assume that G and H have polynomial growth of degree b and a
respectively, with b > a, and let F and K be non-trivial finite groups. Then there is no
(L L% measure equivalence coupling from F1G to KV H.

% Actually, the statement of Theorem 1.7 in |Esc24] is the following : given a non-decreasing function F
such that F'/log is non-decreasing, there exists a group I' such that ji,r ~ F and there exists an orbit equiv-
alence coupling from I to Z which is (¢., exp oF cexp) for every € > 0, where . (z) = F(z)/(log F(z))'**.
The group I' is in fact a Brieussel-Zheng group and the proof of the theorem shows that the existence of
such an orbit equivalence holds for every such groups.

“The support of a function f: G — F is the set {g € G | f(g9) & er} where er is the identity element
of F.
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Proof of Corollary [II1.{.5 The isoperimetric profiles satisfy j; ma(x) ~ (log )1/ and
jrm(z) ~ (logz)/* (see [Ers03, Theorem 1]), so the corollary follows from Theo-
rem [[] O

In the case F = K, G = Zb and H = Z%, using the notion of wreath product for
measure-preserving equivalence relations, Corollary 7.4 in [DKLMT?22| implies that there

exists an (LP,L°%) measure equivalence coupling from F Zb to F 1 Z* for every p < a/b.
Combined with Corollary [[TT.4.5] this yields the following theorem.

Theorem I11.4.6. Given positive integers b > a, there ezists an (LP,L%) measure equiva-
lence coupling from FUZP to F U Z* if and only if p < a/b.

Corollary I11.4.7. Assume that G and A have polynomial growth of degree b and a re-
spectively, with b > a, and let F' be a non-trivial finite group. Then there is no (logl/b, L0)-
integrable measure equivalence coupling from F 1 G to A.

Proof of Corollary[ITII.4.7 The isoperimetric profiles satisfy ji ma(z) ~ (log z)/% and
jia(x) = 2% (see |Ers03, Theorem 1] and [CS93, Theorem 1]), so we are done by Theo-
rem O

In the case G = Z and A = Z, it is shown in [DKLMT22, Proposition 6.20] that
there exists a (log?, L?)-integrable measure equivalence coupling from F ! Z to Z for every
p < 1 (this statement deals with F' = Z/mZ but remains true for any finite group), and
Corollary completes this result.

Theorem II1.4.8. Given a finite group F, there exists a (logf,L%)-integrable measure
equivalence coupling from F1Z to Z if and only if p < 1.

III.4.d Iterated wreath products

Given an integer k£ > 1 and a finite group F', we define groups H,, (k) inductively as follows:
Ho(k) = ZF and H,,1(k) = F 1 H,(k). Given a positive integer n, the map log®™ denotes
the composition logo...olog (n times).

Corollary II1.4.9.

o If b > a, then there is no (L¥%, L9 measure equivalence coupling from H,(b) to
H,(a).

o Given integers d,k = 1, there is no ((log®)V/*, L9)-integrable measure equivalence
coupling from H, (k) to Z2.

Proof of Corollary[ITT.{.9 The isoperimetric profiles satisfy j; g, &) (z) ~ (log™ )k (see
[Ers03, Theorem 1]), and j; za(x) ~ 2. Then the corollary follows from Theorem O

Using the notion of wreath products of measure-preserving equivalence relations, it
is proven in [DKLMT22, Corollary 7.5] that there exists an (LP,L%) measure equivalence
coupling from H,(b) to Hy(a) for every p < a/b. Moreover the composition of couplings
yields a ((log°™)P,L") measure equivalence coupling from H,(1) to Z for every p < 1
(see [IDKLMT22| Corollary 7.6]). Our results allow us to complete these observations.

Theorem I11.4.10. Given positive integers b > a, there exists an (LP,LY) measure equiv-
alence coupling from H,(b) to H,(a) if and only if p < a/b.

Theorem II1.4.11. Given integers d,k = 1, there exists a ((1og®™)P, L%)-integrable mea-
sure equivalence coupling from H,(1) to Z if and only if p < 1.
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Remark IIT.4.12. All the measure equivalence couplings provided in [Esc24]
and [DKLMT?22| and that we have mentioned in Section [lII.4] actually come from a con-
struction of orbit equivalences between the groups, with the same integrability for the

cocycles. Then Theorems [[T1.4.4] [TT.4.6] [[T1.4.8] [[TT.4.10] and [[T1.4.11] remain valid in the

context of quantitative orbit equivalence.
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Conclusion

These works naturally lead to several open questions. The most important one is probably
the question of a quantitative Dye theorem.

Question 40. Does there exist an unbounded map ¢: R — R such that any two ergodic
transformations S, T € Aut(X, ) are p-integrably orbit equivalent?

Such a map ¢ would be less than log since log-integrable orbit equivalence preserves
entropy. To answer this question by the negative, a strategy would be to find finer invari-
ants.

Question 41. Given any map ¢: Ry — Ry, what could be an invariant of ¢-integrable
orbit equivalence?

Fixing two ergodic transformations S, T € Aut(X, i), we would also like to know what is
the “smallest” map ¢o: Ry — R, such that S and T are not pg-integrably orbit equivalent,
namely a map g, such that S and T' are not -integrably orbit equivalent if and only if
© > @o. If we now fix an orbit equivalence, coming with fixed cocycles, we want to know if
the “minimal” integrability can be easily read on the cocycles. It follows from [CJLMT23,
Theorem 4.5| that if the cocycle ¢p: X — Z is p-integrable, then

p(ler(n, z)))

n n— =+0o0 ’

for almost every x € X, where cp(n,z) stands for the cocycle Z x X — Z considered
more generally for group actions and that we usually restrict to the generator +1 in the
particular case of the group Z.

Question 42. What is the asymptotics of maxo<i<n |c7(n, )| as n goes to +00?7 Is it
related to the “smallest” g such that cr is not pg-integrable ?

Note that the proof of Belinskaya’s theorem tells us that if c¢p(n,z) diverges to too,
then S and T are flip-conjugate, and S is conjugate to T° for ¢ € {—1,+1} such that
cr(n, x) > e If we can answer the previous question, the asymptotic information we

n— 100

can derive from it could enable us to find a direct proof of the fact that log-integrable orbit
equivalence preserves the entropy, without using Shannon orbit equivalence, and maybe
using a more combinatorial definition of entropy. With such a proof, we could more deeply
understand the reason why the logarithm plays a particular role.

Conversely, we wonder whether some classical relations between transformations imply
quantitative forms of orbit equivalence.

Question 43. Given any two transformations 7,5 € Aut(X, ) with the same entropy,
are they Shannon orbit equivalent or @-integrably orbit equivalent for some unbounded
p: Ry — R47 Does even Kakutani equivalence imply Shannon orbit equivalence or (-
integrable orbit equivalence for some unbounded ¢: R, — R, 7 Does Kakutani equivalence
imply ¢-integrable orbit equivalence for some unbounded ¢: Ry — R, dominated by log?

129
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Examples of evenly Kakutani equivalent transformations are rank-one systems.

Question 44. Are any two rank-one systems Shannon orbit equivalent? -integrably orbit
equivalent for some unbounded ¢: Ry — R;7

We may also wonder whether any two rank-one systems are L<! orbit equivalent, since
a recent result of Naryshkin and Petrakos states that it holds true for odometers [NP25).
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Appendix A

Some basics of ergodic theory and
amenable groups

For the readers who are not acquainted with the basic notions considered in this thesis,
this appendix gives some recalls. We start with an introduction to ergodic theory, with
the main tools. Then we present all the terminologies on finitely generated groups and
amenable groups. Finally we briefly explain how ergodic theory is generalized to actions
of amenable groups.
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A.1 Basics of ergodic theory

Let us recall some basic notions of ergodic theory used in this thesis.

In the sequel, we focus on a probability space (X, u) which is standard and atomless,
and elements of Aut(X, ), namely bimeasurable bijections X — X which preserve the
measure p, but the results we will state also hold for non invertible dynamical systems.
In fact, invertible systems yield actions of the group Z and we will explain in Section
how the theory generalises for actions of amenable groups. Finally we will sometimes deal
with dynamical systems in a more topological setting.

The reader may refer to [Gla03|, [Dowl1]| and [VO16] (which contains a lot of examples)
for more details.

A.l.a Motivations behind dynamical systems

Given a set X and a map T: X — X, we want to study the sequence (T"x),>¢ for every
rze X.

1. Does it converge? diverge?
2. Does it visit every "region" of the set X7
3. For which = can we say something about (7"z),>07

These questions make sense if X is equipped with some structure. For instance, for the
questions [L]and 2] we need a topology on X. For question[3] the answer could be: (T"z)n=0
is periodic for every x in a dense subset (X equipped with a topology), or for almost every
x € X (X is a measured space).

Example A.1.1.

e Given A > 1, let us consider X =R and T: x € R — Az € R. The dynamics is very
easy to study since we have the following closed formula:

VreR, Vn >0, T"z = \"x,
so the sequence (1T"z),>0 diverges if and only if = % 0.

e Let us now consider X = [-1,1] and T: x € [-1,1] — 222 — 1 € [-1,1]. We can
still find a closed formula, up to some change of variable, since we have

T"(cos (mt)) = cos (2"7t)

for every n = 0 and every t € R. Using dyadic real numbers, we can therefore prove
that the sequence (T"z),>¢ is periodic for every = in a dense subset. For points x
outside this subset, the sequence is more difficult to study.

e Given r €]0,4], for X =[0,1] and T': z € [0,1] — rz(1 — x) (the logistic map), the
situation is more complicated since we do not have any closed formula for 7"x. Then
the goal is to find qualitative properties (existence of a dense orbit, existence of a
fixed point, an attractor, etc).

Measure-theoretic setting

Some dynamical systems are difficult to study and we can only have a partial description
(see for instance the last example). Moreover, the behaviour of the sequence (T"x),>0
depends on z and, if X is a metric space, (T"x),>0 and (T"z'),>¢ can have completely
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different behaviours even if z and 2’ are very close. For instance, the sequence can be
periodic for x, but can diverge for a point 2’ arbitrarily close to x, this is chaos!

Imagine that the evolution of some physical quantity is driven by (T"x), >0, and imagine
that, in an experiment, some noise prevents us from choosing exactly the same initial
condition x twice (due to measurement errors for instance). Then the successive simulations
could give different behaviours due to chaos, as if it was random. This motivates the
following definition of dynamical systems in a measure-theoretic context, where the initial
condition can be seen as a random variable.

Definition A.1.2. Given a probability space (X, u), a probability measure-preserving
transformation is a measurable map 7: X — X which preserves the measure: Typu =
w(T1()) is equal to p.

The assumption Typ = p is important: if the initial condition x is random with respect
to p, then so is Tx, so Tx can be considered as a new initial condition. In fact, it
follows from the ergodic theorem (see Section for the statement) that if 7" is ergodic
(see Section for the definition), then the repartition of the points {z,Tx,...,T"z}
approximates the measure p, as n goes to +oo0 and for p-almost every x. So we can
somehow recover p from T' (with the good points x, namely the one "supported" by u).

We will in fact work with invertible transformations on "nice" probability space.

Definition A.1.3. A measured space X is standard if X is a Polish topological space,
endowed with the associated Borel o-algebra. A probability space (X, u) is atomless if for
every z € X, p({z}) =0.

Given a standard and atomless probability space (X, p), Aut(X,pu) is the set of
probability-measure preserving bimeasurable bijections X — X, two such maps being
identified if they coincide on a subset of full measure. Dynamical systems have been in-
tensively studied in the more general case of non-invertible transformations, but we only
introduce the topic in the invertible case.

It is well-known that any standard and atomless probability space is isomorphic to
([0,1],Leb), namely there exists a bimeasurable map ¥: X — [0, 1] such that W, = Leb
(roughly speaking, ¥ transfers the structure of X to [0, 1], and vice versa).

Here are some examples.

Example A.1.4.

e The Bernoulli shift on X = {0,1}? is the transformation T € Aut(X, u) defined by
T(2p)nez = (Tni1)nez, where X is endowed with the probability measure u = v*
for any probability measure v on {0,1}. We can more generally look at the Bernoulli
shift on ¥ for any finite set 3.

e The irrational rotation of angle § € R\Q is an example of Z-action. This is given by
the transformation Ry € Aut(X, p), where X is the unit circle T = {z € C | |z| = 1}
endowed with its Lebesgue measure, defined by Rgz = 2"z,

e The most famous Z-actions we work with in this thesis are odometers. Given integers
qn = 2foreveryn > 0,let X =[], .,{0,1,...,¢, — 1} be endowed with the product
of uniform distributions on each {0,1,...,¢, — 1}. The associated odometer is the
transformation S € Aut(X,u) defined by S(xn)nez = (Tn)nez + (1,0,0,...) with
carry over to the right, namely

Sx_{ (0,...,0,2 + 1,2541,...) ii=min{j >0]z; & ¢; — 1} is finite
(0,0,0,...) ifz=(qp—-1,¢—1,q20—1,...)
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Topological setting

We can also study dynamical systems with a topological viewpoint, when the set we act
on is a topological space.

Definition A.1.5. Given a topological space X, a topological dynamical system is a
continuous map 7: X — X.

We will focus on invertible transformations, namely homeomorphisms. Topological
dynamics is often studied in the case of a compact set X, or even the Cantor set.

The dynamical systems presented Example are also topological dynami-
cal systems (consider the product topology on X% for the Bernoulli shifts, and on
[1.0{0,1,...,q, — 1} for odometers, and the usual topology on the unit circle for the
irrational rotations).

How to compare dynamical systems: conjugacy, factor

The main problem in ergodic theory is to classify transformations up to conjugacy, namely
we want to know whether two transformations are the "same".

For instance, we all know that multiplying a number by 10 consists in shifting the digits
of its decimal representation. The crucial word of this sentence is "consists". It means
that we have to translate numbers in sequences of digits (their decimal representations)
and to explain what happens in the world of such sequences when something happens in
the world of numbers, and vice versa. The translation is a change of viewpoint, this is
exactly the map W of the following definition.

Definition A.1.6. Two systems 7' € Aut(X,p) and S € Aut(Y,v) are conjugate, or
tsomorphic, if there exists a bimeasurable bijection ¥: X — Y such that W,u = v and the
equality WT = SW¥ holds almost everywhere.

In our intuitive example above, we only focus on the equality "UT = SU" (which
can also be written as T¥~! = U~1S, conjugacy is a symmetric notion), where T is the
multiplication by 10 in the world X of numbers, S is the shift of sequences of Y and ¥
tells us how to encode a number in a sequence. This can be called setwise conjugacy, since
it does not use any structure on the sets.

The other ingredients of the definition ("bimeasurable" and "W,u = v") are useful
when the sets X and Y have a structure and we want ¥ to transfer the structure of X
in Y and vice versa. In the measure-theoretic context, X (resp. Y) is equipped with a
o-algebra and a probability measure p (resp. v) and the ingredients of the definition aims
at finding a correspondence which respects these "equipments'".

In the topological setting, if X and Y are both endowed with a topology, we want ¥
to provide a correspondence between open sets of X and open sets of Y, namely V¥ is a
homeomorphism. This motivates the definition of conjugacy in the topological context.

Definition A.1.7. Two homeomorphisms 7" and S of two topological spaces X and Y
respectively, are (topologically) conjugate if there exists a homeomorphism ¥U: X — Y
such that the equality T = SV holds on X.

Let us now introduce the notion of factor. We keep the above ideas for conjugacy, but
we remove all the "vice versa": if something happens in X, there exists some translator
W which tells us what it means in Y, but we cannot necessarily go the other way because
we loose a lot of information when passing from X to Y. For instance, when we add 1
to an integer (X is the set of integers and T is the addition by 1), we change its parity
(Y = {even,odd} and S is the map which swaps the two elements of Y'). But conversely if
we know that we change the parity of an integer by adding 1, then we do not know which
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integer it is, since there are infinitely many odd/even integers, and we do not know if T’
is the addition by 1, for instance it could be the addition by —1. Here is the definition of
factor/extension in the measure-theoretic setting.

Definition A.1.8. Let S,T € Aut(Y,v). We say that S is a factor of T, or T is an
extension of S, if there exists a measurable map V: X — Y which is onto and such that
U, = v and the equality T = SW holds almost everywhere.

Here we want ¥ to be onto (almost everywhere), otherwise we would only have part
of the information on Y. In the topological context, factor is defined in the same way,
replacing "homeomorphism" by "continuous map" for ¥ in the definition of topological
conjugacy, as well as we replaced "bimeasurable" by "measurable" in the last definition.

Definition A.1.9. Given two topological space X and Y, and homeomorphisms T and S
on X and Y respectively, we say that S is a (topological) factor of T, or T is a (topological)
extension of S, if there exists a continuous map ¥: X — Y which is onto and such that
W, = v and the equality W1 = SV holds on X.

If we want systems to be the "same", they have to share similar properties, otherwise we
did not find the good definition of conjugacy. The goal is thus to find invariants (ergodicity,
mixing properties, point spectrum, entropy, ...), namely characteristics of systems preserved
under conjugacy. If systems do not share such a property, then we know that they are not
conjugate.

Every time we find an invariant, we hope that it is a complete invariant, this occurs
when restricting to some subclasses, here are the two examples to keep in mind. For
instance, we can classify Bernoulli shifts up to conjugacy using entropy, by Ornstein’s
theory [Orn70|, as well as systems of discrete spectrum using the point spectrum |[HVN42)|.

However it is a priori impossible to find a complete invariant of conjugacy which
classifies systems in full generality. Conjugacy is a hard problem.

A.1.b Poincaré recurrence theorem, return time, induced transforma-
tion

Let T € Aut(X, ) and A be a measurable subset of positive measure. The return time
rr,a: A — N* U {oo} is defined by :

Ve e A, rra(z) :=inf{k > 1| T"z e A},

also written r4 if the context is clear. Given z € A, we would like to know if the orbit of x
for the dynamics of T" will return in A in the future. In fact, there will be infinitely many
visits, as stated in the following theorem.

Theorem A.1.10 (Poincaré recurrence theorem). If u(A) > 0, then for almost every
x e A, the set {ke N* | TFx e A} is infinite.

By "almost every x € A", we mean with respect to the probability measure ug =
p(. n A)/u(A) which is well defined if p(A) > 0. As we will see in Section [A.1.d this
statement can be improved when the transformation T is ergodic, since it will hold for
almost every x € X (not only x € A). The proof of Theorem is elementary, it does
not require a lot of assumptions since it only uses the fact that the measure is preserved
by the transformation.

Proof of Theorem[A.1.10, For every n € N u {oo}, we define

E,:={zeA|lsup{k>0|T"ze A} = n}.



140 APPENDIX A: BASICS OF ERGODIC THEORY AND AMENABLE GROUPS

For every finite n, we have T"(FE,) = Ey so E, has the same measure as Ey, but this
measure is necessarily zero since A is the disjoint union of the E,, for n € N u {o0} and p
is finite. Thus A is equal to Ex up to a null set. O

We can then define a transformation T4 on the set of x given by Poincaré recurrence
theorem, namely on A up to a null set, called the induced tranformation on A :

Tax = Tr4@) g

The set A is endowed with the o-algebra of measurable sets of X included in A, and (A, )
is a standard and atomless probability space.

The map T4 is an element of Aut(A, 14). Indeed, every measurable subset B of A is
the disjoint union of the sets By, := B n {ra = n} for n > 1, and T4(B,) = T"(B,) by
definition, then the equality pa(Ta(B)) = pna(B) follows from the T-invariance of p.

The next theorem states that r4 is p4-integrable, but it is incomplete since we can say
more about the value of its integral in the ergodic case; see Theorem once ergodicity
has been defined.

Theorem A.1.11 (Kac’s theorem (incomplete version)). Given T € Aut(X, pu) and A a
measurable set of positive measure, we have

radps < ——.
L f(A)

As for Poincaré recurrence theorem, the goal is to cut the space into interesting pieces
and to use the T-invariance of the measure.

Proof of Theorem [A.1.11] If a T-orbit visits A infinitely many times, then we can decom-
pose it in countably many "intervals" z;, Tz, ..., T"A®) =1z, for i € Z, where

e the intersection of this orbit with A is exactly {z; | i € Z};
o 3y =TrAEg;

Then for every point x lying in such an orbit, there is a unique such interval which contains
it and z is thus completely determined by the data of a point x; € A and positive integers
k,n such that 0 < n < k, where x = T"x; and ra(x;) = k. In other words, there are
unique integers 0 < n < k such that x € T"({ra = k}).

We finally have proved that X contains the disjoint union | J,_oUg<p<r T"({ra = k}).
Considering the measure of both sets, we get the desired formula. 0
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A.l.c Ergodicity

Definition A.1.12. Let T € Aut(X,u). We say that a measurable subset A of X is
T-invariant if n(AAT(A)) = 0. We say that T' is ergodic if every T-invariant measurable
subset is null or conull.

This is the definition of T-invariance in the simpler case of invertible transformations
(when T is not invertible, A is T-invariant if u(AAT~1(A)) = 0).

Example A.1.13. Let us consider integers g, = 2 for every n = 0, and T the odometer
on X =[],201{0,...,¢, — 1} introduced in Example Then T is ergodic. Indeed, X
is endowed with the product o-algebra, namely the o-algebra generated by the cylinders

[y()u “e 7yn71]n = {(xi)iZU | o = Yo,-++yTn—-1 = yn—l}>

(n is called the length of the cylinder) so given a T-invariant subset A of positive measure,
we can approximate it with these sets. More precisely, given € > 0, there is a cylinder
C (let us say of length n) such that u(A n C) > (1 — )u(C). T-invariance implies that
we have (A n T*(C)) = (1 — e)u(C), moreover T acts cyclically on the set of cylinders
of length n which forms a partition of the space with elements of the same measure, so
summing these inequalities, we get u(A) = 1 — ¢ where ¢ is arbitrary, so u(A) = 1.

It is not hard to adapt this proof to rank-one systems that we introduce in Chapter

Irrational rotations and Bernoulli shifts are also ergodic, but we will need additional
tools to prove it, using a functional approach explained in Section For irrational
rotations, we can also use the fact that they are rank-one systems (by Del Junco [Jun76]),
which are ergodic as mentioned at the end of the previous example.

If A is T-invariant, then so is A¢, and T can be decomposed in two subsystems A — A
and A¢ — A°. Ergodicity thus means that we cannot decompose a system in a non trivial
way: one of the two sets A or A° must have full measure and the other must be negligible.

Moreover, if a set A satisfies A = T(A), then for all points z € A, its T-orbit is
contained in A. This means that A is a union of orbits. In the case A is T-invariant, then
A is a union of orbits up to zero measure. Therefore, ergodicity means that a measurable
property only concerning the orbits is null or conull. For instance, given some measurable
subset B, the property "there exist infinitely many positive integers n such that 7"z lies
in B" is satisfied for z if and only if it is satisfied for T%z for every k € Z, so it is a property
on the orbits. Since Poincaré recurrence theorem implies that B satisfies this property,
ergodicity enables us to improve this theorem.

Corollary A.1.14. If B is a measurable subset of X of positive measure and if T €
Aut(X, p) is ergodic, then for almost every x € X, there exists infinitely many positive
integers n such that T"x € B.

In Section the ergodic theorem will enable us to compute the asymptotic fre-
quency of visits in B. Let us notice that Kac’s theorem is also improved when the system
is ergodic.

Theorem A.1.15 (Kac’s theorem (ergodic case)). Let T'€ Aut(X, u) be an ergodic trans-
formation and A a measurable set of positive measure. Then we have

1
radus = ——.
L 1(A)

Proof of Theorem[A.1.15 In the proof of the incomplete version (Theorem [A.1.11)), we
considered points lying in the T-orbits visiting A infinitely many times, a property which
occurs almost surely if T"is ergodic. The inclusion

U U T{ra=kphcx

k>00<n<k
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is thus an equality up to a null set and, considering the measure of both sets, we get the
result. O

In Section [A.1.B] we also defined induced transformations. The following proposition
states that ergodicity is stable under this operation.

Proposition A.1.16. Let T € Aut(X, p) and A be a measurable subset of positive measure.
If T is p-ergodic, then the induced transformation T4 is pa-ergodic.

Idea of proof. If B is a Tx-invariant subset B of A, then B' == | J,.yT"(B) is T-invariant
and we can prove that B’ n A is equal to B, so the result follows from the ergodicity of
T. O]

A fact that we often use in this thesis is that ergodicity implies aperiodicity.

Proposition A.1.17. If T € Aut(X, u) is ergodic, then it is aperiodic: for almost every
x € X, the T-orbit of = is infinite (in other words, the associated Z-action is free).

Proof. In the space X, we can find countably and infinitely many measurable subsets
X1, X9, X3, ... of positive measure and which are pairwise disjoint. Indeed, since (X, )
is standard and atomless, we can assume without loss of generality that it is ([0, 1], Leb),

and we set
=1y i
j=1 j=1

for every ¢ = 1. Then Corollary and the fact that a countable intersection of conull
sets is a conull set imply that for almost every x € X, the T-orbit of = visits every X;, so
it is infinite since the subsets X; are pairwise disjoint. O

Ergodicity for T € Aut(X, i) does not imply ergodicity of its powers T* for k € Z\{0}
(but it implies ergodicity of T~!). For a counter-example, let us look at the dyadic odome-
ter, namely the odometer on [],.,1{0,...,q, — 1} with g, = 2 for every n > 0, and let
us notice that its square preserves the set of elements (x,)n>0 € {0, 1}V satisfying zo = 0
(resp. g = 1), which has measure 1/2.

In fact, if T is the odometer on X =[], -, {0,..., ¢, — 1}, then none of its non trivial
powers (namely T* for every k € Z\{—1,0,1}) is ergodic if and only if the integers g,
satisfy the following condition: for every prime number p, there exists n = 0 such that p
divides q,.

A.1.d Mixing properties
A stronger property than ergodicity is the weak mizing property.

Definition A.1.18. T € Aut(X, i) is weakly mizing if for all measurable subsets A and
B, the following holds:

n
- X W)~ B) — (B, 0
im
Weak mixing property implies ergodicity (consider a T-invariant subset A and apply
weak mixing property to A = B). Weak mixing property is in fact a "Cesaro" version of
strong mixing property defined above (from this we deduce that strong mixing property
is... stronger).

Definition A.1.19. T is strongly mizing if for all measurable subsets A and B, the fol-
lowing holds:
W(T™"(4) A B) — u(A)u(B)| — 0. (A1)

n—-+aoo
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It is easy to see that if T is weakly (resp. strongly) mixing, then so is T* for every
k € Z\{0}. TFrom this we deduce that there exist ergodic systems that are not weakly
mixing (for instance odometers, see Example . There also exist weakly mixing
systems that are not strongly mixing, for instance the Chacon map which is an example
of rank-one system, see Section in Chapter

In the next section, we will see equivalent definitions of ergodicity and weak mixing
property in terms of eigenvalues, easier to apply than the original definitions, even for very
simple dynamical systems like irrational rotations.

To check strong mixing property, we can restrict its definition to a smaller class of
measurable subsets A and B for which is easier to prove. Here is an example for
Bernoulli shifts.

Example A.1.20. Let X = {0,1}% and let us consider the Bernoulli shift T': (2,,)nez —
(Tny1)nez- T is an element of Aut(X, p), with u = v®¥% and where v is the uniform measure
on {0,1}. As for odometers (but in a two-sided manner), let us consider the cylinders:

(ks - - velee = {(x)iez | Tk = Yk, Tht1 = Ykt1, -+ Lo = Yu},

with integers k < . The space X is endowed with the product o-algebra, namely the one
generated by the cylinders. Also the class of cylinders is stable under intersections, this is
what we usually call a w-system. Using the Dynkin 7 — X\ theorem, we can thus check that
we can reduce the proof of strong mixing property to subsets A, B being in this class of
cylinders.

Why is it easier with cylinders ? Let us consider two cylinders of the form

A=yt - ,Yelke and B = [y;,,...,yz,]k%/.

Then we can notice that

Tﬁn(A) = [ykJrna <o 7y4+n]k+n,6+n7

so if n is sufficiently large, we have k + n > ¢, and T~"(A) and B get independent by
definition of p, namely u(T-"(A) N B) = (T ™(A))u(B) = u(A)u(B). So T is strongly
mixing.

A.l.e Functional approach, introduction to spectral properties

Given T € Aut(X, u), we say that a measurable map f: X — R is T-invariant if f(Tx) =
f(z) for almost every z € X. Given a measurable subset A and 7" € Aut(X, u), we have
LaoT =1p-104),80a (trivial) equivalent definition of ergodicity is that every T-invariant
characteristic function is either 1 x or 1.

Moreover, for every measurable subset C', we have ;(C) = {y 1cdy, so the quantity
p(T"(A) N B) — u(A)u(B) appearing in the definitions of weakly and strongly mixing can

be written as
f (]leTi)]le/L—J ]lA,uf 1pu.
X X X

All these remarks lead us to a functional viewpoint of ergodic theory. Let us start with
the reformulations of the properties defined in the previous sections.

Proposition A.1.21. Let T € Aut(X, p).

o T is ergodic if and only if every T-invariant measurable map X — R is constant
almost everywhere.
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o T is weakly mizing if and only if for every f,g € L?(X, ), we have

1 n

J (foTi)gdu—J fd,uj gd,u‘ — 0.
X b'e X n—-+a00
o T is strongly mizing if and only if for every f,g € L?(X, 1), we have

JX (foT")gdn — R fdu JX gdp.
Ideas of proof. By the above discussion, the "if" part of each point is immediate, consid-
ering characteristic functions.
Assume that T is ergodic and let f: X — R be a T-invariant function. For every s € R,
the set {f > s} is T-invariant. By ergodicity, u({f > s}) is equal to 0 or 1, so the real
number

so=sup{s R | p({f > s}) = 1} = inf {s € R| pu({f > s}) = 0}

is well defined and it is a routine to prove that f = sg almost everywhere.

If T is weakly mixing or strongly mixing, then the characterization with square-
integrable functions f, g comes from the approximation (with the L?-norm) by linear com-
bination of characteristic functions (for which the result immediately holds). O

Then it is natural to study the unitary operator
Ur: f e L3(X,u) — foT e LA(X, ),

called the Koopman operator of T (it is unitary since p is T-invariant). For instance,
ergodicity means that the only fixed points of this operator are the constant functions, so
we can more generally look at its point spectrum and its eigenspaces.

Definition A.1.22. We say that A € Cis an eigenvalue of T if there exists f € L2(X, u)\{0}
such that foT = Af. The function f is called an eigenfunction of T. The point spectrum
is the set Sp(T) of all its eigenvalues. Since Urp is unitary, Sp(7T) is a subset of the unit
circle T.

Example A.1.23. The constants functions are always eigenfunctions associated to the
eigenvalue 1.

The two following propositions show that the spectral properties of the Koopman op-
erator provide reformulations of some dynamical properties.

Proposition A.1.24. Given T € Aut(X, u), the following hold.
1. Sp(T) is a subgroup of T.
2. Eigenfunctions associated to eigenvalues different than 1 have zero integral.
3. T 1is ergodic if and only if every eigenspace is a line.
4. If T 1is ergodic, then every eigenfunction has constant modulus.

It is immediate to prove that if A is an eigenvalue of T, then A~! is an eigenvalue of
T—'. Using the first item of this proposition, we thus get that 7" and 7! have the same
point spectrum.
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Proof. Considering constants functions X — C, 1 is always an eigenvalue. If X and p are
eigenvalues, with eigenfunctions f and g respectively, then fg and and f are eigenfunctions
associated to the eigenvalues Ay and A~! respectively. So Sp(T') is a subgroup of T.

If A is an eigenvalue and f is an associated eigenfunction, then the preservation of the

measure implies
M = [ soran= | sau
X X X

so the integral of f is zero if A & 1.

Let us now assume that T is ergodic. If f is an eigenfunction, then |f]| is eigenfunction
with eigenvalue 1, so it is constant almost everywhere. This implies in particular that
eigenfunctions are almost surely nonzero, so if f and g are eigenfunctions associated to
the same eigenvalue, we can look at f/g which is an eigenfunction associated to 1, so it is
constant almost everywhere, namely f and g are colinear. Conversely, if eigenspaces are

lines, then the eigenspace with eigenvalue 1 only contains constant functions, which is a
reformulation of ergodicity by Proposition [A.1.21] O

Proposition A.1.25. If T € Aut(X, u) is ergodic, then it is weakly mizing if and only if
1 is the only eigenvalue.

Proof. The "if" part is more technical and requires additional tools, that we do not intro-
duce here (see Sections 1 and 2 in |Gla03, Chapter 3]). Let us only prove the "only if" part.
Assume that T is weakly mixing and ergodic, and let f be an eigenfunction associated to
an eigenvalue A. We have

| romzan=x [ 1rpa

for every ¢ = 0. If A were not equal to 1, then f would have zero integral and the weak
mixing property would imply

1 n
n

1=0

— 0,
n— 400

| ror7an

namely | f]2 = 0since |A\| = 1, a contradiction. So A is equal to 1, this is the only eigenvalue
of T O

Let us now exploit the useful fact that L2(X, u) is a Hilbert space to study the point
spectrum of some transformations. Let us first point out the fact that any two eigenfunc-
tions associated to distinct eigenvalues are orthogonal, this directly follows from the fact
that the Koopman operator is unitary.

It is easy to compute the point spectrum of systems of discrete spectrum, thanks to the
structure of separable Hilbert space of L?(X, i) (see the examples below), but let us first
define this class of transformations.

Definition A.1.26. A transformation 7' € Aut(X, p) has discrete spectrum if the span of
all its eigenfunctions is dense in L2(X, A, u).

Example A.1.27.

1. Let # be an irrational number, and Ry: z € T — zexp (2iwf) € T be the irrational
rotation of angle 6. For every n € Z, the map f,: 2 € T — 2" € T is an eigenfunction
of Ry associated to the eigenvalue exp (2inw). By Fourier analysis, the span of all
the functions f, is dense in L2(T), so this system has discrete spectrum.
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These functions f, in fact describe (up to multiplicative constants) all the eigenfunc-
tions of Ry and provide all the eigenvalues. Indeed, if f: T — R is an eigenfunction
associated to some eigenvalue A € T, then we can decompose it in the Fourier basis:

f= Z an fn,

neZ
and apply the Koopman operator to get:
2inml

f:Zane fn

neZ A

. 2inmo .
This gives a, = an% for every n € Z, so there exists some ng € Z such that

A\ = 2070 and a,, = 0 for every m # ng, so f = an, fn,. We thus have proved that
the point spectrum of the Ry is exactly {exp (2inn6) | n € Z}.

2. Given a sequence (gp)n>0 of integers greater than or equal to 2, and S the odometer
on X =J],5010,1,...,¢, — 1}, its point spectrum is exactly

2imk
Sp(S)z{exp( ZT >|n>1,0<k<hn—1}.

where h, = qo...qn—1. Indeed, it is straightforward to check that fy: x € X —
Z;ﬁgl )\j]lsj([07.._70]n)($) is an eigenfunction associated to A = exp (%) Moreover,
the span of all the eigenfunctions is dense in L?(X), since a linear combination
Z?ﬁgl agfye is of the form 2?261 P()\‘j)]lsj([07...70]n) with the polynomial P = ag +
aY +...+ ahn_th”_l, and good choices of P yield the characteristic functions of
the n-cylinders. We conclude as for irrational rotations.

Using Propositions [A.1.24] and [A.T.25], we get the following.

Corollary A.1.28. Odometers and irrational rotations are ergodic but not weakly mizing.

Moreover, there is no isomorphism between an odometer and an irrational rotation,
since they do not share the same point spectrum. Indeed, the point spectrum is preserved
under isomorphism, and irrational rotations have irrational eigenvalues whereas odometers
only have rational eigenvalues.

The following result, due to Halmos and von Neumann, provides a classification of
ergodic discrete-spectrum systems up to conjugacy.

Theorem A.1.29 (Halmos, von Neumann [HVN42|). Two ergodic systems of discrete
spectrum are conjugate if and only if they have the same point spectrum.

This is also a classification up to flip-conjugacy since the point spectrum is symmetric.
This theorem enables us to classify odometers and irrational rotations up to conjugacy.

Example A.1.30.

e Let Ry and Ry be two irrational rotations. Their point spectrum are respectively
equal to
(¥ | n e 2} and {2 | n e 7}

and their are the same if and only if ¢ = +6. By Halmos-von Neumann theorem,
Ry and Ry are isomorphic if and only if ¢/ = +6.
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e Let S and S" be two odometers, respectively on J[,.,{0,1,...,¢, —1} and
[1,50{0,1,...,q, —1}. Their point spectrum are respectively equal to

2i o;
{exp( Zﬂk) |n>1,0<k<hn—1} and {exp( ;Tk)|n>1,o<k<h;_1}

with hy, = qo...qn—1 and b}, = ¢( ... q,, . For every prime number p, let us set
By = ) vp(gn) € N U {40}
n=0

and similarly k:l’,, where v, is the p-adic valuation. Then it is not hard to prove that
S and S’ have the same point spectrum if and only if k, = &, for every prime number
p. So Halmos-von Neumann theorem implies that the family (kp)prime number p 1S @
total invariant of conjugacy among odometers. We will usually refer to the formal
product ]_[ppkp as the supernatural number associated to (the conjugacy class of) an
odometer. We say that an odometer is dyadic if ks = +00 and k, = 0 for the other
prime numbers p, universal if k, = 400 for every p.

A.1f Ergodic theorems

Given T € Aut(X, u) and a measurable subset A of X, what is the asymptotic density of
{n>0]T"z e A} in N, in other words the frequency of visits in A? First, the answer
seems to depend on z. Indeed, if T' is not ergodic and admits a T-invariant subset B
disjoint from A and of positive measure, then for every x € B, there is no integer n = 0
such that T"z visits A. It is thus natural to ask this question when T is ergodic. Secondly,
when T is ergodic, the frequency of visits in A depends on the measure of A, since the set
{n>0|T"z e A} is almost surely equal to N if ;(A) =1 and to & if u(A4) = 0.

We will answer these questions using the Birkhoff ergodic theorem. Before that, note
that the expected value of [{0 <i < n | Tz € A}| is (n + 1)u(A):

| Ho<i<n T e apaua J(ZnT ) ) EJnT oy @)du(z)

This asymptotic behaviour is actually pointwise.

Theorem A.1.31 (Birkhoff ergodic theorem). Let T' € Aut(X,u) be an ergodic system
and f € LY(X,u). Then for p-almost every x € X, the following holds:

n

1
SR T | s

i=0
and the convergence also holds in LY(X, ).

We refer to Section 8 in [Gla03, Chapter 3| for a proof.
Applied to f = 1 4, Birkhoff ergodic theorem gives

*I{n 0]T"ze A} — u(A)

n—-+aoo

for p-almost every x € X, if T is ergodic.
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In the non-ergodic case, the limit still exists but is not constant almost everywhere:

n
SNV HT@) | o EIF 1T

=0
for p-almost every z € X, where Z is the o-algebra of T-invariant subsets and E[f | Z] is
the expectation of f conditionally to Z. This is closely related to the ergodic decomposition
(see Sections 4 and 8 in [Gla03, Chapter 3] for more details). Furthermore, the convergence
holds also in L*(X, p).

Note that in the L2-case, the expectation conditionally to a o-algebra C is in fact
the orthogonal projection onto the subspace of C-measurable functions. When C is the
o-algebra Z of T-invariant subsets, Z-measurable functions are exactly the T-invariant
functions. This is thus natural to prove a L2-version of Birkhoff ergodic theorem using the
structure of Hilbert space.

Theorem A.1.32 (Von Neumann ergodic theorem). Let T € Aut(X, ) and f € L2(X, p).
Then the following convergence holds in L?(X, u):

1 & :
> foT' — Pf,
ni=0 n—-+4ao

where P is the orthogonal projection onto the subspace of T-invariant functions.

Idea of proof. Since the Koopman operator Urp is unitary, we have the following orthogonal
decomposition:
L2(X, ) = Ker(Ur — Id) @ Im(Ur — Id),

where Ker(Ur — Id) is the subspace of T-invariant functions, so it suffices to prove the
statement for f lying in either Ker(Ur — Id) or Im(Ur — Id). O

In the ergodic case, the projection P is the orthogonal projection onto the constant
functions, and (% Do fo Tl)n>1 converges to SX fdp with the L?-norm.

A.l.g About T-invariant probability measures

Let us deal with the set of T-invariant probability measures, with a brief presentation of
its topological nature.

Given a bimeasurable bijection (or simply a measurable map) T: X — X, does there
always exist a T-invariant probability measure p? The answer is YES!, using functional
analysis. More precisely, the set of T-invariant probability measure is non-empty, convex
and compact in the set of probability measures, for the weak-~ topology. We refer the
reader to [VO16, Chapter 2| for a deep study on the topic.

Let us mention this crucial fact on T-ergodic probability measures on X, namely T-
invariant probability measures p such that T, seen as an element of Aut(X, u), is ergodic.

Proposition A.1.33 (see |[Gla03, Theorem 4.2|). Given a standard space X, let T: X —
X be a measurable map. Then the extremal points of the set of T-invariant probability
measures are exactly the T-ergodic ones.

Therefore, by Krein-Milman Theorem, there exists at least one T-ergodic probability
measure, and moreover the set of T-invariant probability measures is equal to the closed
convex hull of its T-ergodic probability measures.

Finally, let us point out the following property among T-ergodic probability measures.

Proposition A.1.34 (see |Gla03, Theorem 4.2|). If u and v are distinct T-ergodic prob-
ability measures, then they are mutually singular: there exists o measurable subset Y such
that p(Y) =1 and v(Y) = 0.
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After these descriptions, let us focus on the particular case of systems having only one
T-invariant probability measure.

Definition A.1.35. We say that a bimeasurable bijection T: X — X is uniquely ergodic
if it admits a unique T-invariant probability measure.

It follows from Proposition that if T"is uniquely ergodic, then its only T-invariant
probability measure is T-ergodic.

Example A.1.36.

e The irrational rotation of angle 8 on the unit circle is uniquely ergodic. Indeed, if
is an Rp-invariant probability measure, then for every n € Z\{0}, we have

fznduzj an(MORng) :f (262in97r)ndﬂz eQinGﬂ'J anﬂ
T T T T

which forces § 2"du = 0 for every n + 0 since 6 is irrational. By Fourier analysis,
we conclude that p is the Lebesgue measure on the unit circle.

e Odometers are also uniquely ergodic. Indeed, the odometer on [ ], {0,...,¢, — 1}
cyclically acts on the cylinders of same length, so for every n > 1, cylinders of length
n must have measure 1/(qo . .., ¢n—1). Since the o-algebra of the space is generated by
the cylinders, the Dynkin -\ theorem implies that an invariant probability measure
must be the product of the uniform distributions on the finite sets {0, ..., ¢, — 1}.

A.1.h Entropy

We now introduce numerical invariants which quantify how much a transformation com-
plexifies the space: measure-theoretic entropy (in the measured context) and topologi-
cal entropy (for topological dynamical systems). We refer the reader to |Gla03, Part 2]
and [Dowl1].

Measurable partitions

A set P of measurable subsets of X is a measurable partition of X if:
e for every P, P, € P, we have u(P, n Py) = 0;
e the union Jpcp P has full measure.

The elements of P are called the atoms. If P and Q are measurable partitions of (X, u),
we say that P refines (or is a refinement of, or is finer than) Q, denoted by P > Q, if every
atom of Q is a union of atoms of P (up to a null set). More generally, their joint partition
is
PvQ={PnQ|PeP,QeQ}

namely the least fine partition which refines P and Q. This operation v is associative.

A measurable partition P defines almost everywhere a map P(.): X — P where P(x)
is the atom of P which contains x. Given a measurable map T': X — X, P provides coding
maps

[Plin: @€ X = (P(T72))icjen € Pl

In particular, [P],(x) = [Plon—1(z) is the n-word of z.

Given atoms P;, P11, ..., P, of P, the equality [73] ( ) = (P,..., P,) exactly means
that z is an element of T~ (Pz) NT~ (”1)(PZ+1) . "(Py,). Therefore the partition
which gives the values of [P];, is the following joint partltlon
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Pl = \n/ T (P)
j=i

with T=9(P) = {T—7(P) | P € P}, this is a division of the space given by the dynamic of
T, over the timeline {i,...,n} and with respect to P.

Entropy of a partition

If P ={P, A} is a partition of X with two atoms of equal measure, and Q = {Q1, Q2}
is another partition with two atoms, such that u(@1) = 0,9999, then P brings more
information than Q. Given a random variable x with law p, the answer to the question "In
which atom is 27" is of more interest for P since it is uncertain. We want a function (called
entropy) from the set of measurable partitions to R, which quantifies the uncertainty of
the answer, or equivalently which quantifies how much a partition divides the space.

First, we define the information function I from the measurable subsets to R, such
that, given a subset P — X and a random variable z with law u, I(P) quantifies how much
it is surprising to find out that x lies in P. We heuristically get the following axioms:

e I(X)=0;
o (D) = +o0;
e I(P) = f(u(P)) for a decreasing map f;
e if A and B are independant, then I(A n B) = I(A) + I(B).
The map f is necessarily —log (up to a multiplicative constant), so we define
I(P) = —log u(P).
Then we define the information function of a partition P as

Ip = Y I(P)lp: X > R,
PeP

and the entropy is the mean of this function:
Hy(P) = | Ipla)du() = = ¥, n(P)logu(P) € ®..
X PeP

Let us now point out all the properties satisfied by entropy and that we were looking
for when motivating this notion at the beginning of the paragraph.

e If P is a measurable partition of X of cardinality n > 2. Then we have
H,(P) <logn

with equality if and only if P is uniform. This follows from the fact that = € [0,1] —
—xlog x is concave. As desired, it says that uniform partitions are the partitions for
which the uncertainty is maximal.

e If P and Q are measurable partitions of X such that P > Q, then H,(P) > H,(Q).
To prove it, we only have to notice that Ip(x) > Ig(z) almost everywhere and to
integrate this inequality. It simply tells us that the entropy of a partition is larger
and larger as the partition divides more and more the space
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e Using the concavity of log, we prove that the entropy is subadditive: if P and Q are
measurable partitions of X, then we have

H,(P v Q) < Hu(P) + Hu(Q).

This crucial property enables us to use the subadditive lemma in order to define the
entropy of a transformation.

e Finally, the inequality H,(P v Q) < H,(P) + H,(Q) is an equality if and only if
P and Q are independent, meaning that for every P € P and ) € Q, we have
1(P Q) = p(P)(Q).

The interpretation of subadditivity and its equality case is the following: the informa-
tion brought by P and Q is less than the information brought by both partition sepa-
rately, and it is not an equality if and only if P brings information that Q has already
brought, or the converse (this is the interpretation behind "non-independance").

Notice that the quantity H,(P v Q) —H,(P) is a measurement of what Q brings more
if we already know the information given by P. We therefore define the conditional
entropy by

Hy(Q[P) =Hu.(Q v P)—H.P),

and we get the following intuitive properties:
H,(Q|P)=H,(Q) < P and Q are independent,

H,(Q|P)=0 < P>0Q.

Measure-theoretic entropy of a transformation

Entropy, or measure-theoretic entropy, or metric entropy, of a measurable transformation
is an invariant of conjugacy which quantifies how much a transformation complexifies the
partitions.

Let T € Aut(X, ) and P be a finite measurable partition of X. By the properties of
H,, the map n € N+ H,(Pg) is subadditive, so we deduce from the subadditive lemma
that the following quantity

h,(T,P) = lim . (P5)

n—-+0oo n

is well-defined, this is the entropy of T with respect to P, and it tells us how quickly
the dynamic of T is dividing the space X with the partition P. Finally, let us define the
entropy of T by

h,(T) = suph,(T,P),
P

where the supremum is over all the finite measurable partitions P of X. This quantity is
non-negative and can be infinite.

It is usually complicated to compute h,, (7', P) for every finite measurable partitions P.
Fortunately, the following result, due to Kolmogorov and Sinai, states that we can restrict
to some partitions. We say that a finite partition P is T-generating if the o-algebra of X
is generated by (P(?)nzo up to null sets. If T is invertible, it is equivalent to saying that
the o-algebra of X is generated by (Pﬁn)nzo up to null sets.

Theorem A.1.37 (see [Dowll, Theorem 4.2.2]). If P is T-generating, then we have

h, (T, P) = hy(T).
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Example A.1.38.

e Let X be a finite set equipped with a probability measure v, and let T be the Bernoulli
shift on (X, p) = (X%, 1%%), where X is endowed with the o-algebra generated by
the cylinders.

If P is the partition in cylinders of the form [yo]o 0, for yo € X, then P",, is the parti-
tion in cylinders of the form [y p,...,Yn] nn (see Example [A.1.20for the definition
of two-sided cylinders), so P is T-generating.

By definition of the measure, the partitions 7~¢(P) for i > 0 are pairwise indepen-
dent, so H,(P§) = (n + 1)H,(P) and

h(T) = hy(T,P) = Hy(P) = ). v(z)logv().

TEX

e Let 0 be an irrational real number and T := Ry the irrational rotation of angle 6
on the unit circle U. Without loss of generality, we can assume 0 < 6§ < 1. Let
P = {[0,6],[0,1]}, with the notation [z,y] = {€*"7 | z < 7 < y}. For every n € Z,
we have T~4(P) = {[—i, (—i+1)0], [(—i+1)0,1—1i6]}, and we deduce from the fact
that {2 | n € Z} is dense in U that P is T-generating.

For the computation of H,(P), we have to notice that P is the partition in intervals
with endpoints —if for i € {0,...,n}, so it has cardinality n + 1. We thus get

h,(T) = hy(T,P) = lim H,.(Pg) < lim log (n +1)

~
n—-+4awo n n—+0o0 n

=0.

Let us finally mention Abramov’s formula which gives the entropy of an induced map.

Theorem A.1.39 (Abramov’s formula, see [Dowll, Theorem 4.3.3]). Let T € Aut(X, )
be an ergodic transformation and A o measurable subset of X. Then

(AT ) = h(T).

Topological entropy

In the topological setting, topological entropy is an invariant of topological conjugacy
and is defined with similar ideas. As a definition, let us present the analogies with the
measure-theoretic context.

Settings for measure-theoretic entropy Settings for topological entropy
Probability space (X, u) Compact space X
Measurable map T: X — X which Continuous map 7T: X —» X

preserves the measure

Measurable partition P Open cover U
Joint of partitions Joint of open covers
PvQ={PnQ|PeP,Qe Q} UvY={UnVI|UelU,VeV}
Py = Vieo T7'(P) Uy = Vieg T™'(U)
Entropy of a partition Entropy of an open cover
H,(P) = = > pep 1(P) log u(P) log N(U) where N(U) ==

min {|/'| | U is an open subcover of U}
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Subadditivity: Submultiplicativity:
HA(P v Q) < Hy(P) + H,(Q) NU v V) < NUNO),
hence subadditivity:
log N(U v V) < log N(U) + log N(V)

Entropy of T with respect to P: Topological entropy of T" with respect to U:
D, (T, P) = limy, 4o 2elPd) hiop (T, U) = litmy_, +op 25N
Entropy of T Topological entropy of T"
hM(T) = Supp hu(T, P) htop(T) = Supy htop(T7 U)

Analogously to Kolmogorov-Sinai theorem for measure-theoretic entropy, we can reduce
the computation of topological entropy to particular open covers. Assuming that the
compact space X is metrizable, we say that an open cover U is T-generating for the
topology on X if for every € > 0, there exists N = 0 such that for every n = N, the open
sets of U} have a diameter less than e.

Theorem A.1.40 (see [Dowll, Remark 6.1.7]). Let T be a topological system on X and
U a T-generating open cover. Then we have

hoop (T, U) = hyop(T).

Example A.1.41. Let us go back to the dynamical systems considered in Example
Bernoulli shifts and irrational rotations which are also topological systems. We keep the
same notations.

e The compact space ¥ can be endowed with the metric

1
d((2)iez, Wi)iez) = Y, o] Lantyn

neZ

(it is easy to prove that it generates the product topology). The partition P of
Y% considered in Example is an open cover and is also T-generating in the
topological sense. Since P is a partition, so is P and we simply have N(PJ) =
[Py = |Z|"*! (topological entropy is particularly interesting in Cantor sets since we
can find clopen sets, so open covers which are partitions). We thus have

hiop(T') = log |X].

e For the irrational rotation of angle 6, recall that we considered the partition P =
{[0,6],[0,1]} to compute the measure-theoretic entropy. To get open sets covering
the unit circle U, we start with the open sets |0, 0] and |6, 1[, but since they do not
cover 0 and 6, we add the open sets 16/2,36/2[ and ]36/2,1 + 6/2[. It is not difficult
to prove that the open cover U composed of these four open sets is topologically
T-generating and to conclude that hiop(T') = hiop(T,U) = 0.

The variational principle

The variational principle enables us to connect topological and measure-theoretic entropies.

Theorem A.1.42 (Variational principle, see [Dow11, Theorem 6.8.1]). Let T: X — X be
a topological system on a metric compact set X. Then we have

hiop(T") = suph,(T')
I

where the supremum is over all T-invariant Borel probability measures p on X.
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As a consequence, if T' is uniquely ergodic, then we have
hiop(T') = h,(T'),

where p denotes the only T-invariant Borel probability measure.

Example A.1.43. Let us consider the dynamical systems of Examples[A.1.38|and [A.1.41]

e We proved that the Bernoulli shift on $% has topological entropy hiop(7T) = log |%|

and its measure-theoretic entropy h,(T) = > .5yv(z)logr(xz) when the space is
endowed with p = v®%Z. When v is the uniform distribution on X, we get h,(T) =
hiop(T).

e Irrational rotations are uniquely ergodic (see Example [A.1.36]), so we could prove
that they have zero topological entropy from the fact that they have zero measure-
theoretic entropy, and vice-versa.

A.1.i Kakutani equivalence

Let us finally introduce Kakutani equivalence and even Kakutani equivalence. These are
equivalence relations weaker than conjugacy but the theory is as rich as the conjugacy
problem, see [ORWS82].

Definition A.1.44. Let T, S € Aut(X, u) be two ergodic transformations.

1. T'and S are said to be Kakutani equivalent, if there exist measurable subsets A and B
of positive measure such that the induced transformations T4 and Sp are conjugate.

2. T and S are evenly Kakutani equivalent if moreover pu(A) = pu(B).

Proposition A.1.45. Kaekutani equivalence and even Kakutani equivalence are equivalence
relations.

The proof of this proposition crucially uses ergodicity.

Proof of Proposition[A.1./5 Kakutani equivalence is obviously reflexive (take A = B)
and symmetric. For transitivity, let S, T,U € Aut(X, u) be three ergodic transformations
and A, B1, B2, C' be measurable subsets of positive measure such that S4 is isomorphic
to T's, and T, is isomorphic to Ug. By ergodicity, there exists an integer ¢ such that
B = T%(B3) n By has positive measure. It is not difficult to prove the equality

T, =T "Trip,T"

so Uc is conjugate to Tricp,). Moreover, if ¢1: (Bi,pup,) — (4, pa)
(resp. @2: (T"(Ba), piri(p,)) — (C, pc)) is a conjugation between T, and Sa (resp. Trpi(p,)
and Uc), then it induces a conjugation between T and S, () (resp. T and U,,(p)), s0
Se1(B) and Uy, (p) are isomorphic.

Reflexivity and symmetry are also obvious for even Kakutani equivalence. For transitiv-
ity, we make the same proof as for Kakutani equivalence, using the fact that if A, By, B, C
have the same measure, then ¢1(B) and ¢9(B) also have the same measure. O

An immediate consequence of Abramov’s formula (Theorem |A.1.39) is the following.

Corollary A.1.46. Entropy is an tnvariant of even Kakutani equivalence.
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As mentioned in Section the conjugacy problem admits a complete invariant
among Bernoulli shifts: this has been proved by Ornstein [Orn70|. He first classified up to
conjugacy a class of systems called very weak Bernoully, which turned out to be exactly the
class of Bernoulli shift. The definition of very weak Bernoulli systems uses the Hamming
distance between words.

Similarly to Ornstein’s theory |Orn70| for the conjugacy problem, Ornstein, Rudolph
and Weiss [ORWS82| found a class of systems, called loosely Bernoulli system, where Kaku-
tani and even Kakutani equivalences are well understood. These systems were first intro-
duced by par Feldman [Fel76|, their definition is similar to that of very weak Bernoulli
systems, replacing the Hamming word-metric by a more flexible one. We give more details
in Chapter see Section For instance, Bernoulli shifts, odometers and irrational
rotations are loosely Bernoulli.

The classification theorem is the following.

Theorem A.1.47 (JORWS82, Theorems 5.1 and 5.2|). Let S,T € Aut(X, p) be two ergodic
transformations.

1. If S is loosely Bernoulli and is Kakutani equivalent to T, then T is also loosely
Bernoull.

2. If S and T are loosely Bernoulli, then they are evenly Kakutani equivalent if and only
if they have the same entropy.

A.2 Some basics of finitely generated groups and amenability

A.2.a Finitely generated groups

If St is a generating subset of I', then we can define the Cayley graph of I' with respect
to St as the graph whose vertices are the elements of I' and edges are all the pairs (v, ys)
with v € I" and s € Sp uSlfl.

This graph is connected and not directed, and enables us to endow I' with the path
metric: the distance between v and +' € T is

ds.(7,7") =min{n > 0] 3s1,...,5, € Sp U Slfl,’y =7's1...8,}.
This metric is also called the word-length metric. We then define the norm of v € I' as
V|sp = dsp. (7, 1) = min{n > 0| Is1,...,8, € St U Sp 1,y = 51...8,}.

Note that we have dg.(7,7) = |¥"!v|s.. We denote by Vs.(n) the cardinality of the
closed ball of radius n centered at 1p, namely the cardinality of {y € I' | |v|s. < n}. The
map Vs.: N — R, is called the volume growth of I' with respect to Sr.

Example. Let d > 1 be an integer and let us endow Z? with the finite generating subset
Sza consisting in its canonical basis. Then the associated length function is defined by

kls,, = kil + ... + |kl

for every k = (ki,...,kq) € Z% In particular, the length function |-l{+1y for Z is the
absolute value.

In the context of quantitative orbit equivalence, we only focus on finitely generated
groups. For such groups, the two metrics obtained from two different finite generating
sets Sp and S| are bi-Lipschitz equivalent: there exists a constant C' > 0 such that the
following holds:

1
Vel shlsp < blse < Chlsy..
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Figure A.1: The Cayley graph of Z? with the finite generating set {e;, ea} where e; = (1,0)
and ey = (0,1).

The proof is very simple: if we can write v as s1...sy,, with s; € Sp and n = |y|g,., then
writting each s; as a product of generators in S} gives the following bound on the number
of generators in S| that we need to write 7:

rlsp < (s Islsy ) v = (o [l ) s
We similarly prove the reverse inequality.

From this important fact, we deduce that the information on the geometry of the group
is asymptotically the same whatever the finite generating set we consider. Let us introduce
some terminologies. Given two increasing maps f,g: Ry — R, , we say that g dominates f,
written as g < f, if there exists a constant C' > 0 such that f(x) < Cg(Cx) for sufficiently
large real numbers . If ¢ < f and f < ¢, then we say that f and g are asymptotically
equivalent, and we write f =~ g.

Therefore, given two different finite generating sets Sp and S[., the above fact implies
that the volume growth Vg, and VS’r are asymptotically equivalent. The asymptotic be-
haviour, namely the equivalence class modulo =, is denoted by V. We say that a group has
polynomial growth of degree d > 1 if V() ~ 2%, and has exponential growth if Vp(z) ~ e®
(note that we have e ~ e for every C > 0).

Example A.2.1.
e For every integer d > 1, Z¢ has polynomial growth of degree d.

e Let us consider the set Z3 endowed with the group operation:

(,y,2) @y, 2"y = (@ + 2" y+v, 2+ 2 +ay),
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coming from the identification with the group of matrices of the form

1
0
0

o~ 8
— < W

This group, called the Heisenberg group, is generated by {(1,0,0), (0,1,0)} and has
polynomial growth of degree 4.

e Given groups I" and A, we define the wreath product

AT = (EPA) x T

where I' acts on the direct sum by shifting the coordinate. If I' and A are finitely
generated, with finite generating subsets Sr and Sy, then so is A T". Indeed, AT is
generated by:

{((5),1r) | s € Sa} v {(e(1a),5) [ s € Sr},

where ((s): I' > A is defined by ¢(s)(1r) = s and ¢(s)(y) = 15 for every v € I'\{1r}.
If I' is infinite and A is not trivial, then A I" has exponential growth.

e Given integers n,m = 1, the Baumslag-Solitar group
BS(m,n) = (s,t|ts"t™! = s™)

is finitely generated (by definition). If (m,n) = (1,1), this is the group Z? (polyno-
mial growth of degree 2), otherwise it has exponential growth.

e Given an integer n > 2, the free group with n generators has exponential growth.
Moreover the Cayley graph with respect to the canonical generators is a 2n-tree.

These metric properties give algebraic information on the group. For instance, Gro-
mov |Gro81| proved that finitely generated groups have polynomial growth if and only if
they are virtually nilpotent (i.e. there exists a finite index subgroup which is nilpotent).

A.2.b Amenable groups

Quantitative orbit equivalence suits with finitely generated groups that are amenable, since
it has rigidity results using the isoperimetric profiles. Let us introduce these notions.
We refer to [BOO08, Section 2.6] for more details on amenability and its "1010"" different
characterisations".

Let I be a countable group. A sequence (F),),>0 of finite subsets of I' is a (left) Folner
sequence of I if the following holds:

VF, A F|
e,

T
V’}/ € ’ |Fn| n—-+aoo

where A A B = (A\B) u (B\A) denotes the symmetric difference between two sets A and
B. We could also define right Falner sequences, writting F,,~y instead of vF,,. Note that
(Fy,) is a left Folner sequence if and only if (F,, ') is a right Folner sequence.
We now say that a countable group I' is amenable if it admits a Fglner sequence.
Notice that |- A -| defines a distance in the set of the finite subsets of I'. Indeed, it
suffices to write [A A B| = 3, . [14(y) — Lp(7)] and to use the properties of the absolute
value. In particular, |- A - | satisfies the triangle inequality which enables us to give the
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following equivalent definition when T is generated by a subset St: a sequence (Fy,)n=0 of
finite subsets of I is a Fglner sequence of T" if the following holds:

|’7FnAFn|

V’y € Sr, |Fn| .

When I is finitely generated, the problem thus reduces to finitely many properties to check.
Amenability is closed under many operations between groups: extensions, increasing
unions, passing to quotients, to subgroups, etc. This provides many examples.

Example A.2.2.
e Any finite group I' is amenable (take F,, =T').

e Given an integer d > 1, Z% is amenable (take F}, = {0,...,n}%).

The Heisenberg group is amenable.

A wreath product AT is amenable if and only if A and I" are amenable.

However the free group with n > 2 generators is not amenable.

Given integers n,m > 1, the Baumslag-Solitar group BS(m,n) is amenable if and
only if m or n is equal to 1.

Let us mention the following equivalent definition of amenability (the definition we give
above is its sequential characterisation somehow). Given a finite subset L of T and § > 0,
we say that a finite subset F' of T" is (L, 0)-invariant if the following hold:

[VF A F
VyeL, ——"1<ys
|F|

Then T is amenable if and only if for every such pair (L, §), there exists an (L, §)-invariant
finite subset. Let us also mention that a sequence (F},),>0 of finite subsets is Folner if and
only if for every such pair (L, ), there exists ng > 0 such that F, is (L, d)-invariant for
every n = ng. Intuitively, an amenable group is a group admitting finite subsets which
give an idea of its structure.

Amenability has many other equivalent definitions, let us explain the Reiter definition,
easily understandable from the Folner definition above. Indeed, we noticed for instance that
triangle inequality for the metric |- A -| is easier to prove when we replace sets A by their
characteristic functions 1 4. For amenability we can also find functional characterizations:
the ¢P-Reiter conditions, for p = 1. ¢P-Reiter condition means that there exists a sequence
(fn)nzo of functions in £P(T') (the set of function f: T' — R with || f[ = > op [f(7)|P < o0,
such that for every v € I,

[yt = fa )l

0.
[ fnllp n—>too

Notice that, if (F,)n>0 is a Folner sequence, then f,, == 1, satisfies ¢P-Reiter condition,
since [£a(171) = Fa( B = 1P A Fol and |ful} = |l

Let us finally introduce the isoperimetric profiles which provide a more quantitative
description of amenability among finitely generated groups. Given a finitely generated
group I', and p > 1, the (P-isoperimetric profile of I' is the map j,r: N — R, defined by

. 1f1p
vneN, jyr(n)= sup =—p,
g TR Vs flp
|supp f|<n
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where the support of f is supp f = {y €' | f(v) # 0} and the ¢P-norm of its gradient is
given by [V, fI} = s 1£(51) = FOE = Duesy Sher 1 (572) = F)IP. For p = 1.
the ¢!-isoperimetric profile, simply called the isoperimetric profile, has a simpler definition
modulo ~:

where 0g, A == SrA A A is the boundary of A. Reiter conditions imply that a finitely
generated group is amenable if and only if its isoperimetric profiles are not bounded.
Intuitively, the faster isoperimetric profiles go to infinity, the "more amenable" the group
is.

Coulhon Saloff-Coste isoperimetric inequality [CS93, Theorem 1] gives a connection
between the ¢!-isoperimetric profile and the volume growth of a finitely generated group:

jir(n) < Vit(n).

Finally, ¢%-isoperimetric profile is particularly studied for its relation with return probabil-
ities of random walks on groups, see for instance [SZ15}; SZ16} |SZ18; BZ21].

Example A.2.3.

e Given an integer d > 1, we have j, za(n) = n/4. The same holds more generally for
Jp,r when I' has polynomial growth of degree d.

e Given a non trivial finite group A and an integer d > 1, we have j,, y;z4(n) ~ (log n)'/d

|[Ers03).

. 1
o ]p,ZZZ(n) ~ logolgngLn [ErsO3]

e Given an integer k > 2, we have jj, g1 x)(n) = logn.

A.3 Ergodic theory for actions of amenable groups

Let us now move on to ergodic theory in the more general context of group actions (we
refer to [KL16]). Given an amenable group I', we consider a pmp I'-action on a standard
and atomless probability space (X, pt), namely a morphism I' — Aut(X, ). The only idea
to keep in mind is the following.

"A group I is amenable if we can do ergodic theory as if I' were the group Z."

So let us generalize the content of Section to these groups.

First, ergodicity does not need amenability for a definition. Given a group I', a
pmp action I' —~ (X, u) is ergodic if for every measurable set A, the following holds:
if u(yA A A) =0 for every v €T, then u(A) € {0, 1}.

Let us now focus on amenable groups. In Birkhoff and Von Neumann ergodic theorems
and in the definition of entropy for 7' € Aut(X, u), we always focus on the action of 7" in
the timeline {0, 1,...,n}. Notice that this set provides a Fglner sequence of Z as n grows,
so for an action of an amenable group I, let us replace it by F),, where (F},)n>0 is a Folner
sequence of I'.

e Von Neumann ergodic theorem holds for a pmp I-action on (X, pu), replacing
Iy o foT by \Filnlzvan f(v.) (see |[KL16, Theorem 4.22|). In particular, it does
not depend on the Folner sequence (F},)n>0 we consider.
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e For entropy, we replace %HM(\/?:O T~P) by ﬁHN(\/van 7~1P), and we get an
analogous theory (see [KL16, Section 9.3]). It is worth noticing that the quantity that
we get when passing to the limit, namely the entropy, does not depend on the Fglner
sequence (Fy,)p=0 we consider. We can similarly generalize the notion of topological
entropy (see |[KL16, Section 9.9]) and extend the variational principle (see |[KL16|
Section 9.10]) to amenable groups.

e For Birkhoff ergodic theorem (see [KL16, Theorem 4.28)), it is not enough to proceed
as for Von Neumann theorem. We have to assume that (F},)n>0 is tempered, this
means that there exists b > 0 such that

n—1
| F'Fa
=0

for every n = 1. This is the definition for left Fglner sequences, we can analogously
define temperedness for right Fglner sequences. This property is not so restrictive
since every Fglner sequence admits a subsequence which is tempered. Indeed, being a
left Folner sequence means that, as n grows, F,, can "absorb" more and more points
when multiplying to the left, so if k is large enough, F,.; can "absorb" U?:_ol Fk_l.

< b|F|

Finally, Ornstein’s theory for Bernoulli shifts has been generalized to amenable groups
(the Bernoulli shift I' ~ X' is defined by v - (z4/)yer = (#,-1,/)yer). Indeed, given an
amenable group I', Ornstein and Weiss [OWS87| proved that two Bernoulli shifts of I" are
isomorphic if and only if they have the same entropy.
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Appendix B

Background on quantitative orbit
equivalence and related notions

This appendix provides a state of the art on orbit equivalence (between actions or between
groups), with more details than the introduction, and emphasizes on the connections be-
tween this topic and many areas such as ergodic theory and geometric group theory that
we presented in Appendix
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B.1 Orbit equivalence and related notions

B.1.a Framework

In this thesis, groups act on a standard and atomless probability space (X, u), where
“standard” means that X is a Polish space, endowed with its Borel o-algebra. Such
spaces are all isomorphic to ([0,1],Leb), meaning that there exists a bimeasurable bi-
jection ¥: X — [0,1] such that U,u = Leb, where W, u denotes the probability measure
on [0, 1] defined by W,u(A) = u(¥~1(A)) for every measurable subset A. We will denote
by Aut(X, p1) the set of bimeasurable bijections which preserve the measure, two such maps
being identified if they coincide on a subset of full measure.

Given a group I', a T-action on (X, u) is pmp (for probability measure-preserving) if for
every v € I', the map x € X — ~ -2 € X is a bimeasurable bijection which preserves the
probability measure : u(vA) = pu(A) for every measurable subset A < X. A pmp I'-action
on (X, ) is in fact a group morphism from I" to Aut(X, p).

We say that the group action is (essentially) free if for p-almost every xz € X, for every
veI'\{1r}, v -z # x. Given a countable group T, there always exists a free pmp I'-action
on a standard and atomless probability space, consider for instance the Bernoulli shift
I' ~ {0,1}' defined by v - (. )yer = (@,-14)yer. Freeness offers to every orbit a graph
structure inherited from the Cayley graph of the group (see Figure [B.1]).

(—2,2) -z (—1,2) - = (0,2) - = (1,2) - = (2,2) - =
€2 €2 €2 €2 €2
€1 €1 €1 €1
(—2,1) - = (—1,1) - = (0,1) - = (1,1) - = (2,1) - =
€9 €9 €9 €9 €2
€1 €1 €1 €1
(—2,0) -« (—1,0) -« x (1,0) - = (2,0) -«
€9 €9 €9 €9 €9
€1 €1 €1 €1
(—2,—1) - (—1,—-1) -z (0, —1) - (1, —1) - = (2, —1) - =

Figure B.1: Given a free action of Z? on X, and given x € X, the Z?-orbit of x has the
structure inherited from the Cayley graph of Z with respect to the finite generating set
{e1,ea} with e; = (1,0) and ez = (0,1), where z is identified with (0, 0).

In the case of the group Z, a Z-action can be summarized by the data of the action
of +1, since it generates the group. Therefore, instead of considering a Z-action, we will
consider an element of Aut(X, u), that we will call a (dynamical) system, a transformation,
etc. A transformation T' € Aut(X, ) is aperiodic if the associated Z-action is free. In this
case of the group Z, this amounts to saying that for u-almost every x € X, the orbit of x
is infinite.

Given a I'-action, the orbit of some point z € X will be denoted by I' - z. In the case
of the group Z, we will write Orbp(x), where T' € Aut(X, u) is the action of the generator
+1.
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B.1.b Orbit equivalence

Let us now move on to the definition of orbit equivalence. First, let us define this notion
for group actions.

Definition B.1.1. Let I' and A be groups. Two pmp actions I' ~ (X, u) and A —~ (Y, v)
on standard and atomless probability spaces are orbit equivalent if there exists a measured
isomorphism ¥: X — Y such that for almost every z € X, the following equality holds:

VT z)=A V().

If furthermore the actions I' —~ (X, ) and A — (Y, v) are free, we can then define measur-
able maps crp: ' x X — A and epar: A x Y — T, called the cocycles associated to this
orbit equivalence, and defined by the following equations:

U(y-2) = epalg,) - U(x) and T -) = ear(Ay) - T (y)

for every v € ', A\ € A and for almost every x € X and y € Y (these functions are
well-defined by freeness).

These cocycles satisfy the cocycle identity:

cra(yysx) = (v, - 2, x)

for every ,7" € T' and for almost every z € X, and similarly for ¢y r. Moreover it is not
hard to prove that for almost every z € X, cpa(.,x): I' = A is a bijection mapping 1r to
1a.

In the case of finitely generated groups, the equality between the orbits is easier to
check. Indeed, if St is a finite generating subset of I', then the inclusion Sp -z < A -z
automatically implies I - & < A - z. Thus it is interesting to look at the particular case of
Z-actions.

Example B.1.2. Since the group Z is generated by +1, a pmp Z-action is completely
determined by an element of Aut(X, u). Furthermore, if aperiodic transformations S, T €
Aut(X, 1) are orbit equivalent, with an orbit equivalence ¥ such that S and U~'7¥ have
the same orbits, then we consider the associated cocycles only on the generator +1, namely
we consider maps cg: X — Z and cr: X — Z, still called cocycles and defined by:

U(Sz) = T@W(z) and O (Tz) = ST@ T ()

Figure B.2: Orbit equivalence between aperiodic transformations in Aut(X, u), when ¥ =
idx.

The definition of orbit equivalence between groups, and not between prescribed actions,
is the following.
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Definition B.1.3. Let I and A be groups. We say that they are orbit equivalent if there
exist two free pmp I'- and A-actions on a standard and atomless probability space (X, u)
such that for almost every z € X, I'- oz = A -x. The space (X, ) is called an orbit
equivalence coupling.

In other words, I" and A are orbit equivalent if there exist two orbit equivalent free
pmp I- and A-actions. By Definition [B.1.1] an orbit equivalence coupling (X, yt) between
two groups I' and A provides cocycles cpp: I'x X - Aand car: A xY — T

Freeness is useful to define cocycles, which allow us to pass from a group to the other,
but the goal is also to make sure that the orbits keep track of the structure of the group,
what will in fact go wrong for amenable groups.

Theorem B.1.4 (Dye |[Dyeb9| for Z-actions; Ornstein, Weiss [OW80| for the general
case). Any two ergodic pmp free actions of infinite amenable groups are orbit equivalent.
In particular, any two infinite amenable groups are orbit equivalent.

Note that ergodicity is necessary in this theorem since it is preserved by orbit equiv-
alence (both notions are properties on the orbits). Moreover, orbit equivalence between
groups preserves the cardinality of the groups (by freeness and orbit equalities) so Z and
Z/27Z cannot be orbit equivalent. It is not hard to see that any two finite groups I' and
A with same cardinality are orbit equivalent. Indeed, denoting n = |I'| = |A|, any bijec-
tion between I' and A yields a measured isomorphism ¥ between the probability spaces
[0,1/n] x T and [0,1/n] x A (both endowed with the product of the Lebesgue measure and
the counting measure on the group) and the left translation of the groups on themselves
yields a free pmp action on the corresponding space we just defined, and it is not difficult
to prove that these actions are orbit equivalent via W.

Let us also introduce orbit equivalence in a topological setting. We first draw an
analogy with the measure-theoretic context.

Measure-theoretic setting Topological setting

Standard and atomless probability space Cantor set X

(X, p)

Any such spaces (X, u) and (Y, v)
are isomorphic
(there exists a bimeasurable bijection
U: X — Y such that U,y = p)

Example: ([0, 1], Leb)

Dynamical systems:
Bimeasurable bijections T': X — X which
preserve the measure (i.e. T € Aut(X, u))

Orbit equivalence between
S, T € Aut(X, p):
there exists a bimeasurable bijection
U: X — X such that U, u=p
and such that ¥(Orbg(z)) = Orbr(¥(x))
for almost every x € X

Any such spaces X and Y
are isomorphic
(there exists a homeomorphism
U: X ->Y)

Example: {0, 1}

Dynamical systems:
Homeomorphisms 7: X — X

Orbit equivalence between
homeomorphisms S, 71"
there exists a homeomorphism
U:. X - X
such that U(Orbg(x)) = Orby(¥(z)) for
every r € X

Moreover, while we often look at ergodic transformations in a measure-theoretic con-
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text, the dynamical systems we consider in the topological setting are most of the time
minimal, namely every orbit is dense, and it is not hard to prove that ergodicity (resp. min-
imality) is invariant under measure-theoretic (resp. topological) orbit equivalence. Ergod-
icity and minimality thus play somehow the same role.

A (topological) orbit equivalence ¥ between two homeomorphisms S,7: X — X in-
duces the bijection p +— W, pu from the S-invariant probability measures to the T-invariant
ones (using the same ideas as in the proof of Proposition in Chapter . Conse-
quently, S is uniquely ergodic if and only if T is.

Let us now introduce a particular instance of orbit equivalence in the topological setting,
this is a crucial notion in Chapter

Definition B.1.5. Let X be a Cantor set. We say that two minimal homeomorphisms
S, T: X — X are strongly orbit equivalent if there exists a homeomorphism ¥: X — X
such that ¥(Orbg(z)) = Orby(¥(x)) for every x € X, and such that the associated cocycles
cs,cr: X — 7Z each have at most one point of discontinuity.

This equivalence relation has been introduced by Giordano, Putnam and Skau [GPS95|
which moreover found a complete invariant among minimal homeomorphisms, the dimen-
ston group. This invariant is obtained from a combinatorial description of these dynamical

systems: the Bratteli diagrams. We refer the reader to Appendix in Chapter [[I] for a
brief overview.

B.1.c Measure equivalence, stable orbit equivalence

Let us introduce the notion of measure equivalence, a measured analogue of quasi-isometry
introduced by Gromov, and which is closely related to orbit equivalence, since it coincides
with the notion of stable orbit equivalence. For the group Z, Kakutani equivalence is an
example of the latter, thus highlighting the interactions between orbit equivalence and
classical problems in ergodic theory.

By a smooth action of a countable group I', we mean a measure-preserving I'-action
on a standard measured space (2, 4) which admits a fundamental domain, namely a Borel
subset Xr of 2 that intersects every I'-orbit exactly once.

Definition B.1.6. Two groups I' and A are measure equivalent if there exists a standard
Borel measure space (€2, 1) equipped with commuting measure-preserving smooth I'- and
A-actions such that

1. both the I'- and A-actions are free;

2. the I'-action (resp. the A-action) admits a fixed fundamental domain X (resp. Xx)
of finite measure.

The quadruple (Q, X1, X, p) is called a measure equivalence coupling. We will always use
the notations v # x and A =z (with v € I', A € A, x € Q) for these smooth actions on €.
The notations v - z and A - x refers to the induced actions that we now define, as well as
the cocycles.

Definition B.1.7. A measure equivalence coupling (2, Xr, Xy, p) between I' and A in-
duces a finite measure-preserving I'-action on (Xy, px,) in the following way: for every
v €I and every x € Xy, v-x € X, is defined by the identity

(Axyxz)n Xy ={y-z},

it is unique since Xy is a fundamental domain for the smooth A-action.
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This also yields a cocycle cpa: IT' x Xp — A uniquely (by freeness) defined by

cra(y, @) xyrT =7-,

or equivalently cp A (7, ) * v * x € Xy, for almost every x € X and every v € I'. We simi-
larly define a finite measure-preserving A-action on (Xr, p1x;.) and the associated cocycle
ear: A x Xr — I As for orbit equivalence, these cocycles satisty the cocycle identity.
However, when fixing the coordinate in X or Xr, they do not provide bijections between
the groups.

Example B.1.8. Two lattices I" and A of a locally compact group G are measure equiva-
lent. Indeed, (G, X1, Xy, ) is a measure equivalence coupling, where p is a Haar measure
of G, I" acts on I" by left multiplication, A acts on G by right multiplication, and Xt and
Xp are the finite-measure fundamental domains provided by the definition of a lattice.

Let us now deal with the relations between measure and orbit equivalences.

Proposition B.1.9 ([Furll]). Two countable groups I' and A are orbit equivalent if and
only if they are measure equivalent and admit a measure equivalence coupling with equal
fundamental domains.

Note that given a measure equivalence coupling (€2, X1, X, 1) with equal fundamental
domains X := Xp = X,, the induced actions on X share the same orbits. However
these actions are not necessarily free, so the idea is to combine the commuting actions
on ) with free pmp I'- and A-actions of these groups on probability spaces Yr and Yj,
namely we consider the product Q x Yp x Y where ' (resp. A) diagonally acts on © x Yp
(resp. 2 x Y3 ). We easily check that both actions commute. Then the induced actions for
the new measure equivalence coupling (with common fundamental domain X x Yp x Yj)
share the same orbits and are free.

From the cocycles for the measure equivalence, defined on X, we thus get cocycles for
the orbit equivalence, defined on X x Y x Y). In fact they are in some way the same,
namely when we fix the coordinate in X in the product X x Yr x Yy, the cocycles for the
orbit equivalence are constant in the corresponding fiber and coincide with the cocycles
for the measure equivalence.

Conversely, the classical construction of a measure equivalence coupling from an orbit
equivalence keeps the same cocycles.

When the fundamental domains are not equal, we can still give a reformulation of
measure equivalence in terms of orbit equivalence. In fact, we can assume without loss of
generality that the fundamental domains intersect non trivially. Indeed (e, AXa is equal
to  (up to a null set), so it non trivially intersects Xr, so there exists some \g € A such
that w(Xp mn AgXa) > 0, we thus replace X, by its translate AgXx. Then the induced
actions T' —~ (X, up) and A —~ (X, ur) have this non-trivial intersection in common,
and it is not hard to see that the portions of orbits visiting this intersection coincide.
With this discussion, it is not hard to understand that the following weaker notion of orbit
equivalence is a reformulation of measure equivalence.

Definition B.1.10. Two free pmp actions I' —~ (X, ) and A —~ (Y, v) of countable groups
on standard and atomless probability spaces are stably orbit equivalence if there exist subset
A c X and B c Y of positive measure and a measured isomorphism V: (A, pu4) — (B,vp)
such that the following equality holds:

U((T-2) " A) = (A-U(z)) A B

for almost every z € A.
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Theorem B.1.11 ([Furll]). Two groups I' and A are measure equivalent if and only if
they are stably orbit equivalent. More precisely, we have the followings:

e if I' and A admit stably orbit equivalent actions T' —~ (X, u) and A — (Y,v), with
subsets Ac X and B Y and a map V: A — B as in the definition, then they admit
a measure equivalence coupling (0, Xr, Xa,p) with Xr =Y, Xpo = X, px,. =v and

px, = 1, where A is identified to B using ¥, and we have the equality % = 28({3 ;

e conversely, if (0, X1, Xa,p) is a measure equivalence coupling between I' and A,
where A = Xp n X has positive p-measure, then the induced actions T' — (Xp, p)
and A —~ (Xp,v), with p = px, and v = px,, are stably orbit equivalent, since the
orbits intersected with A coincide. The stable orbit equivalence is the identity map

(A, (uxy)a) = (A, (uxp)a) and we have 55?3 = Z&(i%'

In fact, the ratio u(A)/v(B) is a rescalling, called the compression of the stable orbit
equivalence and related to the ratio between the measures of the fundamental domains of an
associated measure equivalence coupling. Considering a subset A’ of A and B’ = ¥(A) ¢
B, the restricted map V: (A’ ua) — (B, up) still defines a stable orbit equivalence
between the actions, with the same compression.

When the stably orbit equivalent actions are ergodic, the following happens.

Theorem B.1.12 ([Fur99b|). Let I' ~ (X,pu) and A —~ (Y,v) be free pmp actions of
countable groups on standard and atomless probability spaces. Assume that these actions
are ergodic and stably orbit equivalent, with subsets A < X and B < Y as in the defi-
nition. Then the following holds: if n(A) = v(B) (resp. u(A) < v(B)) then there exists
a stable orbit equivalence with subsets A’ ¢ X and B' < Y such that A’ = X, B c B’
and v(B') = v(B)/u(A) (resp. B' =Y, A c A" and p(A') = u(A)/v(B)), so that the
compression remains the same. In particular, if u(A) = v(B), then the actions are in fact
orbit equivalent.

For the group Z, Kakutani equivalence is a particular instance of stable orbit equiv-
alence (see Section in Appendix [A| for the definition). Indeed, given T € Aut(X, )
and S € Aut(Y,v), if there exist subsets A € X and B < Y of positive measure such that
T4 and Sp are isomorphic, with an isomorphism W: (A, ua) — (B, vg), then in particular
T4 and Sp share the same orbits (up to V), which are the orbits of 7" and S but restricted
to A and B. So W is a stable orbit equivalence between T and S.

Finally, if 7" and S are evenly Kakutani equivalent (i.e. T4 and Sp are isomorphic with
pu(A) = v(B)), then the last theorem implies that they are orbit equivalent.

B.2 Quantitative orbit/measure equivalence

By Ornstein-Weiss theorem, orbit equivalence and measure equivalence are not interest-
ing theories among ergodic actions of infinite amenable groups. Let us strengthen their
definitions, using the cocycles provided by these notions.

B.2.a Quantitative orbit/measure equivalence between finitely gener-
ated groups

Let T and A be two finitely generated groups, with finite generating subset Sr and Sj.
We refer the reader to Section in Appendix [A]for all the terminologies about finitely
generated groups and their metric structure.

Assume that T' —~ (X, u) is a free pmp action on a standard and atomless probability
space and let ¢: I'x X — A be a measurable cocycle, namely it satisfies the cocycle identity:

(v, ) = c(v,7 - x)e(y, z)
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for every 7,+" € I and for almost every z € X.

Definition B.2.1 (|[DKLMT22]). Let ¢: R. — R, be a non-decreasing map. We say
that the cocycle c: T' x X — A defined above is p-integrable if for every v € I, there exists

¢y > 0 such that
IC(%ﬂf)lsA>
| ——4 | du(x) < +oo.
JX ( Cy

We say that the cocycle is LP for some p > 0 if it is p-integrable for ¢(z) = 2P, and it is
L® if for every v € I', the map |e(7,)|s, : X — N is essentially bounded.

For instance, every cocycle is LY, so this assumption will simply mean that we have no
requirement on the cocycle.

Remark B.2.2. The constants ¢, appearing in the definition of ¢-integrability of the
cocycle ¢ are necessary because we need the following properties:

e these notions of ¢-integrability and L® does not depend on the choice of the finite
generating set of A, since for any two finite generating sets Sy, Sy of A, there exists
a constant C > 0 such that

1
ZPlg < g, < Cg,
for every A € A;
e if © = ¢, then @-integrability and i-integrability are equivalent notions;

e to prove that the cocycle ¢: I' x X — A is p-integrable, it suffices to check the

finiteness of |( )
c(v,7)lg
o () auta)
X Cy

for every « in a finite generating set of I'. This follows from [DKLMT22, Proposi-
tion 2.22]. The same remark holds for L®.

We can now introduce the quantitative versions of orbit/measure equivalence. Re-
call that an orbit equivalence coupling (X,u) (resp. a measure equivalence coupling
(2, Xr, Xa, i) between I' and A gives rise to cocycles cpp: I'x X - Aand epp: Ax X —
I' (resp. cra: I'x Xp > Aand epap: A x Xp — T).

Definition B.2.3 ([DKLMT22|). Let I" and A be finitely generated groups and
o, : Ry — R4 be non-decreasing maps. We say that there exists a (¢, ¥)-integrable orbit
equivalence coupling (resp. (p,1))-integrable measure equivalence coupling) from I' to A if
the groups admit an orbit equivalence coupling (resp. measure equivalence coupling) whose
associated cocycles satisfy the following : cr A is ¢-integrable and cp r is 1-integrable.

A p-integrable orbit/measure equivalence coupling refers to a (p,p)-integrable or-
bit/measure equivalence coupling.

We also deal with (L*,1))-integrable or (¢, L*)-integrable or even L® orbit/measure
equivalent, if we want the corresponding cocycles to be L®. Historically, asking for in-
tegrable cocycles was the first and most natural quantitative version of orbit/measure
equivalence. Given p = 1, the notion of L” orbit/measure equivalence has been introduced
in |[BFS13|, and more generally (i, 1)-integrable orbit/measure equivalence was first de-
fined in [DKLMT?22] to study the weaker notion of L orbit equivalence for p < 1.

Remark B.2.4. It follows from the comments after Proposition that two groups
are (¢, 1)-integrably orbit equivalent if and only if they admit a (¢, ¥)-integrable measure
equivalence coupling with equal fundamental domains.
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B.2.b Quantitative orbit equivalence between actions

When focusing on prescribed group actions, the definitions of quantitative forms of orbit
equivalence are the following.

Definition B.2.5. Let I' ~ (X, u) and A —~ (Y, v) be free pmp actions of finitely generated
groups on standard and atomless probability spaces. Let ¢,9: Ry — R, be non-decreasing
maps. We say that I' ~ (X, u) is (¢, ¥)-integrable orbit equivalent to A —~ (Y, v) if these
actions admit an orbit equivalence whose cocycles satisfy the following: cr A is @-integrable
and cp r is 9-integrable.

We say that these actions are @-integrably orbit equivalent if furthermore both cocycles
are p-integrable.

Kerr and Li introduce another quantitative form of orbit equivalence, asking for the
following restriction on the cocycles.

Definition B.2.6 (|[KL21; KL24|). Given a free pmp action I' —~ (X, ) on a standard
and atomless probability space, a cocycle ¢: I' x X — A is Shannon if for every v € I, the
partition associated to ¢(,.): X — A has finite entropy, namely

Hu({{e(n,) =X} [ xe A}) = = 3 uler, ) = A log u({e(3,) = A}) < +oo.

AEA

As for p-integrability, we can prove that the above definition of Shannon property can
be reduced to the elements « in a finite generating subset.

Definition B.2.7 (|[KL21; KL24]). Let I' ~ (X, u) and A — (Y, v) be free pmp actions
of finitely generated groups on standard and atomless probability spaces. We say that
' ~ (X,u) and A — (Y, v) are Shannon orbit equivalent if there exists an orbit equivalence
whose associated cocycles cr o and cp r are Shannon.

Remark B.2.8. Shannon property and ¢-integrability do not exactly bring the same
information. When ¢ is non-decreasing, p-integrability of a cocycle at some element of the
group, let us say cra(7y,.): X — A, gives information on the tail of |er a(7,.)|s,: X = N,
using Markov’s inequality:

plerarlsy > ) = (o (12000 5 ) < bop (27 ) )

Cy p(n)

On the contrary to the statistical information provided by @-integrability, Shannon prop-
erty quantifies the uncertainty of the value of cp a(7,x), if  is random with respect to p
(see Section in Appendix |[A|for the motivations behind entropy).

Finally, p-integrability is a more geometric restriction. For every v € St, it statistically
quantifies how far is cr a(y,z) from lying in Sy. Roughly speaking, if T' is a “bigger”
group than A (for instance I' = Z? and A = Z), there is not enough room in A for the
generators of I' to be mapped to generators of A, this is the reason why quantitative forms
of measure/orbit equivalence will capture the geometry of the groups.

Remark B.2.9. Shannon orbit equivalence and ¢-integrably orbit equivalence between
prescribed actions are not equivalence relation a priori (except when the groups are Z and
@ is at least linear, by Belinskaya’s theorem, see Section [B.3)).
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B.2.c The particular case of Z

In the previous section, the quantitative forms of orbit equivalence between actions we
introduced do not depend on the finite generating subsets we consider, and are easy to
check since we only have to prove the finiteness of finitely many integrals (the integrals
associated to the generators, see Remark . For the group Z, we only care about the
finite generating set {+1} and, given an orbit equivalence between T' and S € Aut(X, u)
(which describe Z-actions via the action of +1), we only consider the cocycles on the
generator +1. This is the reason why Carderi, Joseph, Le Maitre and Tessera forget the
constant ¢, in Definition and give the following definition for (p, 1)-integrable orbit

equivalence.

Definition B.2.10 (|[DKLMT22|). Let S,T € Aut(X,u) and ¢,1: Ry — R. be non-
decreasing maps. We say that there exists a (p,¥)-integrable orbit equivalence coupling
from T to S if these transformations admit an orbit equivalence whose associated cocycles
cs and cr satisfy

f ¢(les(@))dp(z) < oo and J Y(ler(2))dp(z) < oo,
X X

where we recall that they are defined by the equations Sz = T¢®@) gz and Tz = ST@)g.

As well as the analogous definitions of the previous sections, LP refers to p(z) = 2P
and a p-integrable orbit equivalence coupling refers to a (¢, ¢)-integrable orbit equivalence
coupling.

This definition of ¢-integrability for cocycles is stronger than Definition in the
case of the group 7Z, so we consider the latter in every statements, except in Chapters
and [T where we use Definition [B.22.10l

B.3 Main results on quantitative orbit equivalence between
amenable groups

Behaviour of dynamical properties of group actions under quantitative
orbit equivalence

Ergodicity is preserved under orbit equivalence between free pmp actions of infinite
amenable groups, and we know by Dye [Dye59| (for Z) and Ornstein and Weiss [OW80]
(for the general case) that any two such actions are orbit equivalent if they are ergodic.
We would like to capture other dynamical properties, using quantitative versions of orbit
equivalence.

In the case of Z-actions, orbit equivalence is a weakening of the hard problem of conju-
gacy but is trivial, and we want its strengthenings to be more interesting, but still weaker
than conjugacy. By Belinskaya’s theorem, it is not a relevant choice to require integrable
cocycles.

Theorem B.3.1 (Belinskaya [Bel69]). Let S, T € Aut(X,u). If there exists an orbit
equivalence between S and T such that one of the cocycles is integrable, then S and T are
flip-conjugate, meaning that S is conjugate to T or to T™1.

In particular, integrable orbit equivalence boils down to flip-conjugacy. This theorem
fails in the case of Z% for d > 2. Indeed, L® orbit equivalence does not preserve strong
mixing property.

Theorem B.3.2 (Fieldsteel, Friedman [FF86|). Let d > 2. There exists a non strongly
mizing free pmp Z*-action which is L® orbit equivalent to a strongly mizing one.
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Which dynamical properties are preserved under L' orbit equivalence between actions of
groups bigger than Z? Austin launched the study of the preservation of measure-theoretic
entropy and proved the following result.

Theorem B.3.3 (Austin [Ausl6al). Let I' and A be amenable groups and ', A —~ (X, )
be free pmp actions on a standard and atomless probability space. If these actions are
integrably orbit equivalent, then they have the same entropy.

His result is in fact more general since it deals with the notion of stable orbit equivalence
which also admits quantitative forms, we do not give more details on it.

Then Kerr and Li noticed than Austin’s result also holds more generally in the context
of Shannon orbit equivalence in many cases depending on algebraic properties of the groups.
The typical statement is that if two pmp free actions of amenable groups I" and A (with
some assumptions) admit an orbit equivalence whose associated cocycle cpp: I' x X — A
is Shannon, then h,(I" ~ (X, n)) < h,(A —~ (X, p)). The first article [KL21| treats the
case of non locally finite amenable groups I and A, where I' is not virtually cyclic, and the
second one [KL24| the case of a virtually cyclic group I' and a virtually abelian group A.
In fact, the content of |[KL21| went beyond the amenable case using sofic entropy. In the
particular case of the group Z, Kerr and Li thus proved that entropy is invariant under
Shannon orbit equivalence.

Theorem B.3.4 (Kerr, Li [KL24]). Let S,T € Aut(X,u). If they are Shannon orbit
equivalent, then h,(S) = h,(T).

About entropy, let us mention this result of Boyle and Handelman in the topological
setting. They proved that strong orbit equivalence does not preserve topological entropy.

Theorem B.3.5 (Boyle, Handelman |[BH94|). Let « be either a positive real number or
+00. Let S be the dyadic odometer. Then there exists a Cantor minimal homeomorphism
T such that

1. htop(T) =«
2. S and T are strongly orbit equivalent.

The dyadic odometer is any odometer on [, -,{0,...,q, — 1} where the integers g,
are powers of two (they are all isomorphic, see Example in Appendix |A)).

Carderi, Joseph, Le Maitre and Tessera then found connections between Shannon orbit
equivalence and ¢-integrable orbit equivalence, and proved that the latter does not boil
down to flip-conjugacy when ¢ is sublinear. Since integrable orbit equivalence is exactly
p-integrable orbit equivalence for any nonzero linear map ¢, this implies that Belinskaya’s
theorem is optimal.

Theorem B.3.6 (Carderi, Joseph, Le Maitre, Tessera [CJLMT23, Theorem 3.16]). If
v: Ry — Ry satisfies log(t) = O(p(t)) as t goes to oo, then p-integrable orbit equivalence
implies Shannon orbit equivalence.

They in fact prove that if a measurable map f: X — Z satisfies

f log | £ () dpu(x) < +o0,
X

then it is Shannon:
= D ul{f =nplogp({f = n}) < +o0.
neZ
We apply this fact to f = ¢y and cg to deduce the theorem. In particular, when log(t) =
O(p(t)), ¢-integrable orbit equivalence preserves the entropy, so this is not a trivial relation.
It is neither a flip-conjugacy problem, according to the following results.
The first one is asymmetric.
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Theorem B.3.7 (Carderi, Joseph, Le Maitre, Tessera [CJLMT23| Theorem 1.2]). Let
v: Ry — Ry be a sublinear map and let S € Aut(X, p) be ergodic. There exists T €
Aut(X, p) and an orbit equivalence between S and T such that the cocycle cp is p-integrable
but T and S are not flip-conjugate.

What about adding restrictions on both cocycles ?

Theorem B.3.8 (Carderi, Joseph, Le Maitre, Tessera [CJLMT23| Theorem 1.3]). Let
v: Ry — Ry be a sublinear map and let S € Aut(X, p) be ergodic. Assume that there
exists an integer n = 2 such that S™ is ergodic. Then there exists T € Aut(X, u) such that
S and T are p-integrably orbit equivalent but not flip-conjugate.

Many comments are in order.

1. The assumption on S in Theorem holds for many dynamical systems, like irra-
tional rotations, weakly mixing systems, etc; and non-examples are some odometers

as explained at the end of Section in Appendix [A]

2. If S satisfies this assumption, then an explicit construction provides the counter-
example T in Theorem [B.3.8] it is built so that 7™ is not ergodic.

3. Moreover, if S satisfies this assumption, then Theorem with respect to .S is an
immediate corollary of Theorem If not, then S is not weakly mixing and a
“Gs argument” provides the counter-example T in Theorem [B.3.7, which is weakly
mixing.

By the second comment, we know that ergodicity of non-trivial powers is not preserved
under almost integrable orbit equivalence. Furthermore, we know for every prime number
p that SP is ergodic if and only if exp (2ipm) is not an eigenvalue of S; so this also shows
that almost integrable orbit equivalence does not preserve the point spectrum. Moreover, it
does not preserve weakly mixing since, starting from a weakly mixing transformation .S, we
can find a non weakly mixing counter-example 7. By the third comment, this last remark
remains true when we start from a non weakly mixing, but under the weaker relation of
(¢, LY)-integrable orbit equivalence (if ¢ is sublinear) and not under -integrable orbit
equivalence.

Let us end this section with an explicit construction of orbit equivalence with explicit
transformations.

Theorem B.3.9 (Kerr, Li [KL24|). Every odometer is Shannon orbit equivalent to the
universal odometer.

We refer the reader to Example in Appendix [A] for the definition of a univer-
sal odometer. This statement provides explicit Shannon orbit equivalent transformations
which do not share the same point spectrum.

Geometric properties of groups captured by quantitative orbit/measure
equivalence

As we already mentioned, measure equivalence is a measured analogue of quasi-isometry.
There is in fact a link between these notions. We say that a measure equivalence coupling
(Q, X1, X, p) is mutually cobounded if there exist finite subsets Fy < A and Fr < I' such
that Xr < F - Xj and X\ < Fr - Xr.

Theorem B.3.10 (|[Sha04]). Two amenable groups are quasi-isometric if and only if there
exists a mutually cobounded L™ measure equivalence between them.
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Orbit equivalence @-orbit equivalence for log < ¢
cdnaionce | ‘ is integrable
o | |
Flip-conjugacy
Trivial relation Conjugacy

Figure B.3: Here is a schematic view of the interplay between the relations on ergodic
bijections we have seen so far.

We can also relate bi-Lipschitz equivalence and orbit equivalence.

Theorem B.3.11 ([Sha04]|). Two amenable groups are bi-Lipschitz equivalent if and only
if they are L™ orbit equivalent.

Quasi-isometry

BiLipschitz
equivalence

Measure equivalence Stable orbit equivalence

Equal fundamental domains

Orbit equivalence

Lee orbit
equivalence
. Ld - = ~ -~ -~ . - - ~
cobounded P ;M A
L 1heasure ! \ ! ) \
equivallence (e v)- (i, ¥)- !
quivapence integrable \integrable 1
4
N , \ ,
S -7 S -’

Figure B.4: Here is a schematic view of the interplay between relations on amenable groups
we have seen so far.

For quantitative versions weaker than L* measure/orbit equivalence, which properties
of amenable groups are preserved? Many rigidity results have been uncovered in the
context of L' measure equivalence, showing that this notion captures the geometry of
groups. For non-amenable groups, we refer the reader to the work of Bader, Furman
and Sauer on lattices of SO(n,1) [BFS13]. Focusing on amenable groups, Austin shows
that integrably orbit equivalent groups of polynomial growth have bi-Lipschitz equivalent
asymptotic cones [Aus16b|. Moreover, in the appendix of the aforementioned paper, Bowen
proves the invariance of the growth function under L' measure equivalence.

Theorem B.3.12 (|Ausl6b, Theorem B.2|). Let I" and A be finitely generated groups. If
I and A are L' measure equivalent, then Vr(n) ~ Vi(n).

As an application, Z and Z? are not integrably measure equivalent. It is therefore
natural to wonder whether these rigidity results still hold for the more general notions
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of (¢, 1)-integrability which encompass for instance LP for p < 1. In this wider setup,
Delabie, Koivisto, Le Maitre and Tessera refined Bowen’s result as follows.

Theorem B.3.13 (|[DKLMT22, Theorem 3.1|). Let p: Ry —> Ry be an increasing and
subadditive map. If there is a (o, L0)-integrable measure equivalence coupling from T' to A,
then

Vi(n) < Vale™'(n))

where @1 is the inverse function of .

This inequality provides explicit upper bounds on how integrable the cocycles of an
orbit equivalence coupling can be, thus implying that quantitative orbit equivalence is more
complex than the trivial relation of orbit equivalence (among finitely generated amenable
groups). For instance, for every integers k > d > 1, there is no LP measure equivalence
between ZF and Z¢ if p > %.

Going further, Delabie, Koivisto, Le Maitre and Tessera also proved in [DKLMT22| an
inequality that involves rather the isoperimetric profile, which is more suitable to distin-
guish amenable groups of exponential growth for instance. For recalls about the isoperi-
metric profile, we refer the reader to Section in Appendix [A]

Theorem B.3.14 ([DKLMT22, Theorem 1.1]). Let ¢: Ry — Ry be a non-decreasing
function such that t — ﬁ 1s non-decreasing. Let I' and A be finitely generated groups.

Assume that there ezists a (p,L0)-integrable measure equivalence coupling from T' to A.
Then their isoperimelric profiles satisfy the asymptotic inequality

pojia(n) < jir(n).

Explicit constructions show that the bound given by this theorem is almost sharp. As
an example:

Theorem B.3.15 (|[DKLMT?22, Theorem 6.12]). Let k > d be two positive integers. Then
there exists an orbit equivalence coupling from ZF to 74 which is (pe, . )-integrable for
every € > 0, where

e
ISUES

X

and ’l/)g(fl’f) = W

Pe () = W

In particular, they are LP-orbit equivalent for every p < %.

They also provide results about the ¢P-isoperimetric profile for p > 1. if there exists
an (L?, L% measure equivalence from I' to A, then j, A (n) < j,r(n). It is worth noticing
that they find a connection (in the same vein as Theorems and between
the existence of regular maps and quantitative forms of asymmetric version of measure
equivalence, which enables them to prove the following: if there exists a regular map from
I' to A, then j,a(n) < jpr(n) for every p > 1.
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