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Résumé

Titre : Sur l'équivalence orbitale quantitative entre groupes moyennables

Mots-clés : Equivalence orbitale, odomètre, système de rang un, entropie, spectre
ponctuel, mélange, équivalence de Kakutani, groupe moyennable, pro�l isopérimétrique.

Deux actions, libres et préservant une mesure de probabilité, de groupes dénombrables
sont orbitalement équivalentes si elles admettent les mêmes orbites quitte à conjuguer l'une
des deux. Cependant, un théorème d'Ornstein et Weiss a�rme que deux telles actions
sont toujours orbitalement équivalentes lorsque les groupes sont in�nis et moyennables.
L'équivalence orbitale quantitative consiste à ajouter des restrictions sur les cocycles dans
le but d'obtenir une théorie plus intéressante.

D'une part, ce sujet interagit avec la théorie ergodique � classique �. Premièrement,
Belinskaya a démontré qu'une équivalence orbitale avec des cocycles intégrables se résume
à un problème beaucoup trop proche de la conjugaison. Deuxièmement, des hypothèses
plus faibles que l'intégrabilité des cocycles proposent un juste milieu entre la relation
triviale qu'est l'équivalence orbitale, et le problème di�cile de la conjugaison. Dans ce
contexte, nous établissons plusieurs résultats de �exibilité : certaines formes quantitatives
de l'équivalence orbitale ne préservent pas des comportements dynamiques reliées aux
propriétés de mélange et à la notion de spectre ponctuel. Nous démontrons aussi que ces
relations n'impliquent pas l'équivalence de Kakutani (un problème aussi riche que celui de
la conjugaison). En�n, nous démontrons que la préservation de l'entropie sous équivalence
orbitale log-integrable (due à Kerr et Li) est optimale, en trouvant des transformations
d'entropie di�érente qui sont orbitalement équivalentes avec des cocycles quasiment log-
intégrables.

D'autre part, l'équivalence orbitale quantitative entre groupes moyennables cap-
ture la géométrie des groupes, vu que les pro�ls isopérimétriques fournissent des seuils
d'intégrabilité des cocycles. Nous faisons une étude plus �ne de ces bornes en montrant
qu'elle ne peuvent pas être atteintes.
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Abstract

Title : On quantitative orbit equivalence between amenable groups

Keywords : Orbit equivalence, odometer, rank-one system, entropy, point spectrum,
mixing, Kakutani equivalence, amenable group, isoperimetric pro�le.

Two free probability measure-preserving actions of countable groups are orbit equivalent
if they share the same orbits up to conjugacy. However, a theorem of Ornstein and Weiss
states that any two such actions are always orbit equivalent when the groups are in�nite
and amenable. Quantitative orbit equivalence aims at adding restrictions on the cocycles
to get a more interesting theory.

On the one hand, this topic has many interactions with �classical� ergodic theory.
First, Belinskaya proved that an orbit equivalence with integrable cocycles boils down to
a problem very close to conjugacy. Secondly, assumptions weaker than integrability on
the cocycles bridge the gap between the trivial relation of orbit equivalence and the hard
problem of conjugacy. In this context, we prove many �exibility results stating that these
quantitative forms of orbit equivalence do not preserve dynamical behaviours related to
mixing properties and the notion of point spectrum. We also proved that these relations
do not imply Kakutani equivalence (a problem as rich as the one of conjugacy). Finally we
prove that the preservation of entropy under log-integrable orbit equivalence (due to Kerr
and Li) is optimal, namely we �nd transformations with di�erent entropies orbit equivalent
with almost log-integrable cocycles.

On the other hand, quantitative orbit equivalence captures the geometry of amenable
groups, since isoperimetric pro�les yield integrability thresholds on the cocycles. We will
deal with a �ner study of these bounds: we prove that they cannot be reached.
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Résumé long en français

Ce résumé long en français reprend les éléments essentiels de l'introduction en anglais.

Equivalence orbitale entre systèmes dynamiques

Etant donné un espace de probabilité standard et sans atome pX,µq, on note AutpX,µq
l'ensemble des bijections X Ñ X préservant la mesure de probabilité (pmp), où on identi�e
deux telles bijections si elles coïncident sur une partie de mesure pleine. Deux éléments
S, T P AutpX,µq sont orbitalement équivalents si, à conjugaison près, ils ont les mêmes
orbites. Cela signi�e qu'il existe un isomorphisme mesuré Ψ: pX,µq Ñ pX,µq tel que pour
presque tout x P X,

Ψ ptTnx | n P Zuq � tSnΨpxq | n P Zu . (1)

L'application Ψ est appelée une équivalence orbitale entre S et T . Cette notion a été
introduite pour la première fois par Dye en 1959 [Dye59] dans le cadre plus général des
relations d'équivalence pmp sur pX,µq. L'équivalence orbitale est un a�aiblissement de la
conjugaison, qui demande un isomorphisme mesuré Ψ: pX,µq Ñ pX,µq tel que ΨpTxq �
SΨpxq pour presque tout x P X. Cependant, Dye a démontré que cet a�aiblissement est
beaucoup trop fort : toutes les bijections pmp et ergodiques sont orbitalement équivalentes.

Pour un renforcement de l'équivalence orbitale, on a d'abord besoin de décrire plus
précisément l'égalité entre orbites (1). En supposant que T et S sont apériodiques, c'est-
à-dire Tnx �� x pour tout n �� 0 et pour presque tout x, on peut dé�nir des applications
mesurables cT : Z�X Ñ Z et cS : Z�X Ñ Z avec les formules

ΨTx � ScT pxqΨpxq et Ψ�1Sx � T cSpxqΨ�1pxq

pour presque tout x P X. Les applications cT et cS sont les cocycles associés à l'équivalence
orbitale Ψ.

Etant donnée une équivalence orbitale Ψ entre S et T , les cocycles associés témoignent
de la distorsion des orbites pour passer de la dynamique de T à la dynamique de S, et
vice versa. L'équivalence orbitale quantitative consiste à ajouter des restrictions sur ces
cocycles, pour des distorsions plus rigides. Par exemple, étant donnés p, q P r0,�8s, nous
demandons à avoir un cocycle cT qui est Lp, et un cocycles cS qui est Lq, c'est ce qu'on
appelle une équivalence orbitale pLp,Lqq. Etant données des applications φ,ψ : R� Ñ R�
(par exemple φpxq � log x), nous demandons plus généralement de la pφ,ψq-integrabilité.

Une autre forme d'équivalence orbitale quantitative est l'équivalence orbitale de Shan-
non. Un cocycle, disons cT , est Shannon si la partition

 
c�1
T pnq | n P Z

(
qui lui est associée

est d'entropie �nie, c'est-à-dire

�
¸
nPZ

µpc�1
T pnqq logµpc�1

T pnqq   �8.

Lorsque les deux cocycles sont Shannon, on parle d'équivalence orbitale de Shannon.
La question est maintenant la suivante.
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ii RÉSUMÉ LONG EN FRANÇAIS

Question 1. Quelles propriétés dynamiques sont préservées par les di�érentes formes
quantitatives de l'équivalence orbitale ? Peut-on relier certaines formes quantitatives de
l'équivalence orbitale à certaines notions classiques de théorie ergodique ?

Equivalence orbitale entre actions de groupes

Remarquons qu'un élément T de AutpX,µq fournit une action pmp du groupe Z sur pX,µq,
via pn, xq P Z � X ÞÑ Tnx P X. Il est donc naturel d'étendre la notion d'équivalence
orbitale au cadre des actions de groupes. Deux actions pmp de groupes Γ et Λ sur pX,µq
sont orbitalement équivalentes s'il existe un isomorphisme mesuré Ψ: pX,µq Ñ pX,µq tel
que pour presque tout x P X,

Ψ pΓ � xq � Λ �Ψpxq. (2)

Une généralisation du théorème de Dye existe pour les actions pmp, libres et ergodiques
de groupes in�nis moyennables, elle est due à Ornstein et Weiss. Comme précédemment,
nous allons donc décrire un peu plus précisément l'égalité entre orbites (2) avec les cocycles
cΓ,Λ : Γ�X Ñ Λ et cΛ,Γ : Λ�X Ñ Γ dé�nis par :

Ψpγ � xq � cΓ,Λpγ, xq �Ψpxq et Ψ�1pλ � xq � cΛ,Γpλ, xq �Ψ�1pxq

pour tout γ P Γ, λ P Λ et presque tout x P X (ces applications sont bien dé�nies par
liberté des actions). Le nom � cocycle� est justi�é par le fait que ces applications satisfont
l'identité de cocycle

cΓ,Λpγγ1, xq � cΓ,Λpγ, γ1 � xqcΓ,Λpγ1, xq.
Si Γ est engendré par une partie �nie SΓ, on peut dé�nir la norme de longueur des mots
par

|γ|SΓ
� min tn ¥ 0 | Ds1, . . . , sn P SΓ, γ � s1 . . . snu

pour tout γ P Γ. C'est une généralisation de la valeur absolue (dans le cas de Z) qui permet
de voir Γ comme un espace métrique, via la métrique des mots pγ, γ1q ÞÑ |γ1�1γ|.

Etant donnés deux groupes Γ et Λ de type �ni, avec des ensembles �nis générateurs
SΓ et SΛ, on dit que le cocycle cΓ,Λ : Γ �X Ñ Λ est Lp si pour tout γ P Γ, l'application
|cΓ,Λpγ, .q|SΛ

: X Ñ N est Lp. On dé�nit ensuite l'équivalence orbitale pLp,Lqq pour les
actions pmp et libres de Γ et de Λ, et plus généralement l'équivalence orbitale pφ,ψq-
intégrable pour des applications φ,ψ : R� Ñ R�.

On s'attend à des phénomènes de rigidité pour l'équivalence orbitale quantitative entre
actions de groupes de type �ni, pour deux raisons:

� Vis-à-vis de la dynamique : comme pour l'équivalence orbitale entre éléments
de AutpX,µq, les cocycles d'une équivalence orbitale entre deux actions témoignent
de la distorsion des orbites pour passer de la dynamique d'une action à la dynamique
de l'autre.

� Vis-à-vis de la géométrie des groupes : les orbites d'une action libre d'un groupe
de type �ni ont en quelque sorte la structure héritée du graphe de Cayley du groupe
(associé à une partie �nie génératrice �xée). Ainsi les cocycles d'une équivalence
orbitale entre deux actions encodent également la distorsion entre les géométries des
groupes.

Au vu du dernier point qui se focalise principalement sur la géométrie des groupes
de type �ni, il est naturel de considérer l'équivalence orbitale comme une relation entre
groupes : deux groupes Γ et Λ sont orbitalement équivalents s'il existe des actions libres et
pmp de Γ et Λ sur un espace de probabilité standard, qui ont les mêmes orbites (hors d'une
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partie de mesure nulle). La donnée de ces actions est appelée un couplage d'équivalence
orbitale entre Γ et Λ. Entre autres, on s'intéressera à la notion de couplage pφ,ψq-intégrable
de Γ vers Λ.

Pour l'équivalence orbitale, les phénomènes de �exibilité observés pour les groupes
moyennables sont en net contraste avec les résultats de rigidité parmi les groupes non
moyennables ([Fur99a; Gab00; Kid08; Kid10]). Les objectifs sont dans le même esprit que
dans la question 1, concernant les renforcements quantitatifs.

Question 2. Quels invariants d'équivalence orbitale quantitative capturent la géométrie
des groupes ?

Comportement des propriétés dynamiques sous équivalence
orbitale quantitative

Historiquement, le premier résultat d'équivalence orbitale quantitative est dû à Belinskaya.
Ce résultat énonce qu'étant donnée une équivalence orbitale entre S et T P AutpX,µq,
si l'un des cocycles est intégrable, alors T et S sont �ip-conjugués (T et conjugué
à S ou à S�1). La �ip-conjugaison étant trop proche du problème de la conjugai-
son, l'hypothèse d'intégrabilité n'est pas pertinente. Regardons maintenant ce qu'il se
passe pour l'équivalence orbitale φ-intégrable avec φ : R� Ñ R� sous-linéaire, et pour
l'équivalence orbitale de Shannon.

L'équivalence orbitale de Shannon n'est pas une relation triviale. En e�et, Kerr et Li
en ont trouvé un invariant : l'entropie.

Théorème 3 (Kerr, Li [KL24]). S'il existe une équivalence orbitale de Shannon entre S
et T P AutpX,µq, alors hµpSq � hµpT q.

Carderi, Joseph, Le Maître et Tessera ont ensuite découvert des liens entre l'équivalence
orbitale de Shannon et la notion l'équivalence orbitale φ-intégrable. Ils ont également
démontré que cette dernière ne se résume pas à un problème de �ip-conjugaison si φ : R� Ñ
R� est sous-linéaire, prouvant ainsi que le théorème de Belinskaya est optimal.

Théorème 4 (Carderi, Joseph, Le Maître, Tessera [CJLMT23, Théorème 3.16]). Si
φ : R� Ñ R� est une fonction véri�ant logptq � Opφptqq lorsque t tend vers 8, alors
toute équivalence orbitale φ-intégrable est une équivalence orbitale de Shannon.

Théorème 5 (Carderi, Joseph, Le Maître, Tessera [CJLMT23, Théorème 1.3]). Soit
φ : R� Ñ R� une fonction sous-linéaire et soit S P AutpX,µq une transformation er-
godique. Supposons qu'il existe un entier n ¥ 2 tel que Sn est ergodique. Alors il existe une
équivalence orbitale φ-intégrable entre S et une transformation qui n'est pas �ip-conjuguées
à S.

On obtient donc que l'équivalence orbitale de Shannon et l'équivalence orbitale φ-
intégrable (pour φ : R� Ñ R� sous-linéaire, asymptotiquement plus grand que log) ne se
résument pas à de la �ip-conjugaison et ne sont pas des relations triviales.

En�n, pour une construction concrète d'équivalence orbitale entre des transformations
bien connues qui ne sont pas �ip-conjuguées, avec des informations quantitatives sur les
cocycles, on a le résultat suivant.

Théorème 6 (Kerr, Li [KL24]). Tout odomètre est Shannon orbitalement équivalent à
l'odomètre universel.
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Propriétés géométriques des groupes capturées par
l'équivalence orbitale quantitative

Concentrons-nous maintenant sur la notion d'équivalence orbitale quantitative entre
groupes, et non pas entre actions de groupes prescrites. Etant donné un groupe Γ de
type �ni, ainsi qu'une partie �nie génératrice SΓ, la fonction de croissance de Γ est dé�nie
par

VΓpnq� |tγ P Γ | |γ|SΓ
¤ nu|.

Par exemple, VZdpnq � nd.
Dans l'appendice de [Aus16b], Bowen a démontré l'invariance de la fonction de crois-

sance par équivalence orbitale intégrable. Par conséquent, Z et Z2 ne sont pas intégrable-
ment orbitalement équivalents. Delabie, Koivisto, Le Maître et Tessera ont ensuite traité
la question du comportement de la fonction de croissance sous équivalence orbitale pφ,ψq-
intégrable, un cadre plus large qui englobe par exemple le cas où les cocycles sont Lp pour
un certain p   1.

Théorème 7 ([DKLMT22, Theorem 3.1]). Soit φ : R� ÝÑ R� une fonction strictement
croissante et sous-additive. S'il existe un couplage d'équivalence orbitale pφ,L0q-intégrable
de Γ vers Λ, alors

VΓpnq ¤ VΛpφ�1pnqq
où φ�1 désigne la fonction inverse de φ.

Cette inégalité fournit des bornes d'intégrabilité des cocycles. Par conséquent,
l'équivalence orbitale quantitative entre groupes moyennables de type �ni est plus com-
plexe que la relation triviale qu'est l'équivalence orbitale. Par exemple, pour des entiers
k ¡ d ¥ 1, il n'y a pas de couplage Lp entre Zk et Zd si p ¡ d

k .
Delabie, Koivisto, Le Maître et Tessera ont aussi démontré une inégalité qui utilise cette

fois-ci le pro�l isopérimétrique, un invariant qui mesure en quelque sorte la moyennabilité
d'un groupe.

Théorème 8 ([DKLMT22, Theorem 1.1]). Soit φ : R� ÝÑ R� une fonction croissante
telle que t ÞÑ t

φptq est croissante. Soient Γ et Λ deux groupes de type �ni. S'il existe un cou-

plage d'équivalence orbitale pφ,L0q-intégrable de Γ vers Λ, alors leur pro�ls isopérimétriques
véri�ent l'inégalité asymptotique suivante :

φ � j1,Λpnq ¤ j1,Γpnq.

Nouveaux résultats présentés dans cette thèse

Après avoir présenté quelques résultats historiques sur l'équivalence orbitale quantitative,
parlons de nos contributions.

Généralisation de la construction de Kerr et Li

Dans le chapitre I, nous présentons une généralisation du théorème 6 aux transformations
de rang un. D'une part, ces systèmes admettent une construction combinatoire similaire
aux odomètres, avec des tours de Rokhlin qui croissent vers la σ-algèbre de l'espace. C'est
une propriété cruciale qu'utilisent Kerr et Li dans leur construction, on s'attend donc à
pouvoir la généraliser. D'autre part, la famille des systèmes de rang un décrivent des
propriétés dynamiques très variées, par exemple concernant les propriétés de mélange et
les propriétés spectrales, elle est donc plus riche que la famille des odomètres.

On fournit ainsi des exemples concrets d'équivalences orbitales de Shannon où les pro-
priétés de mélange et les propriétés spectrales ne sont pas préservées. En voici un résumé.
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Théorème 9 (théorèmes A, C, D, E et F du chapitre I). Soit φ : R� Ñ R� véri�ant
φptq � o

�
t1{3

�
lorsque t tend vers �8. L'ensemble des éléments de AutpX,µq qui sont

φ-intégrablement orbitalement équivalents à l'odomètre universel contient :

� les odomètres;

� la transformation de Chacon (faiblement mélangeante mais pas fortement
mélangeante);

� une transformation de rang un fortement mélangeante;

� la rotation irrationnelle d'angle θ, pour θ appartenant à une partie indénombrable et
dense de R;

� pour tout réel irrationnel θ, une transformation de rang un ayant e2iπθ comme valeur
propre.

Odomutants

Dans le chapitre II, nous construisons des nouvelles transformations pmp, appelés odomu-
tants, obtenus après des distorsions successives des orbites d'un odomètre. Même si un
odomutant a le même spectre ponctuel que l'odomètre qui lui est associé (théorème II.3.13),
il peut avoir des propriétés dynamiques beaucoup plus variées. Par exemple, il peut avoir
une entropie positive et n'est pas forcément lâchement de Bernoulli1 (les systèmes lâche-
ment de Bernoulli forment une classe de transformations où les notions d'équivalence de
Kakutani et d'équivalence de Kakutani équitable2 sont bien comprises). C'est donc une
classe de systèmes propices aux contre-exemples et aux résultats de �exibilité.

Le premier résultat montre que, même si l'équivalence orbitale de Shannon et
l'équivalence de Kakutani équitable préservent l'entropie, ce ne sont pas les mêmes re-
lations.

Théorème 10 (théorème G du chapitre II). Il existe une bijection pmp et ergodique T
qui est L 1{2 orbitalement équivalente (en particulier Shannon orbitalement équivalente) à
l'odomètre dyadique mais pas équitablement Kakutani équivalente.

Le second résultat montre que le fait que l'équivalence orbitale log-intégrable préserve
l'entropie (théorèmes 3 et 4) est optimal.

Théorème 11 (théorème H du chapitre II). Soit pX,µq un espace de probabilité standard,
α un réel strictement positif ou �8, et S P AutpX,µq un odomètre dont le nombre surna-
turel associé

±
pPΠ p

kp véri�e la propriété suivante : il existe un nombre premier p� tel que
kp� � �8. Alors il existe T P AutpX,µq tel que

1. hµpT q � α;

2. il existe une équivalence orbitale entre S et T , qui est φm-intégrable pour tout entier
m ¥ 0,

avec φm : tÑ log t

logp�mq t
, et où logp�mq désigne la composition log � . . . � log (m fois).

1Loosely Bernoulli en anglais.
2Contrairement à loosely Bernoulli, la littérature française ne présente a priori aucune traduction de

even Kakutani equivalence. Si cette information est fausse, le lecteur est chaleureusement convié à contacter
l'auteur de cette thèse pour vaincre son ignorance.
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Ce théorème s'applique par exemple à l'odomètre dyadique et à l'odomètre universel.
La stratégie que nous adoptons consiste à utiliser l'entropie topologique, plus facile à

calculer, ainsi que le principe variationnel pour retrouver l'entropie mesurée (il faut donc
que nos systèmes soient uniquement ergodiques). Derrière le théorème 11 se cache donc
l'énoncé suivant qui s'inscrit dans un cadre plus topologique, avec l'entropie topologique
et la notion d'équivalence orbitale forte.

Théorème 12 (théorème I du chapitre II). Soit α un réel strictement positif �8. Soit
S un odomètre dont le nombre surnaturel associé

±
pPΠ p

kp véri�e la propriété suivante :
il existe un nombre premier p� tel que kp� � �8. Alors il existe un homéomorphisme
minimal T sur l'espace de Cantor tel que

1. htoppT q � α;

2. il existe une équivalence orbitale forte entre S et T , qui est φm-intégrable pour tout
entier m ¥ 0,

avec φm : tÑ log t

logp�mq t
, et où logp�mq désigne la composition log � . . . � log (m fois).

Il est crucial de remarquer que ce théorème généralise l'énoncé suivant, dû à Boyle et
Handelman.

Théorème 13 (Boyle, Handelman [BH94]). Soit α un réel strictement positif ou �8.
Soit S l'odomètre dyadique. Alors il existe un homéomorphisme minimal T sur l'espace de
Cantor tel que

1. htoppT q � α;

2. S et T sont fortement orbitalement équivalents.

Il s'avère que les homéomorphismes T construits par Boyle et Handelman sont exacte-
ment les systèmes que nous construisons : des odomutants ; ce qui ne saute pas aux yeux
vu qu'ils utilisent des diagrammes de Bratteli pour les décrire. De plus, ces diagrammes
fournissent un moyen plus abstrait de déterminer si deux homéomorphismes minimaux
sont fortement orbitalement équivalents, via un invariant complet appelé le groupe à di-
mension. En revanche, l'équivalence orbitale est plus explicite avec notre construction,
nous permettant ainsi de quanti�er les cocycles.

En�n, après avoir trouvé un moyen de déterminer si un odomutant est conjugué ou non
à l'odomètre qui lui est associé, nous obtenons l'extension suivante du théorème 5.

Théorème 14 (théorème J du chapitre II). Soit φ : R� Ñ R� une application sous-linéaire
et S un odomètre. Alors il existe une bijection pmp T telle que S et T sont φ-intégrablement
orbitalement équivalents mais pas �ip-conjugués.

Sur le seuil d'intégrabilié fourni par les pro�ls isopérimétriques

Dans le contexte de l'équivalence orbitale quantitative entre groupes moyennables in�nis,
le théorème 8 fournit une borne d'intégrabilité des cocycles. Nous savons que cette borne
est optimale dans certains cas.

Par exemple, étant donné un couplage d'équivalence orbitale entre Zk et Zk�ℓ, où k et
ℓ sont des entiers strictement positifs, le cocycle de Zk�ℓ vers Zk ne peut pas être Lp si
p ¡ k

k�ℓ . De plus, on sait qu'un tel couplage couplage existe, où le cocycle de Zk�ℓ vers Zk

est Lp pour tout p   k
k�ℓ [DKLMT22, Theorem 1.9]. Qu'en est-il du cas p � k

k�ℓ ? Nous
répondons à cette question dans le chapitre III. Nous montrons que le cocycle ne peut être

L
k

k�ℓ , et plus généralement que la borne d'intégrabilité fournie par le pro�l isopérimétrique
ne peut pas être atteinte pour toute paire pΓ,Λq de groupes moyennables in�nis (avec des
hypothèses supplémentaires mais légères).
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Théorème 15 (théorème L du chapitre III). Soit Γ et Λ deux groupes de type �ni. Sup-
posons qu'il existe une fonction croissante hΓ et une fonction strictement croissante hΛ
véri�ant hΓ � j1,Γ, hΛ � j1,Λ et les hypothèses suivantes lorsque xÑ �8 :

hΓpxq � o phΛpxqq , (3)

@C ¡ 0, hΓpCxq � O phΓpxqq , (4)

@C ¡ 0, hΓ � h�1
Λ pCxq � O

�
hΓ � h�1

Λ pxq� . (5)

Alors il n'existe pas de couplage d'équivalence orbitale phΓ �h�1
Λ ,L0q-intégrable de Γ vers Λ.

Une conséquence remarquable est la caractérisation complète pour les groupes Zd,
d ¥ 1.

Théorème 16 (théorème III.4.4 du chapitre III). Etant donnés deux entiers strictement
positifs k, ℓ, il existe un couplage d'équivalence orbitale pLp,L0q de Zk�ℓ vers Zk si et
seulement si p   k

k�ℓ .
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Introduction in english

Orbit equivalence between dynamical systems

Given a standard and atomless probability space pX,µq, we denote by AutpX,µq the set of
probability measure-preserving (pmp) bijections X Ñ X, two such maps being identi�ed
if they coincide on a subset of full measure. Two elements S, T P AutpX,µq are orbit
equivalent if they share the same orbits up to conjugacy. This means that there exists a
measured isomorphism Ψ: pX,µq Ñ pX,µq such that for almost every x P X,

Ψ ptTnx | n P Zuq � tSnΨpxq | n P Zu . (6)

The map Ψ is called an orbit equivalence between S and T . This concept was �rst in-
troduced by Dye in 1959 [Dye59] in the more general setting of pmp equivalence relations
on pX,µq. Orbit equivalence is a weakening of the conjugacy problem, which requires a
measured isomorphism Ψ: pX,µq Ñ pX,µq such that ΨpTxq � SΨpxq for almost every
x P X. However Dye proved that this weakening is trivial: any two ergodic pmp bijections
are orbit equivalent.

To strengthen orbit equivalence, we �rst need a more precise description of the orbit
equality (6). If we assume that T and S are aperiodic, namely Tnx �� x for every n �� 0
and almost every x, we can de�ne measurable maps cT : Z�X Ñ Z and cS : Z�X Ñ Z
by the formulas

ΨTx � ScT pxqΨpxq and Ψ�1Sx � T cSpxqΨ�1pxq
for almost every x P X. The maps cT and cS are called the cocycles associated to the orbit
equivalence Ψ.

x Tx T 2xT−1x

S

T T T T T

S
cS(x) = 2

cS(T
2x) = −3

Figure 1: Orbit equivalence between aperiodic transformations in AutpX,µq, when Ψ �
idX .

Given an orbit equivalence Ψ between S and T , the associated cocycles tell us how
much we have to distort the orbits to move from the dynamics of T to the dynamics of
S, and vice versa. Quantitative orbit equivalence consists in adding restrictions on these
cocycles for the distortions to be more rigid. For instance, given p, q P r0,�8s, we will ask
for an Lp cocycle cT and an Lq cocycle cS , this is what we call an pLp,Lqq orbit equivalence.

ix
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Given maps φ,ψ : R� Ñ R� (for instance φpxq � log x), we more generally require pφ,ψq-
integrability. We de�ne it with more details in Section B.2 of Appendix B, the reader can
keep in mind that Lp is exactly φ-integrability when φpxq � xp, and that the faster the
map φ goes to �8, the stronger is the restriction on the cocycle.

Another form of quantitative orbit equivalence is the Shannon property. For the reader
who is not acquainted with the notion of entropy, Section A.1.h in Appendix A motivates
this quantity. In the remark below, we explain intuitively what it encodes in this context
of orbit equivalence.

A cocycle, let us say cT , is Shannon if the entropy of its associated partition 
c�1
T pnq | n P Z

(
has �nite entropy, this means that

�
¸
nPZ

µpc�1
T pnqq logµpc�1

T pnqq   �8.

Shannon orbit equivalence asks for an orbit equivalence whose associated cocycles are both
Shannon.

Remark 17. As a motivation behind the de�nition of entropy (see Section A.1.h
in Appendix A), �°

nPZ µpc�1
T pnqq logµpc�1

T pnqq quanti�es how much the partition 
c�1
T pnq | n P Z

(
is dividing the space X. In other words, it quanti�es the uncertainty

of the value of cT pxq, where x is random with respect to µ.
It does not exactly bring the same information as the property of being in Lp. For

instance, the latter gives information on the tail of |cT p.q| : X Ñ N, using Markov's in-
equality:

µ pt|cp.q| ¡ nuq ¤
³
X |cT pxq|pdµpxq

np
.

The question is now the following.

Question 18. Which dynamical properties are preserved under quantitative forms of orbit
equivalence? Are there connections between quantitative forms of orbit equivalence and
classical notions in ergodic theory?

As we will explain later in this introduction, Belinskaya proved that integrable orbit
equivalence boils down to a relation too close to conjugacy. However, when φ : R� Ñ R�
is a sublinear map greater than log, many results imply that the relation of φ-integrable
orbit equivalence bridges the gap between the trivial relation of orbit equivalence and the
hard problem of conjugacy. The same holds for Shannon orbit equivalence.

Orbit equivalence between group actions

Note that any element T of AutpX,µq gives rise to a pmp action Z ñ pX,µq, via pn, xq P
Z � X ÞÑ Tnx P X. It is then natural to study the following extension to more general
group actions. Two pmp actions of groups Γ and Λ on pX,µq are orbit equivalent if there
exists a measured isomorphism Ψ: pX,µq Ñ pX,µq such that for almost every x P X,

Ψ pΓ � xq � Λ �Ψpxq. (7)

However, Dye's theorem has been generalized to free ergodic pmp actions of in�nite
amenable groups, by Ornstein and Weiss [OW80]. As before, we more precisely describe
the orbit equalities (7) with the cocycles cΓ,Λ : Γ �X Ñ Λ and cΛ,Γ : Λ �X Ñ Γ de�ned
by:

Ψpγ � xq � cΓ,Λpγ, xq �Ψpxq and Ψ�1pλ � xq � cΛ,Γpλ, xq �Ψ�1pxq
for every γ P Γ, λ P Λ and almost every x P X (these maps are well-de�ned by freeness of
the actions). Note that the cocycles cT , cS : X Ñ Z we de�ned earlier for orbit equivalent



xi

elements of AutpX,µq are exactly the restrictions to the generator �1 of the cocycles
Z � X Ñ Z we de�ne right above. The name �cocycle� comes from the fact that these
maps satisfy the cocycle identity :

cΓ,Λpγγ1, xq � cΓ,Λpγ, γ1 � xqcΓ,Λpγ1, xq.

The goal is now to introduce quantitative orbit equivalence in this more general setting.
For instance, we want a de�nition of being Lp for a cocycle cΓ,Λ : Γ�X Ñ Λ. We have to
compose the cocycle with a real-valued function. For instance, for a Z-valued cocycle, we
use the absolute value. To this end, �nitely generated groups form a natural class where
we can de�ne a norm playing the same role as the absolute value. Indeed, if Γ is generated
by a �nite subset SΓ, then we can de�ne the word-length norm by

|γ|SΓ
� min tn ¥ 0 | Ds1, . . . , sn P SΓ, γ � s1 . . . snu

for every γ P Γ. This norm enables us to naturally consider �nitely generated groups as
metric spaces, via the word-length metric pγ, γ1q ÞÑ |γ1�1γ|. For instance, the ℓ1-norm of
Rd, restricted to Zd, is the norm of Zd associated to its canonical generating subset. We
give more details in Section A.2.a of Appendix A.

Now given �nitely generated groups Γ and Λ, with �nite generating subsets SΓ and SΛ,
we say that a cocycle cΓ,Λ : Γ�X Ñ Λ is Lp if for every γ P Γ, the map |cΓ,Λpγ, .q|SΛ

: X Ñ N
is Lp. We then de�ne the notion of pLp,Lqq orbit equivalence for free pmp Γ- and Λ-actions,
and more generally pφ,ψq-integrable orbit equivalence for general maps φ,ψ : R� Ñ R�
(see Section B.2 in Appendix B).

It is relevant to expect rigidity phenomena for quantitative orbit equivalence between
actions of �nitely generated groups, for two reasons:

� When focusing on the dynamics: as for orbit equivalence between elements of
AutpX,µq, the cocycles of a given orbit equivalence tell us how much we have to
distort the orbits to move from the dynamics of one action to the dynamics of the
other orbit equivalent to it.

� When focusing on the geometry of the groups: the orbits of a free action
of a �nitely generated group somehow have the structure inherited from the Cayley
graphs of the group (associated to a �xed generating subsets). This means that in
every orbit, we put an edge between y and γ �y if γ lies in SΓYS�1

Γ . Figure 2 provides
an illustration for a free Z2-action. So the cocycles also encode the distortions to
pass from the geometry of one group to the other.

Let us give an example with Z2- and Z-actions, where the groups are respectively
generated by SZ2 � te1 � p1, 0q, e2 � p0, 1qu and SZ � t�1u. The norms |.|SZ2

and |.|SZ quantify how far cZ,Z2p�1, xq and cZ2,Zpei, xq are from being generators (or
inverses of generators) of the corresponding group. So they quantify how far an orbit
equivalence Ψ is from preserving the edges in the orbits. In view of the structure
of Z2-orbits in Figure 2, while Z-orbits are more likely to live in a "one-dimensional
world" (as the T -orbits in Figure 1), it is natural to believe that an orbit equivalence
distort the structures, and that x ÞÑ cZ2,Zpei, xq often take large values.

To sum up, the cocycles cΓ,Λ : Γ � X Ñ Λ and cΛ,Γ : Λ � X Ñ Γ can be seen as
measurable families cΓ,Λp., xq : Γ Ñ Λ and cΛ,Γp., xq : X Ñ Γ. The integrability
conditions on both cocycles can therefore be seen as a way to prevent too much
distortion (in a way which involves the measure).

By this last item which more focuses on the geometry of �nitely generated groups, it is
natural to also consider orbit equivalence as a relation between groups: two groups Γ and



xii INTRODUCTION IN ENGLISH

e2e2e2 e2 e2

e2e2e2e2e2

e2 e2 e2 e2 e2

e1e1e1 e1

e1e1e1e1

e1 e1 e1 e1

(0, 1) · x (1, 1) · x

(0, 2) · x

(1, 0) · x(−1, 0) · x

(−1, 1) · x

(−1, 2) · x(−2, 2) · x

(−2, 1) · x

(−2, 0) · x

(0,−1) · x (1,−1) · x(−1,−1) · x(−2,−1) · x (2,−1) · x

(2, 0) · x

(2, 1) · x

(2, 2) · x(1, 2) · x

x

Figure 2: Given a free action of Z2 on X, and given x P X, the Z2-orbit of x has the
structure inherited from the Cayley graph of Z with respect to the �nite generating set
te1, e2u with e1 � p1, 0q and e2 � p0, 1q, where x is identi�ed with p0, 0q.

Λ are orbit equivalent if there exist free pmp Γ- and Λ-actions on a standard probability
space, sharing the same orbits up to a null set. An orbit equivalence coupling between Γ
and Λ refers to the data of these actions. Then we say that Γ is pφ,ψq-integrably orbit
equivalent to Λ if there exist an orbit equivalence coupling which is pφ,ψq-integrable.
Remark 19. It turns out that orbit equivalence between two groups is a particular in-
stance of measure equivalence, a notion introduced by Gromov as a measured analogue of
quasi-isometry. Conversely, measure equivalence provides a weaker notion of orbit equiva-
lence, called stable orbit equivalence, roughly speaking it requires equality between portions
of orbits. Coming back to actions of the group Z, namely the data of elements of AutpX,µq,
a classical instance of stable orbit equivalence is the notion of Kakutani equivalence: two
transformations T, S are Kakutani equivalent if they admit induced transformations which
are conjugate. The theory of Kakutani equivalence is as rich as the problem of conjugacy,
we refer the reader to Section A.1.i in Appendix A for more details. These remarks high-
light the interactions between orbit equivalence and many topics like ergodic theory and
geometric group theory.

The �exibility phenomena observed for amenable groups is in sharp contrast with the
rigidity results found in the non-amenable world. For instance, Gaboriau [Gab00] proved
that the orbit equivalence classes among free groups are completely described by the num-
ber of generators. We also refer the reader to the work of Furman [Fur99a] on lattices in
higher rank semi-simple Lie groups and the works of Kida [Kid08; Kid10] on mapping class
groups, both providing rigidity phenomena under measure equivalence.

Since orbit equivalence cannot distinguish between in�nite amenable groups, we can
ask the following question in the same vein as Question 18.

Question 20. Which invariants of quantitative orbit equivalence capture the geometry of
the groups?

Measure equivalence also comes with cocycles and analogous quantitative strengthen-
ings (see Section B.2 in Appendix B). Since measure equivalence is also a trivial relation
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among in�nite amenable groups, the last question also arises in this context. In the sequel,
we will only deal with orbit equivalence, but some result in fact hold more generally in
the setting of quantitative measure equivalence, we refer the reader to Appendix B for a
survey.

Behaviour of dynamical properties of group actions under
quantitative orbit equivalence

The �rst result on quantitative orbit equivalence is probably Belinskaya's theorem. It
states that, given an orbit equivalence between S and T P AutpX,µq, if one of the cocycles
is integrable, then T and S are �ip-conjugate (T is conjugate to S or S�1). Since the
�ip-conjugacy problem is too close to the conjugacy problem, integrability is not a relevant
restriction to add on the cocycles.

Then Austin launched the study of the preservation of measure-theoretic entropy under
quantitative forms of orbit equivalence. Intuitively, the entropy of T P AutpX,µq, denoted
by hµpT q, is a quantity which tells us how much iterations of T complexify the space. It is
de�ned as the growth rate of some quantities using the entropy of partitions. We explain
this notion in Section A.1.h of Appendix A.

Austin proved that integrable orbit equivalence among actions of in�nite amenable
groups preserves the entropy [Aus16a]. Note that this was already known for Z-actions,
by Belinskaya's theorem. In fact, Kerr and Li noticed than Austin's result also holds in
the context of Shannon orbit equivalence in many cases depending on algebraic properties
of the groups. In the particular case of the group Z, the statement is the following.

Theorem 21 (Kerr, Li [KL24]). Let S, T P AutpX,µq. If they are Shannon orbit equiva-
lent, then hµpSq � hµpT q.

Carderi, Joseph, Le Maître and Tessera then found connections between this notion
and φ-integrable orbit equivalence, and proved that the latter does not boil down to �ip-
conjugacy when φ is sublinear. Since integrable orbit equivalence is exactly φ-integrable
orbit equivalence for any nonzero linear map φ, this implies that Belinskaya's theorem is
optimal.

Theorem 22 (Carderi, Joseph, Le Maître, Tessera [CJLMT23, Theorem 3.16]). Let
φ : R� Ñ R� be a map satisfying logptq � Opφptqq as t goes to 8. If T, S P AutpX,µq are
φ-integrably orbit equivalent, then they are Shannon orbit equivalent.

Theorem 23 (Carderi, Joseph, Le Maître, Tessera [CJLMT23, Theorem 1.3]). Let
φ : R� Ñ R� be a sublinear map and let S P AutpX,µq be ergodic. Assume that there
exists an integer n ¥ 2 such that Sn is ergodic. Then there exists T P AutpX,µq such that
S and T are φ-integrably orbit equivalent but not �ip-conjugate.

For a concrete construction of orbit equivalence between well-known transformations
that are not isomorphic, and with a quanti�cation on the cocycles, we have the following
statement of Kerr and Li. We refer the reader to Example A.1.30 in Appendix A for
the de�nition of a universal odometer, this is related to the �ip-conjugacy classi�cation of
odometers.

Theorem 24 (Kerr, Li [KL24]). Every odometer is Shannon orbit equivalent to the uni-
versal odometer.
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Geometric properties of groups captured by quantitative orbit
equivalence

Let us now focus on the notion of quantitative orbit equivalence between groups, and not
between prescribed group actions. We recall that two groups are orbit equivalent if they
admit free pmp actions which share the same orbits up to a null set.

Given a �nitely generated group Γ with a �nite generating subset SΓ, the growth
function is de�ned by

VΓpnq� |tγ P Γ | |γ|SΓ
¤ nu|.

With a metric viewpoint, this function encodes the volume of the balls. For instance,
VZdpnq � nd.

In the appendix of [Aus16b], Bowen showed the invariance of the growth function under
L1 orbit equivalence.

Theorem 25 ([Aus16b, Theorem B.2]). Let Γ and Λ be �nitely generated groups. If Γ and
Λ are L1 orbit equivalent, then VΓpnq � VΛpnq.

As an application, Z and Z2 are not integrably orbit equivalent. It is therefore natural
to wonder whether these rigidity results still hold for the more general notions of pφ,ψq-
integrability which encompass for instance Lp for p   1. In this wider setup, Delabie,
Koivisto, Le Maître and Tessera re�ned Bowen's result as follows.

Theorem 26 ([DKLMT22, Theorem 3.1]). Let φ : R� ÝÑ R� be an increasing and sub-
additive map. If there is a pφ,L0q-integrable orbit equivalence coupling from Γ to Λ, then

VΓpnq ¤ VΛpφ�1pnqq
where φ�1 is the inverse function of φ.

This inequality provides explicit upper bounds on how integrable the cocycles of an
orbit equivalence coupling can be. This implies that, among �nitely generated amenable
groups, quantitative orbit equivalence is more complex than the trivial relation of orbit
equivalence. For instance, for every integers k ¡ d ¥ 1, there is no Lp orbit equivalence
between Zk and Zd if p ¡ d

k .
Explicit constructions show that the bound given by this theorem is almost sharp. For

instance, for every positive integers k ¡ d, the groups Zk and Zd are Lp-orbit equivalent
for every p   d

k [DKLMT22, Theorem 1.9].
Going further, Delabie, Koivisto, Le Maître and Tessera also proved in [DKLMT22]

an inequality that involves rather the isoperimetric pro�le. For recalls about the isoperi-
metric pro�le j1,Γ of a �nitely generated group Γ, we refer the reader to Section A.2.b in
Appendix A. This invariant tells us how much amenable a group is. Since we want to
strengthen orbit equivalence among amenable groups, this quantity is relevant.

Theorem 27 ([DKLMT22, Theorem 1.1]). Let φ : R� ÝÑ R� be a non-decreasing function
such that t ÞÝÑ t

φptq is non-decreasing. Let Γ and Λ be �nitely generated groups. Assume

that there exists a pφ,L0q-integrable orbit equivalence coupling from Γ to Λ. Then their
isoperimetric pro�les satisfy the asymptotic inequality

φ � j1,Λpnq ¤ j1,Γpnq.

New results presented in this thesis

After presenting the historical results on quantitative orbit equivalence, let us move on to
our contributions.
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Generalization of Kerr and Li's construction

Chapter I deals with an extension of Theorem 24 to rank-one systems. We refer the reader
to Section I.3.a in Chapter I for a survey on these transformations.

On the one hand, rank-one systems have a combinatorial construction similar to the
odometers, with Rokhlin towers approximating the σ-algebra of the space. Kerr and Li
crucially use this property in their construction, so it is relevant to extend their construction
to such systems. On the other hand, rank-one systems form a richer class than odometers,
favourable to counter-examples. Here are examples of dynamical properties satis�ed by
some of them:

� strongly mixing (for instance the rank-one systems built by Ornstein [Orn72]);

� weakly mixing but not strongly mixing (for instance the Chacon map [Cha69]);

� existence of an irrational eigenvalue (for instance irrational rotations, or rank-one
systems built by Danilenko and Vieprik [DV23, Theorem 4.1]),

whereas odometers all have rational eigenvalues and none of them are weakly mixing. It
is thus natural to expect that this class provides �exibility results for quantitative orbit
equivalence.

We �rst prove that the Shannon orbit equivalence in Theorem 24 is in fact a φ-integrable
orbit equivalence for any map φ : R� Ñ R� satisfying φptq � opt 13 q as t goes to �8. We
then provide extensions to rank-one systems with this quantitative form. We do not give
the de�nition of BSP rank-one systems mentioned below (see De�nition I.3.5 in Chapter I),
the reader can keep in mind that it contains every odometer and the Chacon map.

Theorem 28 (see Theorem A in Chapter I). Every BSP rank-one system is φ-integrably
orbit equivalent to the universal odometer for any φ : R� Ñ R� satisfying φptq � o

�
t1{3

�
as t goes to �8.

Considering the Chacon map, we deduce from this theorem that weak mixing property
is not preserved under φ-integrable orbit equivalence for maps φ as in the statement. In
fact, this was already known in [CJLMT23] (we refer to the comments after Theorem B.3.8
in Appendix B for more details), but we prove this �exibility result with explicit examples
of transformations (the universal odometer and the Chacon map).

With the strongly mixing rank-one systems built by Ornstein [Orn72], we can even
deduce that strong mixing property is not preserved.

Theorem 29 (see Theorem F in Chapter I). For every map φ : R� Ñ R� satisfying
φptq � o

�
t1{3

�
as t goes to �8, there exists a strongly mixing rank-one system which is

φ-integrably orbit equivalent to the universal odometer.

We also manage to relate odometers and irrational rotations.

Theorem 30 (see Theorem C in Chapter I). Let φ : R� Ñ R� be a map satisfying
φptq � o

�
t1{3

�
as t goes to �8. The set of irrational numbers θ whose associated irra-

tional rotation is φ-integrably orbit equivalent to the universal odometer is dense in R.

Theorem 31 (see Theorem D in Chapter I). For every map φ : R� Ñ R� satisfying
φptq � o

�
t1{3

�
as t goes to �8, and for every non-empty open subset V of R, the set of

irrational numbers θ P V whose associated irrational rotation is φ-integrably orbit equivalent
to the universal odometer is uncountable.

Irrational rotations are instances of rank-one systems with irrational eigenvalues (recall
that odometers only have rational eigenvalues). We do not know if every irrational rotation
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is φ-integrably orbit equivalent to the universal odometer, with a map φ as in the state-
ments. However, given any irrational number θ, we can relate the universal odometer with
some rank-one systems having e2iπθ as an eigenvalue, using constructions of Danilenko and
Vieprik [DV23].

Theorem 32 (see Theorem E in Chapter I). For every map φ : R� Ñ R� satisfying
φptq � o

�
t1{3

�
as t goes to �8, and for every irrational number θ, there exists a rank-one

system which has e2iπθ as an eigenvalue and which is φ-integrably orbit equivalent to the
universal odometer.

Odomutants

In Chapter II, we build new probability measure-preserving transformations, called odomu-
tants, built by distorting the orbits of an odometer. Even though an odomutant has the
same point spectrum as its associated odometer (Theorem II.3.13 in Chapter II), it can
have di�erent dynamical properties. For instance, it can have positive entropy and it is
not necessarily loosely Bernoulli (loosely Bernoulli systems form a class of transformations
where Kakutani equivalence and even Kakutani equivalence are well understood). These
explicit constructions thus provide �exibility results for quantitative orbit equivalence.

Even though Shannon orbit equivalence (or log-integrable orbit equivalence) and even
Kakutani equivalence both preserve entropy, these relations are not the same, according
to the following.

Theorem 33 (see Theorem G in Chapter II). There exists an ergodic probability measure-
preserving bijection T which is L 1{2 orbit equivalent (in particular Shannon orbit equiva-
lent) to the dyadic odometer but not evenly Kakutani equivalent to it.

In fact, the system T in this statement is built as a non loosely Bernoulli system, so it
is neither Kakutani equivalent to the dyadic odometer.

Moreover the fact that log-integrable orbit equivalence preserves entropy (Theorems 21
and 22) is optimal. Indeed, we can �nd an odometer (of zero entropy) almost log-integrably
orbit equivalent to a transformation of positive entropy with all possible values.

Theorem 34 (see Theorem H in Chapter II). Let pX,µq be a standard atomless probability
space, let α be either a positive real number or �8, and let S P AutpX,µq be an odometer
whose associated supernatural number

±
pPΠ p

kp satis�es the following property: there exists
a prime number p� such that kp� � �8. Then there exists a probability measure-preserving
transformation T P AutpX,µq such that

1. hµpT q � α;

2. there exists an orbit equivalence between S and T , which is φm-integrable for all
integers m ¥ 0,

where φm denotes the map tÑ log t

logp�mq t
and logp�mq the composition log � . . .�log (m times).

We refer the reader to Example A.1.30 in Appendix A for the notion of supernatural
number associated to (the conjugacy class of) an odometer. The theorem applies to the
dyadic odometer and the universal odometer for instance

It is worth noticing that this statement looks like the theorem stated below, due to
Boyle and Handelman and which deals with a more topological version of orbit equivalence.
Let us brie�y explain the terminologies used in the statement.

Minimal homeomorphisms acting on the Cantor set are strongly orbit equivalent if they
share the same orbits (up to topological conjugacy) and each cocycle has at most one point
of discontinuity. We refer the reader to Appendix II.B in Chapter II for an overview on
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this theory developed by Giordano, Putnam and Skau [GPS95]. Moreover the notation
htop in the following statement refers to a topological notion of entropy (see Section A.1.h
in Appendix A).

Theorem 35 (Boyle, Handelman [BH94]). Let α be either a positive real number or �8.
Let S be the dyadic odometer. Then there exists a Cantor minimal homeomorphism T such
that

1. htoppT q � α;

2. S and T are strongly orbit equivalent.

In an earlier version of our result, we noticed that odomutants are in fact the dynamical
systems that they built. This is not so obvious at �rst glance since they deal with Bratteli
diagrams to describe the systems. Moreover they use abstract invariants to get that the
systems are strongly orbit equivalent, whereas our constructions are concrete, this enables
us to quantify the cocycles.

The strategy to prove our result is to use topological entropy (easier to compute) and
the variational principle to connect it with measure-theoretic entropy (so we have to work
with uniquely ergodic transformations). A more topological version is thus hidden behind
Theorem 34, its statement is the following.

Theorem 36 (see Theorem I in Chapter II). Let α be either a positive real number or
�8. Let S be an odometer whose associated supernatural number

±
pPΠ p

kp satis�es the
following property: there exists a prime number p� such that kp� � �8. Then there exists
a Cantor minimal homeomorphism T such that

1. htoppT q � α;

2. there exists a strong orbit equivalence between S and T , which is φm-integrable for
all integers m ¥ 0,

where φm denotes the map tÑ log t

logp�mq t
and logp�mq the composition log � . . .�log (m times).

Finally, an odometer is a factor of its associated odomutants, and odometers also have
this stunning property of being coalescent : if an odometer is a factor of a transformation
isomorphic to it, then every factor map is an isomorphism. Since we know an explicit
factor map from an odomutant to its associated odometer, this property provides a way of
�nding odomutants not isomorphic to their associated odometers. In fact, it enables us to
extend Theorem 23 to odometers.

Theorem 37 (see Theorem J in Chapter II). Let φ : R� Ñ R� be a sublinear map and S
an odometer. There exists a probability measure-preserving transformation T such that S
and T are φ-integrably orbit equivalent but not �ip-conjugate.

On integrability threshold provided by isoperimetric pro�les

In the context of quantitative orbit equivalence between in�nite amenable groups, Theo-
rem 27 provides an upper bound on how integrable a cocycle can be. More precisely, if the
group Γ is a much "bigger" than Λ, there are obstructions for the cocycle from Γ to Λ to
be φ-integrable. Moreover this bound is sharp in many examples.

For instance, given an orbit equivalence coupling between Zk and Zk�ℓ, with positive
integers k, ℓ, the cocycle from Zk�ℓ to Zk cannot be Lp for any p ¡ k

k�ℓ . On the other hand,

there exists a coupling where this cocycle is Lp for every p   k
k�ℓ . What about the case

p � k
k�ℓ? This is the question we answer in Chapter III. We proved that such a cocycle
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cannot be L
k

k�ℓ , and more generally that the upper bound provided by the isoperimetric
pro�les cannot be reached for every pairs pΓ,Λq of in�nite amenable groups, with mild
assumptions.

Theorem 38 (see Theorem L in Chapter III). Let Γ and Λ be �nitely generated groups.
Assume that there exist a non-decreasing function hΓ and an increasing function hΛ satis-
fying hΓ � j1,Γ, hΛ � j1,Λ and the following assumptions as xÑ �8:

hΓpxq � o phΛpxqq , (8)

@C ¡ 0, hΓpCxq � O phΓpxqq , (9)

@C ¡ 0, hΓ � h�1
Λ pCxq � O

�
hΓ � h�1

Λ pxq� . (10)

Then there is no phΓ � h�1
Λ ,L0q-integrable orbit equivalence coupling from Γ to Λ.

Assumption (8) simply means that Γ is a "bigger" group than Λ, and the idea behind
Assumptions (9) and (10) is to get rid of the constants appearing inside the maps in the
de�nition of being asymptotically equivalent.

As consequences, we have the following complete characterisations.

Theorem 39 (see Theorem III.4.4 in Chapter III). Given positive integers k, ℓ, there exists
an pLp,L0q orbit equivalence coupling from Zk�ℓ to Zk if and only if p   k

k�ℓ .

Plan of the thesis

The three chapters respectively correspond to the articles [Cor25a; Cor25b; Cor25c]. Chap-
ters I and II are devoted to �exibility results. In the �rst one, we generalize Kerr and Li's
construction to rank-one systems. In the second one, we introduce new systems called
odomutants which form a richer class in the dynamical viewpoint and which are naturally
orbit equivalent to odometers. In Chapter III, we deal with the integrability thresholds
provided by the isoperimetric pro�les. For the reader who is not acquainted with some
basics of ergodic theory or geometric group theory, Appendix A o�ers an introduction to
these topics. Finally, a more detailed state of the art on orbit equivalence and related
notions is provided in Appendix B.



Chapter I

Rank-one systems, �exible classes

and Shannon orbit equivalence

This chapter corresponds to the article [Cor25a].

Abstract

We build a Shannon orbit equivalence between the universal odometer and a
variety of rank-one systems. This is done in a uni�ed manner, using what we call
�exible classes of rank-one transformations. Our main result is that every �exible
class contains an element which is Shannon orbit equivalent to the universal odome-
ter. Since a typical example of �exible class is tT u when T is an odometer, our work
generalizes a recent result by Kerr and Li, stating that every odometer is Shannon
orbit equivalent to the universal odometer.

When the �exible class is a singleton, the rank-one transformation given by
the main result is explicit. This applies to odometers and Chacon's map. We also
prove that strongly mixing systems, systems with a given eigenvalue, or irrational
rotations whose angle belongs to any �xed nonempty open subset of the real line
form �exible classes. In particular, strong mixing, rationality or irrationality of the
eigenvalues are not preserved under Shannon orbit equivalence.

1
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I.1 Introduction

At the level of ergodic probability measure-preserving bijections, quantitative orbit equiv-
alence aims at bridging the gap between the well-studied but very complicated relation of
conjugacy, and the trivial relation of orbit equivalence, which is equality of orbits up to
conjugacy.

To be more precise, given two ergodic probability measure-preserving bijections S and T
on a standard atomless probability space pX,A, µq, if S and some system Ψ�1TΨ conjugate
to T have the same orbits, then S and T are said to be orbit equivalent and the probability
measure-preserving bijection Ψ: X Ñ X is called an orbit equivalence between T and S.
Dye's theorem [Dye59] states that, if S and T are ergodic, then they are orbit equivalent.

To get an interesting theory, let us de�ne the cocycles associated to Ψ, these are
the integer-valued functions cS and cT de�ned by Sx � Ψ�1T cSpxqΨpxq and Tx �
ΨScT pxqΨ�1pxq. Shannon orbit equivalence requires that there exists an orbit equiva-
lence whose cocycles are Shannon, meaning that the partitions associated to cS and cT
are both of �nite entropy. For φ-integrable orbit equivalence we ask that both integrals³
X φp|cSpxq|qdµpxq and

³
X φp|cT pxq|qdµpxq are �nite. In the particular case of a linear map

φ, φ-integrable orbit equivalence exactly requires the integrability of the cocycles, and is
simply called integrable orbit equivalence.

Belinskaya's theorem [Bel69] implies that integrable orbit equivalence is exactly �ip-
conjugacy (S and T are �ip-conjugate if S is conjugate to T or T�1). In fact it only
requires that one of the two cocycles is integrable. Carderi, Joseph, Le Maître and Tessera
[CJLMT23] proved that this result is optimal, meaning that φ-integrable orbit equivalence
never implies �ip-conjugacy for a sublinear map φ. Moreover, φ-integrable orbit equiva-
lence implies Shannon orbit equivalence when φ is asymptotically greater than log. An
impressive result of Kerr and Li [KL24] guarantees that these relations are not trivial:
entropy is preserved under Shannon orbit equivalence (and this is the only invariant that
we know of). As a consequence, two transformations with di�erent entropies can neither
be Shannon orbit equivalent nor φ-integrably orbit equivalent for any φ greater than log.

Trivial relation Conjugacy

Flip-conjugacy

Shannon orbit
equivalence

cS or cT
is integrable

φ-orbit equivalence for log ≤ φ
Orbit equivalence

Figure I.1: Here is a schematic view of the interplay between the relations on ergodic
bijections we have seen so far.

Historically, the question of preservation of entropy in quantitative orbit equivalence
was asked in the more general setting of group actions. We do not give any de�nition
in this setting, as the paper is only about probability measure-preserving bijections S,
which can be seen as Z-actions via pn, xq P Z � X ÞÑ Snx. Austin [Aus16a] showed
that integrable orbit equivalence between actions of in�nite �nitely generated amenable
groups preserves entropy. Kerr and Li [KL21; KL24] then generalized this result, replacing
integrable orbit equivalence by Shannon orbit equivalence, and going beyond the amenable
case using so�c entropy.

The universal odometer and a theorem of Kerr and Li [KL24]. In [CJLMT23],
the statement about φ-integrable orbit equivalence in the sublinear case is the following.
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This gives a result on Shannon orbit equivalence since this is implied by φ-integrable orbit
equivalence for φ greater than log.

Theorem (Carderi, Joseph, Le Maître, Tessera [CJLMT23]). Let φ : R� Ñ R� be a
sublinear function. Let S be an ergodic probability measure-preserving transformation and
assume that Sn is ergodic for some n ¥ 2. Then there is another ergodic probability
measure-preserving transformation T such that S and T are φ-integrably orbit equivalent
but not �ip-conjugate.

Corollary (Carderi, Joseph, Le Maître, Tessera [CJLMT23]). Let S be an ergodic prob-
ability measure-preserving transformation and assume that Sn is ergodic for some n ¥ 2.
Then there is another ergodic probability measure-preserving transformation T such that S
and T are Shannon orbit equivalent but not �ip-conjugate.

The proof is constructive and the resulting transformation T is built so that Tn is not
ergodic. It is natural to wonder whether this statement holds for systems T without ergodic
non-trivial powers. A well-known example of such a system is the universal odometer.

Question I.1.1. Which systems are Shannon orbit equivalent to the universal odometer?

A �rst answer is given by Kerr and Li.

Theorem (Kerr, Li [KL24]). Every odometer is Shannon orbit equivalent to the universal
odometer.

Odometers are exactly probability measure-preserving bijections admitting a nested
sequence of partitions of the space, each of them being a Rokhlin tower, and increasing to
the σ-algebra A, see Figure I.2 (we refer the reader to the end of Section I.3.a for concrete
examples with adding machines). Kerr and Li use this combinatorial speci�city of these
bijections to build an orbit equivalence between them.

R1 −→ R2

R2 −→ R3

R1 R2

R2 R3

Figure I.2: In this example, pRnq denotes the nested sequence of Rokhlin towers de�ning
an odometer. Dividing R1 in two sub-towers and stacking them, this gives the next tower
R2. From R2, R3 is de�ned by dividing in three sub-towers and stacking them.

Rank-one systems. The aim of the paper is to extend Kerr and Li's result to rank-one
bijections. These are more general transformations admitting a nested sequence of Rokhlin
towers increasing to the σ-algebra A but the towers do not necessarily partition the space.
This means that from a tower to the next one, we need to add some parts of the space which
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are not covered by the previous tower, called spacers, so that the measure of the subset
covered by the n-th tower tends to 1 as n goes to �8. As illustrated in Figure I.3, to get
the next tower, the current one is subdivided in sub-towers which are stacked with optional
spacers between them. The number of sub-towers is called the cutting parameter and the
number of consecutive spacers between these sub-towers are the spacing parameters (see
De�nition I.3.2). For example, an odometer admits a cutting-and-stacking construction
with spacing parameters equal to zero at each step.

T

T

T

T

Rn Rn+1

Figure I.3: In this example, there are four spacers and the cutting parameter is three.

Rank-one systems all have entropy zero. They include systems with discrete spectrum
([Jun76]), also called compact systems. Such systems are not weakly mixing and are
completely classi�ed up to conjugacy by their point spectrum ([HVN42]). Examples include
odometers and irrational rotations.

The family of rank-one systems is much richer than its subclass of discrete spectrum
systems. Indeed, the latter are not weakly mixing whereas there exist strongly mixing
systems of rank one, and also rank-one systems which are weakly mixing but not strongly
mixing (Chacon's map was the �rst example of such a system and opened the study of rank-
one systems). Rank-one systems can have irrational eigenvalues (i.e. of the form exp p2iπθq
with irrational numbers θ), it is the case of irrational rotations, whereas odometers only
have rational eigenvalues. The reader may refer to the complete survey of Ferenczi [Fer97]
about rank-one systems and more generally systems of �nite rank.

The combinatorial structure of a general rank-one system does not di�er too much from
the structure of an odometer but the systems can have completely di�erent properties,
thus this class may extend the result of Kerr and Li and provide interesting �exibility
results about Shannon orbit equivalence.

A �rst extension of Kerr and Li's theorem. The construction of an orbit equivalence
between the universal odometer S and any rank-one system T is a natural generalization
of Kerr and Li's method for the universal odometer and any odometer (see Remark I.5.20).
The di�culty is to quantify the cocycles.

At the beginning of our work, we �rst proved that the Shannon orbit equivalence
established by Kerr and Li in [KL24] is actually a φ-integrable orbit equivalence for any
φ : R� Ñ R� with φptq � opt1{3q. We then generalized this to rank-one systems called
BSP, for �bounded-spacing-parameter�, see De�nition I.3.5. This notion of BSP systems
was already introduced by Gao and Ziegler in [GZ19], using the symbolic de�nition of
rank-one systems (in this paper we will only consider the cutting-and-stacking de�nition of
rank-one systems, which is often more appropriate for constructions in a measure-theoretic
setting).

Theorem A. Every BSP rank-one system is φ-integrably orbit equivalent to the universal
odometer for any φ : R� Ñ R� satisfying φptq �

tÑ�8
o
�
t1{3

�
.



6 CHAPTER I: RANK-ONE SYSTEMS, FLEXIBLE CLASSES AND SHANNON OE

Therefore φ-integrable orbit equivalence, for a φ as in the above theorem, and Shannon
orbit equivalence do not preserve weak mixing since Chacon's map is a BSP rank-one
system.

Now the goal is to get a result for systems of rank one outside the class of BSP
systems. For this purpose, we �nd a more general framework with the notion of �exible
classes, and a general statement (Theorem B) implying Theorem A and other �exibility
results (Theorems C, E, F). Theorem D is a re�nement of Theorem C.

A modi�ed strategy. We �rst have to understand why the quanti�cation of the cocycles
is more di�cult to determine for general rank-one systems than for odometers (or even for
BSP systems in Theorem A). In [KL24], the quanti�cation of the cocycles relies on a series
whose terms vanish to zero as the cutting parameters get larger and larger. The key is then
to get quickly increasing cutting parameters for the series to converge. In order to do so, it
su�ces to skip steps in the cutting-and-stacking process, i.e. from the n-th Rokhlin tower,
we can directly build the pn � kq-th Rokhlin for k so big that the new cutting parameter
is large enough. In other words, we can recursively choose the cutting parameters so that
they increase quickly enough.

When the rank-one system is not an odometer, we need an asymptotic control on
the spacing parameters (recall that they are zero for an odometer) for the cocycles to
be well quanti�ed. When skipping steps in the cutting-and-stacking method, the spacing
parameters may increase too quickly, preventing us from quantifying the cocycles. As we
will see in Lemma I.3.6, we do not have this problem with BSP rank-one systems.

When the rank-one system is not BSP, skipping steps in the cutting-and-stacking
construction is not relevant as it may improperly change the spacing parameters. In
Section I.5.c (see Lemma I.5.11), we will notice that the construction of Kerr and Li
enables us to build the universal odometer S while we are building the rank-one system
T , focusing only on the combinatorics behind the systems, whereas for Kerr and Li T
and its cutting-and-stacking settings are �xed and S is built from these data. This new
strategy will enable us to have a result for systems of rank one outside the class of BSP
systems, with the notion of �exible class.

Flexible classes. A �exible class (see De�nition I.3.7) is basically a class of rank-one
systems satisfying a common property (e.g. the set of strongly mixing rank-one systems),
with the following two requirements. We �rst ask for a su�cient condition, given by a
set FC , on the �rst n cutting and spacing parameters (for all integers n ¥ 0) for the
underlying rank-one system to be in this class. Secondly, given a sequence of n cutting and
spacing parameters in FC (they will be the �rst n parameters of a cutting-and-stacking
construction), we require that it can be completed in a sequence of n�1 parameters in FC ,
with in�nitely many choices for the pn�1q-th cutting parameters, and with the appropriate
asymptotic control on the pn� 1q-th spacing parameters.

The idea is to inductively choose the parameters so that the cutting parameters in-
crease fastly enough, with the appropriate asymptotics on the spacing parameters, and the
underlying rank-one system has the desired property, namely the system is in the �exible
class that we consider.

The general statement on �exible classes is the following.

Theorem B (see Theorem I.3.9). Let φ : R� Ñ R� be a map satisfying φptq �
tÑ�8

o
�
t1{3

�
.

If C is a �exible class, then there exists T in C which is φ-integrably orbit equivalent to the
universal odometer.

A very interesting phenomenon is when a rank-one system T is �exible, meaning that
tT u is a �exible class. This �rst means that given the parameters of a cutting-and-stacking
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construction of T , it is possible to change the pn� 1q-th parameters so that they have the
desired asymptotic control, and to inductively do so for every n so that the underlying
rank-one system is again T . We do not know if every rank-one system is �exible. Secondly,
Theorem B is an existence result and when a �exible class is a singleton tT u, this statement
provides a concrete example of rank-one system which is φ-integrably orbit equivalent to
the universal odometer.

The following proposition gives examples of �exible classes.

Proposition I.1.2 (see Proposition I.3.8). 1. Every BSP rank-one system is �exible.

2. For every nonempty open subset V of R, the set tRθ | θ P V X pRzQqu is a �exible
class.

3. For every irrational number θ, the class of rank-one systems which have e2iπθ as an
eigenvalue is �exible.

4. The class of strongly mixing rank-one systems is �exible.

Proving that a BSP system is �exible is not di�cult and we rely on the fact that
bounded spacing parameters already have the desired asymptotics even though we skip
steps in the cutting-and-stacking process for the cutting parameters to increase quickly
enough (see Section I.4.a). We use a construction by Drillick, Espinosa-Dominguez, Jones-
Baro, Leng, Mandelshtam and Silva [DEJLMS23] to prove Proposition I.1.2 for irra-
tional rotations (see Section I.4.b). We also consider a construction by Danilenko and
Vieprik [DV23] for the rank-one systems with a given eigenvalue (see Section I.4.c). Fi-
nally, Ornstein [Orn72] gives the �rst example of strongly mixing rank-one systems and the
fact that these systems form a �exible class follows from his construction (see Section I.4.d).

Combined with Proposition I.1.2, Theorem B provides four �exibility results. The �rst
one is Theorem A stated above, this is a generalization of Kerr and Li's theorem. The
second one is another result with almost explicit examples of systems which are φ-integrably
orbit equivalent to the universal odometer.

Theorem C. Let φ : R� Ñ R� be a map satisfying φptq �
tÑ�8

o
�
t1{3

�
. The set of irra-

tional numbers θ whose associated irrational rotation is φ-integrably orbit equivalent to the
universal odometer is dense in R.

The point spectrum of Rθ is exactly the circle subgroup generated by exp p2iπθq and the
eigenvalues of the universal odometer are rational, so Theorem C implies that there exist
two Shannon orbit equivalent systems (more speci�cally φ-integrably orbit equivalent with
φptq �

tÑ�8
o
�
t1{3

�
), with non-trivial point spectrums and such that 1 is the only common

eigenvalue.

The way we prove Theorem B will enable us to get the following re�nement, its proof
is written at the end of the paper.

Theorem D. For every map φ : R� Ñ R� satisfying φptq �
tÑ�8

o
�
t1{3

�
, and for every

nonempty open subset V of R, the set of irrational numbers θ P V whose associated irrational
rotation is φ-integrably orbit equivalent to the universal odometer is uncountable.

Question I.1.3. Let us consider the set of irrational numbers θ whose associated irrational
rotation is φ-integrably orbit equivalent to the universal odometer. Is this set conull with
respect to the Lebesgue measure? equal to the set of irrational numbers?

Finally we get the following corollaries, providing implicit examples.
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Theorem E. For every map φ : R� Ñ R� satisfying φptq �
tÑ�8

o
�
t1{3

�
, and for every

irrational number θ, there exists a rank-one system which has e2iπθ as an eigenvalue and
which is φ-integrably orbit equivalent to the universal odometer.

Theorem F. For every map φ : R� Ñ R� satisfying φptq �
tÑ�8

o
�
t1{3

�
, there exists a

strongly mixing rank-one system which is φ-integrably orbit equivalent to the universal
odometer.

As exp p2iπθq is an eigenvalue of the irrational rotation of angle θ, and as we do not
know if Theorem C holds for every irrational number θ, Theorem E then completes this
statement with a weaker result for the remaining θ.

Theorem F implies that φ-integrable orbit equivalence, with φptq �
tÑ�8

o
�
t1{3

�
, and

Shannon orbit equivalence do not preserve strong mixing. This is also a consequence of
the result from [CJLMT23]. Indeed if S is strongly mixing, then all its non-trivial powers
are ergodic and the statements give some T with a non-trivial power which is not ergodic,
so T is not strongly mixing. Here Theorem F gives an example starting from a very
non-strongly mixing system S (the universal odometer). Finally, note that strongly mixing
systems are not BSP. This is a consequence of Theorem 1.3 in [GZ19]: BSP rank-one
systems are not topologically mixing, therefore they are not measure-theoretically strongly
mixing.

Further comments. As they both preserve entropy, we may wonder whether there is
a connection between Shannon orbit equivalence (or more generally φ-integrable orbit
equivalence for φ greater than log) and even Kakutani equivalence. Two ergodic proba-
bility measure-preserving bijections S and T , respectively acting on pX,µq and pY, νq, are
evenly Kakutani equivalent if there exist measurable subsets A � X and B � Y with equal
measure, i.e. µpAq � νpBq, such that the induced maps SA and TB are conjugate. Even
Kakutani equivalence is an equivalence relation, contrarily to Shannon orbit equivalence
and φ-integrable orbit equivalence a priori (except for linear maps φ, by Belinskaya's theo-
rem). The theory of Ornstein, Rudolph and Weiss [ORW82] gives a complete classi�cation
up to even Kakutani equivalence among loosely Bernoulli (LB) systems and entropy is a
complete invariant. Moreover the class of LB systems is closed by even Kakutani equiva-
lence, meaning that if S is LB and equivalent to T , then T is also LB.

Rank-one systems are zero-entropy and LB, and by Theorems A, C, E and F, some of
them are Shannon orbit equivalent to the universal odometer.

Question I.1.4. Does even Kakutani equivalence imply Shannon orbit equivalence or
φ-integrable orbit equivalence for some φ?

In a forthcoming paper we will provide a new construction of orbit equivalence in order
to prove that the converse is false: for every ε ¡ 0, there exists a non-LB system which is
px ÞÑ x

1
2
�εq-integrably orbit equivalent to the dyadic odometer. So px ÞÑ x

1
2
�εq-integrable

orbit equivalence and Shannon orbit equivalence do not imply even Kakutani equivalence.

Outline of the paper. After a few preliminaries in Section I.2, rank-one systems are
de�ned in Section I.3 using the cutting-and-stacking method. We also de�ne the central
notion of �exible classes of rank-one transformations. In Section I.4, we prove Proposi-
tion I.1.2 (Proposition I.3.8 in Section I.3), i.e. we show that the classes mentioned in
Theorem B (Theorem I.3.9 in Section I.3) are �exible. It remains to show that every
�exible class admits an element which is φ-integrably orbit equivalent to the universal
odometer (Theorem I.3.9). In Section I.5, we will describe the construction of Kerr and
Li, generalized to rank-one systems, and establish that this is an orbit equivalence with
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some important properties preparing for the proof of Theorem I.3.9. Theorems A, C, E
and F directly follows from Proposition I.3.8 and Theorem I.3.9. We prove Theorem D at
the end of the paper.

I.2 Preliminaries

Basics of ergodic theory. The probability space pX,A, µq is assumed to be standard
and atomless. Such a space is isomorphic to pr0, 1s,Bpr0, 1sq,Lebq, i.e. there exists a bimea-
surable bijection Ψ: X Ñ r0, 1s (de�ned almost everywhere) such that Ψ�µ � Leb, where
Ψ�µ is de�ned by Ψ�µpAq � µpΨ�1pAqq for every measurable set A. We consider maps
T : X Ñ X acting on this space and which are bijective, bimeasurable and probabil-
ity measure-preserving (p.m.p.), meaning that µpT�1pAqq � µpAq for all measurable
sets A � X, and the set of these transformations is denoted by AutpX,A, µq, or simply
AutpX,µq, two such maps being identi�ed if they coincide on a measurable set of full mea-
sure. In this paper, elements of AutpX,µq are called transformations or (dynamical)
systems.

A measurable set A � X is T -invariant if µpT�1pAq∆Aq � 0, where ∆ denotes the
symmetric di�erence. A transformation T P AutpX,µq is said to be ergodic if every T -
invariant set is of measure 0 or 1. If T is ergodic, then T is aperiodic, i.e. Tnpxq �� x for
almost every x P X and for every n P Zzt0u, or equivalently the T -orbit of x, denoted by
OrbT pxq� tTnpxq | n P Zu, is in�nite for almost every x P X.

T is weakly mixing if

1

n

ņ

k�0

��µpAX T�npBqq � µpAqµpBq�� Ñ
nÑ�8

0

for every measurable sets A,B. T is strongly mixing if��µpAX T�npBqq � µpAqµpBq�� Ñ
nÑ�8

0

for every measurable sets A,B. It is not di�cult to prove that strong mixing implies weak
mixing and that the latter implies ergodicity.

The notions of weak mixing and ergodicity can be translated in terms of eigenvalues.
Denoting by L2pX,A, µq the space of complex-valued and square-integrable functions de-
�ned on X, a complex number λ is an eigenvalue of T if there exists f P L2pX,A, µqzt0u
such that f�T � λf almost everywhere (f is then called an eigenfunction). An eigenvalue λ
is automatically an element of the unit circle T� tz P C | |z| � 1u. The point spectrum
of T is then the set of all its eigenvalues. Notice that λ � 1 is always an eigenvalue since
the constant functions are in its eigenspace. Finally T is ergodic if and only if the constant
functions are the only eigenfunctions with eigenvalue one, in other words the eigenspace
of λ � 1 is the line of constant functions (we say that it is a simple eigenvalue). If T is
ergodic, it is weakly mixing if and only if the only eigenvalue of T is 1. For a complete
survey on spectral theory for dynamical systems, the reader may refer to [VO16].

All the properties that we have introduced are preserved under conjugacy. Two trans-
formations S P AutpX,µq and T P AutpY, νq are conjugate if there exists a bimeasurable
bijection Ψ: X Ñ Y such that Ψ�µ � ν and Ψ�S � T �Ψ almost everywhere. Some classes
of transformations have been classi�ed up to conjugacy, the two examples to keep in mind
are the following. By Ornstein [Orn70], entropy is a total invariant of conjugacy among
Bernoulli shifts, and Ornstein and Weiss [OW87] generalized this result for Bernoulli
shifts of amenable groups. For more details about entropy, see [Dow11] for non necessarily
invertible transformations T : X Ñ X, and [KL16] more generally for actions of amenable
groups. Finally Halmos and von Neumann [HVN42] showed that two ergodic systems
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with discrete spectrums are conjugate if and only if they have equal point spectrums
(a system has discrete spectrum if the span of all its eigenfunctions is dense in L2pX,A, µq).

Quantitative orbit equivalence. The conjugacy problem in full generality is very com-
plicated (see [FRW11]). We now give the formal de�nition of orbit equivalence, which is a
weakening of the conjugacy problem.

De�nition I.2.1. Two aperiodic transformations S P AutpX,µq and T P AutpY, νq are
orbit equivalent if there exist a bimeasurable bijection Ψ: X Ñ Y satisfying Ψ�µ � ν,
such that OrbSpxq � OrbΨ�1TΨpxq for almost every x P X. The map Ψ is called an orbit
equivalence between S and T .

We can then de�ne the cocycles associated to this orbit equivalence. These are mea-
surable functions cS : X Ñ Z and cT : Y Ñ Z de�ned almost everywhere by

Sx � Ψ�1T cSpxqΨpxq and Ty � ΨScT pyqΨ�1pyq
(cSpxq and cT pyq are uniquely de�ned by aperiodicity).

Given a function φ : R� Ñ R�, a measurable function f : X Ñ Z is said to be φ-
integrable if »

X
φp|fpxq|qdµ   �8.

For example integrability is exactly φ-integrability when φ is non-zero and linear. Then
a weaker quanti�cation on cocycles is the notion of φ-integrability for a sublinear map
φ, meaning that limtÑ�8 φptq{t � 0. Two transformations in AutpX,µq are said to be
φ-integrably orbit equivalent if there exists an orbit equivalence between them whose
associated cocycles are φ-integrable. Another form of quantitative orbit equivalence is
Shannon orbit equivalence. We say that a measurable function f : X Ñ Z is Shannon if
the associated partition tf�1pnq | n P Zu of X has �nite entropy. Two transformations
in AutpX,µq are Shannon orbit equivalent if there exists an orbit equivalence between
them whose associated cocycles are Shannon.

I.3 Rank-one systems

I.3.a The cutting-and-stacking method

Before the de�nition of a rank-one system (De�nition I.3.2), and for the de�nition of �exible
classes (De�nition I.3.7), we need to de�ne sequences of integers which will provide the
combinatorial data of a rank-one system, namely the cutting and spacing parameters.

De�nition I.3.1. By a cutting and spacing parameter, we mean a tuple of the form

pq, pσ.,0, . . . , σ.,qqq
with an integer q ¥ 2 (the cutting parameter) and non-negative integers σ.,0, . . . , σ.,q (the
spacing parameters), and we denote by P the set of all cutting and spacing parameters.
We also de�ne the set of �nite sequences of cutting and spacing parameters:

P� �
¤
nPN

Pn.

Given a sequence of cutting and spacing parameters p � pqk, pσk,0, . . . , σk,qkqqk¥0 P PN and
an integer n ¥ 0, the tuple pqn, pσn,0, . . . , σn,qnqq in P is the n-th cutting and spacing
parameter of p, and the tuple pqk, pσk,0, . . . , σk,qkqq0¤k¤n is the projection of p on Pn�1

(it gives the �rst n � 1 cutting and spacing parameters). From p, we also de�ne three
sequences:
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� phnqn¥0 the height sequence of p, inductively de�ned by

"
h0 � 1,
hn�1 � qnhn � σn

,

hn is called the height of the n-th tower;

� pσnqn¥0, with σn �
°qn
i�0 σn,i (the number of new spacers at step n);

� pZnqn¥0, with Zn � max tσj,i | 0 ¤ j ¤ n, 0 ¤ i ¤ qju,
and it is also possible to consider the �nite sequences phkq0¤k¤n�1, pσkq0¤k¤n and
pZkq0¤k¤n associated to a �nite sequence of cutting and spacing parameters in Pn�1.

The terminology �cutting�, �spacing�, �tower�, �height�, etc, is justi�ed by De�ni-
tion I.3.2 and Figure I.4. There are many de�nitions of rank-one systems (see [Fer97]
for a complete survey and various facts in this section). In this paper the goal is to use
the combinatorial structure given by the cutting-and-stacking method (see Figure I.4).

De�nition I.3.2. A transformation T P AutpX,µq is of rank one if there exist

1. a sequence of cutting and spacing parameters p � pqn, pσn,0, . . . , σn,qnqqn¥0 P PN

satisfying
�8̧

n�0

σn
hn�1

  �8, (F)

where phnq and pσnq are the sequences associated to p, as described in De�nition I.3.1;
2. measurable subsets of X, denoted by Bn (for every n ¥ 0), Bn,i (for every n ¥ 0 and

0 ¤ i ¤ qn � 1), and Σn,i,j (for every n ¥ 0, 0 ¤ i ¤ qn and 1 ¤ j ¤ σn,i; if σn,i � 0,
then there are no Σn,i,j) such that for all n ¥ 0

(a) Bn, . . . , T
hn�1pBnq are pairwise disjoint;

(b) pBn,0, Bn,1, . . . , Bn,qn�1q is a partition of Bn;

(c) T hnpBn,iq �
"

Σn,i�1,1 if σn,i ¡ 0
Bn,i�1 if σn,i � 0 and i   qn � 1

;

(d) if σn,i ¡ 0, then T pΣn,i,jq �
"

Σn,i,j�1 if j   σn,i
Bn,i if j � σn,i and i ¤ qn � 1

;

(e) Bn�1 �
"

Σn,0,1 if σn,0 ¡ 0
Bn,1 if σn,0 � 0

;

and if the Rokhlin towers Rn � pT kpBnqq0¤k¤hn�1 are increasing to the σ-algebra A,
meaning that the σ-algebra generated by tT kpBnq | n P N, 0 ¤ k ¤ hn�1u is A up to null
sets (since A is standard, this also means that tT kpBnq | n P N, 0 ¤ k ¤ hn� 1u separates
the points). Note that R0 is the tower with only one level B0. The sets Σn,i,j are called
the spacers. In this paper we will usually write

� Xn � Bn \ . . .\ T hn�1pBnq the subset covered by the n-th tower Rn;

� εn � µppXnqcq where pXnqc denotes the complement of the subset Xn of X.

Since Xn is increasing and Rn increases to the atomless σ-algebra A, we have
µpXnq Ñ

nÑ�8
1. In other words εn tends to 0.

Before giving examples, the following lemmas give some easy properties on these sys-
tems in order to understand their combinatorial structure and the hypotheses required in
the de�nition.

Lemma I.3.3. Let phnq and pσnq be the sequences associated to pqn, pσn,0, . . . , σn,qnqqn P
PN (see De�nition I.3.1). The following assertions are equivalent:
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T

T

T

T

Bn

T (Bn)

T 2(Bn)

T 3(Bn)

T 4(Bn)

Rn Rn+1

Bn,0

T (Bn,0)

T 2(Bn,0)

T 3(Bn,0)

T 4(Bn,0)

Σn,0,1

Σn,1,1

Σn,1,2

= Bn+1

Bn,1

T (Bn,1)

T 2(Bn,1)

T 3(Bn,1)

T 4(Bn,1)

Bn,2

T (Bn,2)

T 2(Bn,2)

T 3(Bn,2)

T 4(Bn,2)

Σn,3,1

Figure I.4: An example of cutting-and-stacking construction with hn � 5, qn � 3, σn,0 � 1,
σn,1 � 2, σn,2 � 0, σn,3 � 1. We then have hn�1 � 19.

1. the series
¸ σn

hn�1
converges (condition (F) in De�nition I.3.2);

2. the series
¸ σn

q0 . . . qn
converges;

3. there exists a constant M0 ¤ 1 such that hn�1 �
nÑ�8

q0 . . . qn
M0

,

and if one of these equivalent assertions is true, then
°
n¥0

σn
q0...qn

� 1
M0

� 1.

Proof of Lemma I.3.3. If the series
° σn

q0...qn
converges, so does the series

° σn
hn�1

since hn�1

is greater or equal to q0 . . . qn. Now assume that the series
° σn

hn�1
converges. Notice that

we have
σn
hn�1

� hn�1 � qnhn
hn�1

� 1� qn
hn
hn�1

and since the series is convergent, the product
±
qn

hn
hn�1

converges to some M0 ¡ 0,

i.e. q0 . . . qn{hn�1 Ñ M0. The constant M0 is less than or equal to 1 since we have
hn�1 ¥ qnhn for every n ¥ 0. Finally let us assume q0 . . . qn{hn�1 Ñ M0. Notice that we
have

σn
q0 . . . qn

� hn�1 � qnhn
q0 . . . qn

� hn�1

q0 . . . qn
� hn
q0 . . . qn�1

,

so by telescoping consecutive terms, we get
°
n¥0

σn
q0...qn

� limnÑ8
hn�1

q0...qn
� h0 � 1

M0
� 1

and we are done for the equivalence between the three assumptions.

Lemma I.3.4. Let T : X Ñ X be a bimeasurable bijection. Assume that T preserves a
non-zero measure µ and it admits a sequence of Rokhlin towers as in De�nition I.3.2. The
following hold:

1. the levels T kpBnq of the n-th Rokhlin tower Rn have µ-measure
µpB0q

q0 . . . qn�1
;

2. µ is �nite if and only if the condition (F) is satis�ed. Furthermore, if µ is a probability
measure (this implies that T is a rank-one system), then µpB0q � M0 and hn�1 ¤
q0 . . . qn
M0

, where M0 is given by Lemma I.3.3.
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Proof of Lemma I.3.4. For a �xed n, the levels of Rn have the same measure by T -
invariance of the measure µ. Moreover the �rst level Bn is a disjoint union of qn levels
Bn,0, . . . , Bn,qn�1 of Rn�1. Then it is clear by induction that a level of Rn has measure
µpB0q
q0...qn�1

. Since the sequence pXnqn¥0 is increasing to X, and Xn�1 is obtained from Xn

by adding σn spacers, which are levels of Rn�1, we get

µpXq � µpX0q �
¸
n¥0

µpXn�1zXnq � µpB0q �
¸
n¥0

µpB0qσn
q0 . . . qn

, (I.1)

so µpB0q is non-zero, and µpXq is �nite if and only if the sum
°
n¥0

σn
q0...qn

is �nite. Finally,

let us assume that µ is a probability measure. This implies
°
n¥0

σn
q0...qn

� 1
M0

�1 and, using
(I.1), we get µpB0q �M0. The measurable set Xn is the disjoint union of hn levels of Rn,
so the inequality hn ¤ q0...qn�1

M1
follows from the fact that µ is a probability measure.

It is possible to build a �nite measure-preserving transformation T of rank one with
a given combinatorial setting pqn, pσn,0, . . . , σn,qnqqn¥0 P PN satisfying the hypothesis (F).
For instance it su�ces to build pXnq as an increasing sequence of intervals of R�, with
Bn,i and Σn,i,j being subintervals of equal length and disjoint (for a �xed n), each on
which T is de�ned as an a�ne map, and with B0 � r0,M0s. The convergence of the series° σn

hn�1
and Lemma I.3.3 ensure that X �

�
Xn is equal to r0, 1s (up to a null set), so

the Lebesgue measure on r0, 1s is a probability measure preserved by T . Notice that if the
series is divergent, we can set B0 � r0, 1s and this de�nes T on the set of positive real
numbers endowed with the Lebesgue measure, so this is an in�nite measure-preserving
transformation.

Therefore for every pqn, pσn,0, . . . , σn,qnqqn¥0 P PN satisfying the condition (F), there
exists a rank-one system having a cutting-and-stacking construction with these cutting and
spacing parameters, this fact will be used in this paper since it enables us to only take into
account the combinatorics behind the systems.

The hypothesis on the Rokhlin towers Rn aims not only to have εn Ñ 0 but also to
de�ne two isomorphic systems when they admit cutting-and-stacking constructions with
the same cutting and spacing parameters. Moreover if T admits such a construction
with Rokhlin towers increasing to a sub-σ-algebra B of A, then T , seen as an element of
AutpX,A, µq, is not necessarily a rank-one system but admits a rank-one system (T on
the sub-σ-algebra B) as a factor.

Two di�erent families of cutting and spacing parameters do not necessarily de�ne
non-isomorphic systems. Indeed in a construction of a rank-one system with parameters
qn and σn,i, one can decide to only consider a subsequence Rnk

of Rokhlin towers. For
example, the new cutting parameters will be qnk

qnk�1 . . . qnk�1�1 for k ¥ 0.

The rank-one systems form a class of ergodic and zero entropy systems. The easiest
examples of rank-one systems are the irrational rotations

Rθ : z P T ÞÑ e2iπθz P T

for every irrational numbers θ, where T is the unit circle endowed with its Haar measure.
These systems are not weakly mixing. Moreover they have discrete spectrum and the point
spectrum of Rθ is teinθ | n P Zu, so by the Halmos-von Neumann Theorem [HVN42], Rθ
and Rθ1 are isomorphic if and only if θ � θ1 mod Z or θ � �θ1 mod Z.

The odometers are rank-one. These are exactly the rank-one systems without spacers
(i.e. σn,i � 0), so the Rokhlin towers are partitions of the space. Such a system is isomorphic
to the adding machine S in the space

±
n¥0 t0, 1, . . . , qn � 1u, namely the addition by

p1, 0, 0, 0, . . .q with carry over to the right, de�ned for every x P±n¥0 t0, 1, . . . , qn � 1u by

Sx �
" p0, . . . , 0, xi � 1, xi�1, . . .q if i� min tj ¥ 0 | xj �� qj � 1u is �nite
p0, 0, 0, . . .q if x � pq0 � 1, q1 � 1, q2 � 1, . . .q
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and it preserves the product of uniform probability measures on each �nite set t0, 1, . . . , qn�
1u. Denote the cylinders of length k by

rx0, . . . , xk�1sk �
#
y P

¹
n¥0

t0, 1, . . . , qn � 1u | y0 � x0, . . . , yk�1 � xk�1

+
.

If S is the odometer on the space
±
n¥0 t0, 1, . . . , qn � 1u, we can also set a partially de�ned

map
ζn : Xzr
, . . . , 
, qn�1 � 1sn Ñ Xzr
, . . . , 
, , 0sn

(the symbol 
 means that there is no requirement on the value at some coordinate) which
is the addition by

p 0, . . . , 0loomoon
n�1 times

, 1, 0, 0, . . .q

(so S and ζ1 coincide on Xzrq0 � 1s1). Then we have

Bn � r0, . . . , 0loomoon
n times

sn,

Bn,i � r0, . . . , 0loomoon
n times

, isn�1

and Bn,i � ζin�1pBn,0q for every 0 ¤ i ¤ qn�1, so it provides a scale in Bn. Note that it is
possible to recover the odometer S from these partially de�ned maps ζn (see Figure I.5).
In Section I.5.a, the strategy will be to build S from partially de�ned maps ζn.

ζ2

[0]

[1]

[2]

[0, 0]

[1, 0]

[2, 0]

[0, 1]

[1, 1]

[2, 1]

[0, 0]

[1, 0]

[2, 0]

[0, 1]

[1, 1]

[2, 1]

[0, 0, 0]

[1, 0, 0]

[2, 0, 0]

[0, 1, 0]

[1, 1, 0]

[2, 1, 0]

[0, 0, 1]

[1, 0, 1]

[2, 0, 1]

[0, 1, 1]

[1, 1, 1]

[2, 1, 1]

[0, 0, 2]

[1, 0, 2]

[2, 0, 2]

[0, 1, 2]

[1, 1, 2]

[2, 1, 2]

ζ3 ζ3

R1 R2

R2 R3

Figure I.5: Example of odometer with q0 � 3, q1 � 2, q2 � 3.

In the class of odometers, the number of occurrences of every prime factors in the set
tqn | n ¥ 0u form a total invariant of conjugacy. As for irrational rotations, it is a conse-
quence of the Halmos-von Neumann Theorem since odometers have discrete spectrum and
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their eigenvalues are given by these occurrences. In particular odometers have eigenvalues
non-equal to 1 and are not weakly mixing, moreover odometers and irrational rotations are
not isomorphic. Notice that the Halmos-von Neumann Theorem implies that the conju-
gacy classes among ergodic systems with discrete spectrum coincide with the �ip-conjugacy
classes since the point spectrum of a system is a subgroup of T. If every prime number
has in�nite multiplicity in the set tqn | n ¥ 0u, then the odometer is said to be universal.
An odometer is dyadic if 2 is the only prime factor.

Chacon's map is the �rst example of weakly mixing system which is not strongly
mixing [Cha69] and was the starting point for the notion of rank-one systems. It is a rank-
one transformation de�ned with cutting and spacing parameters qn � 3, σn,0 � σn,1 �
σn,3 � 0, σn,2 � 1.

I.3.b Flexible classes

Now we introduce classes of rank-one systems to which the main result of this paper
applies. First let us consider cutting-and-stacking constructions whose spacing parameters
have controlled asymptotics. Recall that PN is the set of sequences of cutting and spacing
parameters. As introduced in De�nition I.3.1, phnq, pσnq and pZnq denotes the sequences
associated to a sequence in PN: hn is the height of the n-th tower, σn the number of
new spacers at step n and Zn is the maximum number of spacers between two consecutive
towers, over the �rst n steps.

De�nition I.3.5. A construction by cutting and stacking with cutting and spacing pa-
rameters pqn, pσn,0, . . . , σn,qnqqn¥0 P PN is said CSP (�controlled-spacing-parameter�)
if there exists a constant C ¡ 0 such that Zn ¤ Chn for all n. It is furthermore BSP
(�bounded-spacing-parameter�) if Zn ¤ C and σn,0 � σn,qn � 0 for all n. A rank-one
system T is BSP if it admits a BSP cutting-and-stacking construction.

Odometers and Chacon's map are examples of BSP rank-one systems. Moreover BSP
implies CSP. The interest in the BSP property is its stability after skipping steps in the
cutting-and-stacking process, as stated in the following lemma.

σn,1 = 1

σn,0 = 0

σn,2 = 0

σn+1,0 = 0

σn+1,1 = 2

σn+1,2 = 0

σ′
n,0 = 0

σ′
n,1 = 1 σ′

n,3 = 1

σ′
n,2 = 2

σ′
n,4 = 0

Rn Rn+1 Rn+2

Figure I.6: Illustration of the proof of Lemma I.3.6, spacing parameters from Rn to Rn�2

with qn � qn�1 � 2 (the coloured levels are the base and the roof of the towers).
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Lemma I.3.6. Given a BSP cutting-and-stacking construction, any subsequence of its
Rokhlin towers still provides a BSP construction with the same constant C.

Proof of Lemma I.3.6. Let qn and σn,i be the cutting and spacing parameters of the BSP
construction, C the bound for the spacing parameters σn,i, Rn the associated towers and
Rnk

a subsequence. Let k be an integer and assume nk�1 � nk � 2. Denote by q1nk
and

σ1nk,i
the new cutting and spacing parameters from Rnk

to Rnk�1
. It is easy to show that

q1nk
� qnk

qnk�1, σ
1
nk,0

� σ1nk,q1nk

� 0 and for every 1 ¤ j ¤ qnk�1, σ
1
nk,pj�1qqnk

�i is equal

to σnk,i if 1 ¤ i ¤ qnk
� 1, σnk�1,j if i � qnk

(see Figure I.6). Thus the non-zero spacing
parameters from Rnk

to Rnk�1
are of the form σnk,i or σnk�1,i and they are all bounded

above by C. For nk�1 bigger than nk � 2, the result is now clear by induction.

If the parameters σn,qn are non-zero, then skipping steps in the cutting-and-stacking
process will cause an accumulation of spacers above the last columns and the new spacing
parameters will not be bounded if the subsequence is properly chosen so that the jumps
nk�1 � nk increase quickly enough. We have the same problem for σn,0 (accumulation of
spacers at the bottom of the �rst columns), hence the conditions σn,0 � σn,qn � 0 in the
de�nition of BSP.

Lemma I.3.6 has no reason to hold for CSP construction that are not BSP. Indeed
the spacing parameters from Rnk

to Rnk�1
have to be compared with hnk

, the height of
Rnk

. The comparison is easily obtained for the spacing parameters σnk,i, 0 ¤ i ¤ qnk
,

but for the other spacing parameters, we only know that they are bounded above by
Chnk�1, Chnk�2, . . . , Chnk�1�1.

In the sequel we will see other important CSP examples by considering classes con-
taining �nice� cutting-and-stacking constructions, meaning that we will be able to properly
choose the parameters in order to have the desired quanti�cation of the cocycles for the or-
bit equivalence built in Section I.5.a. By de�nition, every �exible class C will be associated
to some subset FC of P�, which can be considered as su�cient conditions that the cutting
and spacing parameters have to satisfy at each step for the underlying transformation to
belong to C. Recall that P� denotes the set of all �nite sequences of cutting and stacking
parameters.

De�nition I.3.7. A class C of rank-one systems is said to be �exible if there exists a
subset FC of P� satisfying the following properties:

1. there exists a constant C ¡ 0 such that for all pqn, pσn,0, . . . , σn,qnqqn¥0 P PN

satisfying the condition (F) in De�nition I.3.2, if FC contains every projection
pqk, pσk,0, . . . , σk,qkqq0¤k¤n P Pn�1 for n ¥ 0, then these parameters de�ne a CSP
construction (with the constant C) and the underlying rank-one transformation is in
C;

2. there exists a cutting and spacing parameter pq0, pσ0,0 . . . , σ0,q0qq in FC with q0 ¥ 3;

3. there is a constant C 1 ¡ 0 such that for all n ¥ 1, if pqk, pσk,0, . . . , σk,qkqq0¤k¤n�1 is
in FC , then there are in�nitely many integers qn such that pqk, pσk,0, . . . , σk,qkqq0¤k¤n
is in FC for some σn,0, . . . , σn,qn satisfying the inequality

σn ¤ C 1qnhn�1

where phkq0¤k¤n�1 and pσkq0¤k¤n denote the �nite sequences associated to the �nite
sequence pqk, pσk,0, . . . , σk,qkqq0¤k¤n of cutting and stacking parameters.

A rank-one system T is �exible if tT u is a �exible class.
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The third point of the de�nition aims to recursively choose the cutting parameters
(and we want them to increase quickly enough) with an asymptotic control on pσnqn, while
the �rst point guarantees that it is possible to do so for the underlying system to be in
the class C. The second point is minor, but it is required for the initialization of the
recursive construction of an odometer orbit equivalent to an element of our �exible class
(see Lemma I.5.12 and Remark I.5.13). It also ensures that FC is not an empty set.

Notice that if a construction satis�es Zn ¤ Chn�1 for all n, then it is in particular CSP
and we get σn ¤ Cpqn � 1qhn�1 ¤ 2Cqnhn�1 as in the third point of De�nition I.3.7.

We now give examples of �exible classes. The proof is given in Section I.4.

Proposition I.3.8.

1. Every BSP rank-one system is �exible.

2. For every nonempty open subset V of R, the set tRθ | θ P V X pRzQqu is a �exible
class.

3. For every irrational number θ, the class of rank-one systems which have e2iπθ as an
eigenvalue is �exible.

4. The class of strongly mixing rank-one systems is �exible.

Theorems A, C, E and F follow from Proposition I.3.8 and the following theorem which
is the main result.

Theorem I.3.9. Let φ : R� Ñ R� be a map satisfying φptq �
tÑ�8

o
�
t1{3

�
. If C is a

�exible class, then there exists T in C which is φ-integrably orbit equivalent to the universal
odometer.

I.4 Proof of Proposition I.3.8

In this section we prove the four statements in Proposition I.3.8.

I.4.a BSP systems

Let T be a BSP rank-one system, C � tT u and qn, σn,i the parameters of a BSP construc-

tion of T , with a constant C ¡ 0. For every n ¥ 0 and j ¥ 1, let σ
pn,n�jq
0 , . . . , σ

pn,n�jq
qn...qn�j�1 be

the spacing parameters from Rn to Rn�j , assuming that the steps for Rn�1, . . . ,Rn�j�1

are skipped during the construction (we then have σ
pn,n�1q
i � σn,i and also σ

pn,n�jq
i � 0

for i equal to 0 and qn . . . qn�j�1 by Lemma I.3.6). The new cutting parameters are
qpn,n�jq � qn . . . qn�j�1 and are large enough with huge jumps j. Now de�ne

FC �

#�
qpnk,nk�1q,

�
σ
pnk,nk�1q
0 , . . . , σ

pnk,nk�1q�
qpnk,nk�1q

	
��

0¤k¤m

��� m ¥ 0, 0 � n0   n1   . . .   nm�1

+
.

Using Lemma I.3.6, the new spacing parameters σ
pnk,nk�1q
j are bounded by C and we get

¸
1¤j¤qpnk,nk�1q

σ
pnk,nk�1q
j ¤ Cqpnk,nk�1q.

The set of parameters FC thus witnesses that tT u is �exible.
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I.4.b Irrational rotations

We now consider a construction from [DEJLMS23]. For every irrational number θ,
Drillick, Espinosa-Dominguez, Jones-Baro, Leng, Mandelshtam and Silva give an explicit
cutting-and-stacking construction of a transformation T which is the irrational rotation of
angle θ when the construction yields a �nite measure-preserving system.

The construction in [DEJLMS23]. Let θ be an irrational number and rq�1; q0, q1, . . .s
its continued fraction expansion, with q�1 � tθu and positive integers q0, q1, . . .. Let
us assume that there is no integer n such that qk � 1 for every k ¥ n. We consider the
sequence phnqn¥0 de�ned by h�1 � 0, h0 � 1 and hk�1 � qkhk�hk�1 for every k ¥ 0 (the
integer hk is the denominator of the k-th convergent of the irrational number θ). Finally,
for every k ¥ 0, we set σk,i � 0 for every i P t0, 1, . . . , qk�1u, and σk,qk � hk�1. Then, the
sequence of cutting and stacking parameters pqk, pσk,0, . . . , σk,qkqqk¥0 provides a rank-one
system. This system is the irrational rotation of angle θ if and only if Condition (F) is
satis�ed, and this last condition holds if and only if the series

°
k¥0

1
qkqk�1

converges (see

Theorems 3.1 and 5.1 in [DEJLMS23]).

Remark I.4.1. Equivalently, we can de�ne rank-one systems with cutting parameters
potentially equal to 1, provided that there are in�nitely many cutting parameters greater
than or equal to 2, but our construction of orbit equivalence is not well-de�ned with this
weaker assumption. Therefore, in the proof of Proposition I.3.8 for irrational rotations,
one of the main goals is to avoid cutting parameters equal to 1.

Remark I.4.2. It is proven in [DEJLMS23] that the set of irrational numbers θ such that
the associated series

°
k¥0

1
qkqk�1

converges has measure zero.

Proof of Proposition I.3.8 for these systems. Let V be a nonempty open subset of
R and

C � tRθ | θ P V X pRzQqu.
We now prove that C is a �exible class.

We �rst use the following basic fact from the theory of continued fractions: if A denotes
the set of sequences pqiqi¥�1 of integers such that q0, q1, . . . are positive, and if A is equipped
with the induced product topology, then the map

pqiqi¥�1 P A ÞÑ rq�1; q0, q1, . . .s P RzQ,

is a homeomorphism (see [EW11, Lemma 3.4] for instance). We can then �x integers n0 ¥ 0
and Q�1, Q0, . . . , Qn0 (where Q0, . . . , Qn0 are positive) such that Q0 . . . Qn0 is greater than
or equal to 3 and the following holds: for every irrational number θ, if the �rst coe�cients
of its continued fraction expansion are Q�1, Q0, . . . , Qn0 , then θ is in V.

We write Q � pQ0, . . . , Qn0q and we consider the set F̃pQq of �nite sequences
pq̃k, pσ̃k,0, . . . , σ̃k,q̃kqq0¤k¤n such that n ¥ n0 and for all k P t0, . . . , nu,

q̃k � Qk if k ¤ n0,
q̃k ¥ 2 if k ¡ n0,

and

σ̃k,i � 0 for i P t0, . . . , q̃k � 1u,
σ̃k,q̃k � h̃k�1

(where ph̃kq0¤k¤n is the associated height sequence and h̃�1 � 0). The �nite sequences of
F̃pQq may not be �nite sequences of cutting and stacking parameters in the sense of De�ni-
tion I.3.1, since the integers Q0, . . . , Qn0 may be equal to 1. Moreover, even if the integers
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Q0, . . . , Qn0 were greater than or equal to 2, we could not prove that C is a �exible class with
FC � F̃pQq, since the �rst cutting parameters q̃1, . . . , q̃n0 cannot be chosen large enough.
Notice that, although we may have q̃k � 1 for some k P t0, 1, . . . , n0u, a �nite sequence
pq̃k, pσ̃k,0, . . . , σ̃k,qkqq0¤k¤n can still de�ne the �rst pn� 1q steps of a cutting-and-stacking
construction, and we associate to it another �nite sequence pqk, pσk,0, . . . , σk,qkqq0¤k¤n�n0

corresponding to the cutting-and-stacking construction obtained from the previous one by
skipping the steps 1, 2, . . . , n0. We get h0 � h̃0 � 1, q0 � Q0 . . . Qn0 ¥ 3 and for all
@k P t1, . . . , n� n0u,

qk � q̃n0�k ¥ 2,

hk � h̃n0�k,
σk,i � σ̃n0�k,i � 0 for i P t0, . . . , qk � 1u,
σk,qk � σ̃n0�k,q̃n0�k

� h̃n0�k�1 � hk�1 if k ¥ 2.

For k � 1, we have σ1,q1 � h̃n0 , where h̃n0 is not equal to h0. Setting C � C 1 � h̃n0

(this constant only depends on Q0, . . . , Qn0), we have Z1 ¤ Ch1 and σ1 ¤ C 1h0. We
immediately get the inequalities Zk ¤ Chk and σk ¤ C 1hk�1 for k P t2, . . . , n� n0u.

Let FpQq be the set of �nite sequences pqk, pσk,0, . . . , σk,qkqq0¤k¤n�n0 obtained from
�nite sequences pq̃k, pσ̃k,0, . . . , σ̃k,qkqq0¤k¤n P F̃pQq. It is now easy to check that C is a
�exible class, with the set of parameters FC � FpQq and the constants C and C 1.

I.4.c Systems with a given eigenvalue

Let θ be an irrational number and C the class of rank-one systems which has λ� e2iπθ as
an eigenvalue. In [DV23], Danilenko and Vieprik present an explicit cutting-and-stacking
construction of a system in C. The parameters are chosen in the following way (see the
proof of Theorem 4.1 in [DV23]).

The construction of Danilenko and Vieprik. For every n ¥ 1, we �x a number
jn P t1, . . . , nu such that δn � |1 � λjn | is less than 2π{n. Fix n ¥ 1, assume that
pqk, pσk,0, . . . , σk,qkqq0¤k¤n�1 has already been constructed with an auxiliary condition

hn ¡ n4

δn2

. (I.2)

Danilenko and Vieprik show the existence of a sequence pℓpnqm qm¥1 of positive integers less
than or equal to 2π{δn2 , such that for every m ¥ 1,

|1� λmhn�pℓ
pnq
1 �...�ℓ

pnq
m qjn2 |   2π

n2
. (I.3)

Next, let qn be an integer large enough so that the auxiliary condition (I.2) holds at the
next step, namely

hn�1 � qnhn � pℓpnq1 � . . .� ℓ
pnq
qn�1qjn2 ¡ pn� 1q4

δpn�1q2

(in [DV23], qn is chosen as the smallest integer satisfying the property but it is not needed,
so there are in�nitely many choices). Finally the spacing parameters at this step are de�ned

by σn,0 � σn,qn � 0 and σn,m � ℓ
pnq
m jn2 for 1 ¤ m ¤ qn � 1.

With these parameters satisfying (I.2) and (I.3), λ is an eigenvalue of the underlying
rank-one system (see [DV23], proof of Theorem 4.1, for details).
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Proof of Proposition I.3.8 for these systems. Let us consider the same construction
as above, but with the following auxiliary condition:

hn ¡ max

�
n4

δn2

,
pn� 1q4
δpn�1q2

�
, (I.4)

which is stronger than the previous auxiliary condition (I.2). Note that the real numbers
δi have been �xed before setting the parameters.

The subset FC of P� is de�ned to be the set of �nite sequences
pqk, pσk,0, . . . , σk,qkqq0¤k¤n constructed in a recursive way. Any cutting and spacing
parameter pq0, pσ0,0, . . . , σq0,0qq is in FC , and if pqk, pσk,0, . . . , σk,qkqq0¤k¤n�1 is in FC , then
so is pqk, pσk,0, . . . , σk,qkqq0¤k¤n for every pqn, σn,0, . . . , σn,qnq that we can obtain at the
next step, as described above but with the stronger auxiliary condition (I.4).

Let p � pqn, pσn,0, . . . , σn,qnqqn¥0 be a sequence of cutting and spacing parameters. If
all its projections are in FC , then p provides a CSP construction with C � 2π. Indeed, we

have σn,m � ℓ
pnq
m jn2 ¤ 2πn2{δn2   2πhn. As mentioned above, Conditions (I.2) and (I.3)

imply that the sequence p provides rank-one systems which have λ as an eigenvalue.
Finally, if pqk, pσk,0, . . . , σk,qkqq0¤k¤n�1 is a �nite sequence in FC , we can choose a large

enough integer qn so that the following holds at the next step:

hn�1 ¡ max

�
pn� 1q4
δpn�1q2

,
pn� 2q4
δpn�2q2

�

(in particular, the new auxiliary condition (I.4) is satis�ed). We use the same spacing

parameters as before, namely σn,m � ℓ
pnq
m jn2 . Using jn2 ¤ n2 and ℓ

pnq
m ¤ 2π

δn2
, this gives

σn � pℓpnq1 � . . .� ℓ
pnq
qn�1qjn2 ¤ qn

2πn2

δn2

¤ qnhn�1,

so the third point of De�nition I.3.7 is satis�ed for C 1 � 1.

I.4.d Strongly mixing systems

Let C be the class of strongly mixing rank-one systems. We consider the construction of
Ornstein in [Orn72]. The property the parameters have to satisfy at each step is given by
the following lemma (Lemma 3.2 in [Orn72]), proven with a probabilistic method.

Lemma I.4.3. Let N and K be positive integers and ε ¡ 0, α ¡ 0. Then there exist
integers m ¡ N and a1, . . . , am such that

�

���°j�k
i�j ai

��� ¤ K for all 1 ¤ j ¤ j � k ¤ m;

� denoting by Hpℓ, kq the number of j such that
j�ķ

i�j

ai � ℓ, for 1 ¤ j ¤ j � k ¤ m,

then Hpℓ, kq   α
pm� kq
K

for every k   p1� εqm.

The set of parameters FC is de�ned in a recursive way, as in Section I.4.c: any cut-
ting and spacing parameter pq0, pσ0,0, . . . , σq0,0qq is in FC , and from a �nite sequence of
parameters pqk, pσk,0, . . . , σk,qkqq0¤k¤n�1 in FC , pqk, pσk,0, . . . , σk,qkqq0¤k¤n is also in FC if
the new parameters can be written as qn � m and σn,i � ai�hn�1 where m, a1, . . . , am are
integers whose existence is granted by Lemma I.4.3 with N ¡ 10n, K � hn�1, ε � 10n�3

and α � 5{4. There are in�nitely many possibilities for qn as N can be arbitrarily large.
It is shown in [Orn72] that cutting-and-stacking constructions with these parameters give
strongly mixing systems, it is clear that they are CSP with C � 2 and the third point of
De�nition I.3.7 is satis�ed for C 1 � 2.
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I.5 From �exible classes to the universal odometer

The goal of this section is to prove Theorem I.3.9, namely that for every φ : R� Ñ R�
satisfying φpxq � opt1{3q, any �exible class contains a rank-one system which is φ-integrably
orbit equivalent to the universal odometer.

I.5.a The construction

Overview of the construction. We �rst present a natural adaptation to the case of
rank-one system of Kerr and Li's construction of an explicit orbit equivalence between the
universal odometer and any other odometers. We will then see that the quanti�cation of
the cocycles becomes more complicated due to the presence of non-zero spacing parameters.

Let T P AutpX,µq be a rank-one system and consider a cutting-and-stacking con-
struction of this transformation with the same notations qn, σn,i, σn, hn,Rn, εn, Xn as in
De�nition I.3.2. From the sequence of Rokhlin towers Rn, new towers R1

n will be built as
Rokhlin towers for a new system S. These towers R1

n will have no spacers, i.e. σ1n,i � 0,
so they will be partitions of X. The construction will ensure that R1

n increases to the
σ-algebra A using the fact that it is the case for Rn, so S will be an odometer. For the
odometer S to be universal, we �x a sequence of prime numbers ppnqn¥0 such that every
prime number appears in�nitely many times, and every cutting parameter q1n will be a
multiple of pn.

We will recursively de�ne S on subsets increasing to X up to a null set. More precisely
if the n-th tower R1

n has been built and its base and its height are denoted by B1
n and h1n,

then S is provisionally de�ned on all the levels of the tower except the highest one and maps
the i-th level to the pi� 1q-th one. So R1

n is exactly pB1
n, SpB1

nq, . . . , Sh
1
n�1pB1

nqq and S is
de�ned on XzSh1n�1pB1

nq. To re�ne S, i.e. to de�ne it on a greater set, we have to build the
next towerR1

n�1 and de�ne S as forR1
n. In order to do so and according to De�nition I.3.2,

we have to determine a subdivision of the base B1
n into q1n subsets B1

n,0, . . . , B
1
n,q1n�1. We

�nd a function ζn�1 mapping bimeasurably each B1
n,i to B

1
n,i�1 for 0 ¤ i ¤ q1n� 2. On the

subset Dn�1 �
�

0¤i¤q1n�2 S
h1n�1pB1

n,iq of the roof Sh
1
n�1pBnq of R1

n, S will coincide with

ζn�1S
�h1n and will be de�ned on XzSh1n�1pB1

n�1q � D1 \ . . . \Dn�1 where B1
n�1 � B1

n,0

is the base of the new Rokhlin tower Rn�1 for S. To sum up, S is successively de�ned by
the �nite approximations obtained from the maps ζn. Up to conjugacy, ζn is exactly the
addition by p 0, . . . , 0loomoon

n�1 times

, 1, 0, 0, . . .q with carry over to the right (as de�ned in Section I.3.a),

restricted to r0, . . . , 0sn�1zr0, . . . , 0, q1n�1 � 1sn.
The construction of the maps ζn is by induction on n ¥ 0. At step n we will actually

de�ne

ζn�1 : B
1
n,0 \ . . .\B1

n,q1n�2 Ñ B1
n,1 \ . . .\B1

n,q1n�1.

In order to build ζn�1, a second induction on a parameter m ¥ n is required. Actually,
B1
n,i will be the disjoint union of the B1

n,ipmq for m ¥ n, and this inner recursion consists
in choosing m-bricks to de�ne B1

n,ipmq. By de�nition, the m-bricks will be the m-levels
(i.e. the levels of Rm) explicitly chosen to constitute B1

n,ipmq. Using powers of T , m-bricks
of B1

n,i are mapped to the ones of B1
n,i�1 (there will be as many in Bn,i as in B

1
n,i�1) and this

gives ζn�1 whose orbits are included in those of T , implying immediately that the orbits of
S satisfy the same property. The reverse inclusion between the orbits will be more di�cult
to prove and will be due to the choice of the bricks (see Remark I.5.3 after the construction).

The construction. T is a rank-one system in AutpX,µq. We �x one of its cutting-and-
stacking construction whose parameters are denoted as in De�nition I.3.2. Let ppnqn¥0 be
a sequence of prime numbers such that every prime number appears in�nitely many times.
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In the sequel, we will assume that, given the cutting parameters of T , some posi-
tive integers q1n and tn,m that we will introduce are well-de�ned. In Section I.5.c (see
Lemma I.5.12), we will give conditions on the parameters of T for these quantities (and so
the construction) to be well-de�ned.

� n ��� 1 : We �rst build R1
1 and ζ1 by an induction over m ¥ 1. We could denote by

R1
0 the trivial tower pXq with its base B1

0 � X. At the end of step n � 1, S is not
yet de�ned on the roof of the tower R1

1, i.e. on its highest level, which is a Rokhlin
tower of S.

� m ��� 1 : Let q10 ¡ 0 be the largest multiple of p0 such that q10 ¤ q0 � 1.

Remark I.5.1. At this step, we simply have to assume q0 ¡ p0 for the integer q
1
0

to be non-zero. However, for the well de�nition of other quantities at other steps,
the conditions on the cutting parameters of T get more and more technical, this
is the reason why we �rst assume that the parameters of T are chosen so that
the positive quantities are well-de�ned and we will then state the conditions in
Lemma I.5.12 (as mentioned before the beginning of the construction).

For every 0 ¤ i ¤ q10 � 1, we de�ne

B1
0,ip1q� T ipB1q

and

ζ1p1q :
§

0¤i¤q10�2

B1
0,ip1q Ñ

§
0¤i¤q10�2

B1
0,i�1p1q

coinciding with T on its domain (hence every subset B1
0,ip1q is composed of a

unique 1-brick T ipB1q).
� m ¡¡¡ 1 : Assume that the subsets B1

0,ipMq have been built for every 1 ¤ M ¤
m� 1 and 0 ¤ i ¤ q10 � 1. Let

W1,m � Xz
§

1¤M¤m�1

§
0¤i¤q10�1

B1
0,ipMq

be the remaining piece of X at the end of the pm � 1q-th step (we could also
de�ne W1,1 � X).

Remark I.5.2. Notice that m-levels are either contained in W1,m or disjoint
from it since XzW1,m is composed of M -levels for 1 ¤ M ¤ m � 1 and the
Rokhlin towers are nested. This will more generally hold true for Wn,m with
n ¥ 2.

Let r1,m be the number of integers j P J0, hm � 1K such that T jpBmq � W1,m,
denoted by

0 ¤ j
p1,mq
1   j

p1,mq
2   . . .   jp1,mqr1,m   hm.

Let t1,m be the positive integer such that q10t1,m is the largest multiple of q10
such that q10t1,m   r1,m (we assume that we can choose the cutting parameters
of T for this integer to be positive, see Lemma I.5.12). The �rst q10t1,m m-levels
contained in W1,m are now used as m-bricks, they are split in q10 groups of t1,m
m-bricks of the subsets B1

0,i in the following way and the same will be done
at steps n ¡ 1 (the fact that the inequality q10t1,m   r1,m is strict, and the
way we make the q10 groups will guarantee an easy control of the cocycles, see
Lemma I.5.6 used for Lemmas I.5.18 and I.5.21). For every 0 ¤ i ¤ q10 � 1, we
de�ne
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B1
0,ipmq�

§
0¤t¤t1,m�1

T

�
j
p1,mq

i�1�tq10



pBmq

and ζ1pmq coinciding with T

�
j
p1,mq

i�2�tq10



�

�
j
p1,mq

i�1�tq10



on T

�
j
p1,mq

i�1�tq10



pBmq for every

0 ¤ i ¤ q10�2 and 0 ¤ t ¤ t1,m�1, so that each brick T

�
j
p1,mq

i�1�tq10



pBmq is mapped

on another T

�
j
p1,mq

i�2�tq10



pBmq. Thus ζ1pmq maps each B1

0,ipmq on B1
0,i�1pmq and

this gives

ζ1pmq :
§

0¤i¤q10�2

B1
0,ipmq Ñ

§
0¤i¤q10�2

B1
0,i�1pmq.

End of Step n � 1: For every 0 ¤ i ¤ q10 � 1, we de�ne

B1
0,i �

§
m¥1

B1
0,ipmq

(the set of its m-bricks for all m ¥ 1), B1
1 � B1

0,0 and

ζ1 :
§

0¤i¤q10�2

B1
0,i Ñ

§
0¤i¤q10�2

B1
0,i�1

coinciding with the maps ζ1pmq on their respective domain (see Figure I.7).

The universal odometer S we want to build is partially de�ned on X. More precisely
we de�ne it on the domain D1 �

�
0¤i¤q10�2B

1
0,i of ζ1 so that it coincides with ζ1. This

gives the �rst Rokhlin tower R1
1 � pB1

0,0, . . . , B
1
0,q11�1q � pB1

1, SpB1
1q, . . . , Sq

1
0�1pB1

1qq. The
next step will provide us a re�nement R1

2 of the tower R1
1, allowing us to extend partially

S on the highest level of the R1
1.

� n ¡¡¡ 1 : Assume that steps 1, . . . , n � 1 have been achieved. There are nested
towers R1

1, . . . ,R1
n�1. The k-th tower R1

k has h1k � q10 . . . q
1
k�1 levels and its base

B1
k is partitioned in q1k levels B1

k,0, . . . , B
1
k,q1k�1. These levels belong to R1

k�1, whose

base is B1
k�1 � B1

k,0, with ζk�1 mapping B1
k,i to B

1
k,i�1. The map S is de�ned on

D1 \ . . .\Dn�1 using the maps ζ1, . . . , ζn�1, where D1 \ . . .\Dn�1 corresponds to
the union of all the levels of R1

n�1 except its roof.

The map S is not yet de�ned on the roof of R1
n�1. By partitioning B1

n�1 in subsets
B1
n�1,0, . . . , B

1
n�1,q1n�1�1, we will de�ne R1

n which re�nes R1
n�1 and a function ζn

mapping B1
n�1,i to B

1
n�1,i�1. The extension of S will be de�ned on all the levels

of R1
n, except its roof (which is contained in the one of R1

n�1). We will construct
the subsets B1

n�1,i as was done for the subsets B1
0,i, except that we only use the

�material� in B1
n�1 to form the m-bricks of each B1

n�1,i. In order to do so, notice
that the base B1

n�1 is exactly B1
n�2,0 (the �rst subset in the subdivision of B1

n�2)
which is the disjoint union of subsets of the form B1

n�2,0pmq for m ¥ n�1. Moreover
for all n � 1 ¤ M ¤ m, every m-level is contained in an M -level, we will then pick
the new m-bricks in B1

n�2,0pnq, . . . , B1
n�2,0pmq. This motivates the de�nition of each

set Wn,m (the set of the remaining material to form m-bricks with an incremented
integer m). We now discuss separately the following cases.

� m ��� n : Set

Wn,n � B1
n�2,0pn� 1q \B1

n�2,0pnq (I.5)
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ζ1(1) ζ1(1)

B′
1 = B′

0,0(
=

⊔
m≥1 B

′
0,0(m)

) B′
0,1(

=
⊔

m≥1 B
′
0,1(m)

) B′
0,2(

=
⊔

m≥1 B
′
0,2(m)

)

ζ1(
=

⊔
m≥1 ζ1(m)

) ζ1(
=

⊔
m≥1 ζ1(m)

)

︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸

B′
0,0(1) B′

0,1(1) B′
0,2(1)

B′
0,0(2) B′

0,1(2) B′
0,2(2)

ζ1(2) ζ1(2)

ζ1(3) ζ1(3)

B
′ 0,
2
(3
)

B
′ 0,
0
(3
)

B
′ 0,
1
(3
)

Figure I.7: First step of the construction (i.e. n � 1).
In Section I.5.d, we will de�ne sets En,m for every pair of integers pn,mq satisfying m ¥
n ¥ 1. The set E1,1 (resp. E1,2; E1,3) is the union of the red areas (resp. red and blue
areas; red, blue and green areas).

and let rn,n be the number of integers j P J0, hn � 1K such that T jpBnq �Wn,n

(note that we could have de�ned r1,1 � q0), denoted by

0 ¤ j
pn,nq
1   j

pn,nq
2   . . .   jpn,nqrn,n

  hn.

Let q1n�1 be the largest multiple of pn�1 such that q1n�1   rn,n (we assume that
we can choose the cutting parameters of T for this integer to be positive, see
Lemma I.5.12). We then de�ne for every 0 ¤ i ¤ q1n�1 � 1,

B1
n�1,ipnq� T

�
j
pn,nq
i�1

	
pBnq,

meaning that among the n-levels inWn,n, the n-bricks at step pn, nq are exactly
the �rst q1n�1 ones (and set tn,n � 1 for consistency later on). Let

ζnpnq :
§

0¤i¤q1n�1�2

B1
n�1,ipnq Ñ

§
0¤i¤q1n�1�2

B1
n�1,i�1pnq

be the map coinciding with T

�
j
pn,nq
i�2

	
�
�
j
pn,nq
i�1

	
on each B1

n�1,ipnq, so that
B1
n�1,ipnq is mapped to B1

n�1,i�1pnq.
� m ¡¡¡ n : Set

Wn,m �

� §
n�1¤M¤m

B1
n�2,0pMq

�
z
�
� §
n¤M¤m�1

§
0¤i¤q1n�1�1

B1
n�1,ipMq

�

 (I.6)
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and let rn,m be the number of integers j P J0, hm�1K such that T jpBmq �Wn,m,
denoted by

0 ¤ j
pn,mq
1   j

pn,mq
2   . . .   jpn,mqrn,m

  hm.

Let tn,m be the positive integer such that q1n�1tn,m is the largest multiple of
q1n�1 such that q1n�1tn,m   rn,m (we assume that we can choose the cutting
parameters of T for this integer to be positive, see Lemma I.5.12). The �rst
q1n�1tn,m m-levels contained in Wn,m are now used as m-bricks at step pn,mq,
they are split in q1n�1 groups of tn,m m-bricks of the subsets B1

n�1,i in the
following way. For every 0 ¤ i ¤ q1n�1 � 1, we de�ne

B1
n�1,ipmq�

§
0¤t¤tn,m�1

T

�
j
pn,mq

i�1�tq1n�1



pBmq

and ζnpmq coinciding with T

�
j
pn,mq

i�2�tq1n�1



�

�
j
pn,mq

i�1�tq1n�1



on T

�
j
pn,mq

i�1�tq1n�1



pBmq for

every 0 ¤ i ¤ q1n�1�2, 0 ¤ t ¤ tn,m�1, so that eachm-brick T

�
j
pn,mq

i�1�tq1n�1



pBmq

is mapped on another T

�
j
pn,mq

i�2�tq1n�1



pBmq. Thus ζnpmq maps each B1

n�1,ipmq on
B1
n�1,i�1pmq and this gives

ζnpmq :
§

0¤i¤q1n�1�2

B1
n�1,ipmq Ñ

§
0¤i¤q1n�1�2

B1
n�1,i�1pmq.

End of Step n: We de�ne for every 0 ¤ i ¤ q1n�1 � 1,

B1
n�1,i �

§
m¥n

B1
n�1,ipmq

(the set of its m-bricks for m ¥ n), B1
n � B1

n�1,0 and

ζn :
§

0¤i¤q1n�1�2

B1
n�1,i Ñ

§
0¤i¤q1n�1�2

B1
n�1,i�1

coinciding with the maps ζnpmq on their respective domain (see Figure I.8 for step
n � 2, after the �rst step illustrated in Figure I.7).

As the base B1
n�1 of R1

n�1 is partitioned in B1
n�1,0 \ . . . \ B1

n�1,q1n�1�1, its highest

level Sh
1
n�1�1pB1

n�1q is partitioned in Sh
1
n�1�1pB1

n�1,0q\ . . .\Sh
1
n�1�1pB1

n�1,q1n�1�1q.
The map S is extended in the following way. On

Dn � Sh
1
n�1�1pB1

n�1,0q \ . . .\ Sh
1
n�1�1pB1

n�1,q1n�1�2q,

it coincides with ζnS
�ph1n�1�1q. So S maps Sh

1
n�1�1pB1

n�1,iq on B1
n�1,i�1. This gives a

Rokhlin tower R1
n for S, nested in the previous one, of base B1

n � B1
n�1,0 and height

h1n � q10 . . . q
1
n�1. Now S is de�ned on pD1 \ . . .\Dn�1q \Dn. The set Dn consists

in the levels of Rn, except the highest one, which are contained in the highest level
of R1

n�1.

Remark I.5.3. Notice that the inclusion of the S-orbits in the T -orbits is easy since S is
de�ned from maps ζnpmq which are �piecewise powers of T �.

The reverse inclusion will follow from the fact that we have tn,n � 1 for every n ¥ 1
(at step pn, nq we form groups of only one n-level). Indeed, uniqueness implies that these
chosen blocks are linked by ζnpnq and hence clearly by S (on the contrary, an m-level, for
m ¡ n, of B1

n�1,i is mapped by ζnpmq to only one of the tn,m m-levels of B1
n�1,i�1, and

not to the other). Thus ensuring that the unique n-brick of each B1
n�1,i is a large part of

it enables the system S to capture most of the T -orbits.
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{
{

(
=
⊔

m≥2
B′

1,0
(m)

)

(
=
⊔

m≥2
B′

1,1
(m)

)

B′
2 = B′

1,0

B′
1,1

(
=
⊔

m≥2
ζ2(m)

)ζ2

B′
1 = B′

0,0 B′
0,1 B′

0,2

︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸

ζ1 ζ1

B′
1,1(3)

B′
1,0(3)B′

1,0(2)

B′
1,1(2) ζ1

(
B′

1,1(3)
)

ζ1
(
B′

1,0(3)
)

ζ1
(
B′

1,0(2)
)

ζ1
(
B′

1,1(2)
)

ζ21
(
B′

1,1(3)
)

ζ21
(
B′

1,0(3)
)

ζ21
(
B′

1,0(2)
)

ζ21
(
B′

1,1(2)
)

ζ2(2)
ζ2(3)

Figure I.8: From the �rst step (illustrated in Figure I.7) to the second one.
In B1

1, we inductively build B1
1,ip2q, B1

1,ip2q, B1
1,ip3q, . . . for every 0 ¤ i ¤ q11 � 1 (in this

example, we have q11 � 2). Each set B1
1,ip2q is composed of a unique 2-level in B1

0,0p1q \
B1

0,0p2q (i.e. in pale red and pale blue areas). Then each set B1
1,ip3q is composed of 3-levels

in B1
0,0p1q \ B1

0,0p2q \ B1
0,0p3q (i.e. in pale red, pale blue and pale green areas) and so on.

The structure that we build in B1
1 � B1

0,0 can be translated in B1
0,1 and B

1
0,2 using the map

ζ1.
In Section I.5.d, we will de�ne sets En,m for every pair of integers pn,mq satisfying m ¥
n ¥ 1. The set E2,1 (resp. E2,2) is the union of the areas hatched in blue (resp. in blue or
green).

I.5.b First properties of this construction

Recall that we consider a cutting-and-stacking construction of T with the same notations
as in De�nition I.3.2 (qn, σn,i, Rn, Xn, εn, ...), and the sequences phnq, pσnq and pZnq
associated to the cutting and spacing parameters, and the notations q1n, R1

n, ... refer to
the construction of S.

We state some important properties preparing for further results in Section I.5.d. Many
of them enable us to only take into account the combinatorics behind a cutting-and-stacking
construction. We assume that all the �largest multiples� (for every n   m, the largest
multiple q1n�1 of pn�1 such that q1n�1   rn,n, and the largest multiple q1n�1tn,m of q1n�1

such that q1n�1tn,m   rn,m) are non-zero. In Section I.5.c (see Lemma I.5.12), we will see
how to choose the parameters for the construction to be well-de�ned.

Lemma I.5.4. Every tower R1
n is a partition of X.

Proof of Lemma I.5.4. Let n ¥ 1. The levels of R1
n are pairwise disjoint by the de�nition

of pWn,mqm¥n. It remains to show that R1
n covers the whole space. Recall that Xn denotes

the subset covered by the tower Rn, and εn the measure of its complement.

The result holds for n � 1 since µpW1,mq Ñ
mÑ�8

0. Indeed W1,m�1 XXm is the union

of the m-levels which are not chosen at step p1,mq. By the de�nition of t1,m, there are at
most q10. So we have W1,m�1 ¤ εm � q10µpBmq Ñ 0.

For n ¡ 1, it su�ces to show that the levels B1
n�1,0, . . . , B

1
n�1,q1n�1�1 of R1

n form a
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partition of the base B1
n�1 of R1

n�1. We have to show that the measure of

W̃n,m � B1
n�1z

�
� §
n¤M¤m�1

§
0¤i¤q1n�1�1

B1
n�1,ipMq

�



tends 0 as m Ñ �8. But this set W̃n,m is the disjoint union of
�
M¥m�1B

1
n�2,0pMq and

Wn,m. It is clear that

µ

� §
M¥m�1

B1
n�2,0pMq

�
Ñ

mÑ�8
0,

since µ is a �nite measure. The set Wn,m is obtained from Wn,m�1 by adding B1
n�2,0pmq

and removing q1n�1tn,m�1 pm�1q-levels. Thus we have µ pWn,mq Ñ
mÑ�8

0 by the de�nition

of ptn,mqm¥n. Hence we have µ
�
W̃n,m

	
Ñ

mÑ�8
0 and we are done.

As a consequence, if pR1
nqn increases to the σ-algebra A (this will be proved in Corol-

lary I.5.16), then S is a rank-one system without spacer, so this is an odometer.

Lemma I.5.5. Let n ¥ 1. On the base B1
n of the n-th S-Rokhlin tower R1

n, S is de�ned
as follows. For every 0 ¤ i ¤ h1n � 1, we have

Si � ζi01 . . . ζin�1
n on B1

n

with i0 P J0, q10 � 1K, . . . , in�1 P J0, q1n�1 � 1K such that i �
n�1°
ℓ�0

q10 . . . q
1
ℓ�1iℓ �

n�1°
ℓ�0

h1ℓiℓ.

Proof of Lemma I.5.5. By induction over n ¥ 1. It is clear for n � 1 since S coincides
with ζ1 on the levels of R1

1 except its roof. Assume that the result holds for n ¥ 1. The
tower R1

n is divided in q1n subcolumns whose levels are exactly the ones of R1
n�1, and the

in-th subcolumn (0 ¤ in ¤ h1n�1) is the S-Rokhlin tower of height h1n and base B1
n,in

. Let
0 ¤ i ¤ h1n�1 � 1. By the equality B1

n�1 � B1
n,0 and by the de�nition of S from ζn�1 (at

the end of step n� 1 of the construction), Si � Sjζinn�1 on B1
n�1 for non-negative integers

in and j such that i � inh
1
n � j and j   h1n. The set ζ

in
n�1pB1

n,0q is equal to B1
n,in

, so this
is a subset of B1

n, hence the result by the induction hypothesis.

Therefore the subset Dn de�ned in the construction can be written as follows:

Dn � ζ
q10�1
1 . . . ζ

q1n�2�1

n�1

�
� §

0¤in¤q1n�1�2

B1
n�1,in

�



� ζ
q10�1
1 . . . ζ

q1n�2�1

n�1

�
� §

0¤in¤q1n�1�2

ζinn pB1
n�1,0q

�



(I.7)

and S coincides with ζnζ
�pq1n�2�1q

n�1 . . . ζ
�pq10�1q
1 on Dn.

By the cocycle of ζnpmq, we mean the integer-valued map de�ned on the domain of
ζnpmq and which maps x to the unique integer k satisfying ζnpmqx � T kx.

Lemma I.5.6. The cocycle of ζnpmq is positive and bounded above by hm�1 � Zm�1.
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Proof of Lemma I.5.6. By de�nition, for �xed integers 0 ¤ i ¤ q1n�1�2 and 0 ¤ t ¤ tn,m�

1, the cocycle on B � T

�
j
pn,mq

i�1�tq1n�1



pBmq takes the value ∆j � j

pn,mq
i�2�tq1n�1

� j
pn,mq
i�1�tq1n�1

.

Let us recall that the integers

0 ¤ j
pn,mq
1   j

pn,mq
2   . . .   jpn,mqrn,m

  hm

are the set of indices j P J0, hm � 1K such that T jpBmq � Wn,m. Thus ∆j is obviously
positive. Let us �x an pm � 1q-level B� which is not chosen at step pn,m � 1q, so it is
contained in Wn,m. If m is equal to n, we can choose B� � B1

n�2,0pn� 1q. For m ¡ n, the
existence of B� is granted by the fact that we have q1n�1tn,m�1   rn,m�1. We write it as
B� � T k0pBm�1q, where k0 is an integer in J0, hm�1 � 1K.

By de�nition, ∆j is the least positive integer j such that T jpBq is in Wn,m. Moreover
the m-levels of B� are in Wn,m. Therefore the consecutive m-levels T pBq, . . . , T∆j�1pBq
are not in B�.

First case. In the tower Rm, assume that the m-levels T pBq, . . . , T∆j�1pBq are before
T k0pBm�1,0q, i.e. before the �rst m-level of B�. Therefore the enumeration B, . . . , T∆jpBq
is included in the enumeration

Σm�1,0,1, . . . ,Σm�1,0,σm�1,0 , Bm�1,0, . . . , T
k0pBm�1,0q,

implying that ∆j ¤ σm�1,0 � k0 ¤ Zm�1 � hm�1.

Second case. Now assume that T pBq, . . . , T∆j�1pBq are after T k0pBm�1,qm�1�1q, i.e. af-
ter the last m-level of B�. Therefore the enumeration B, . . . , T∆jpBq is included in the
enumeration

T k0pBm�1,qm�1�1q, . . . , T hm�1�1pBm�1,qm�1�1q,Σm�1,qm�1,1, . . . ,Σm�1,qm�1,σm�1,qm�1
,

and we get ∆j ¤ phm�1 � k0 � 1q � σm�1,qm�1 ¤ hm�1 � Zm�1.

Third case. Finally if T pBq, . . . , T∆j�1pBq are between T k0pBm�1,iq and T k0pBm�1,i�1q
for some 0 ¤ i ¤ qm�1�2, i.e. between two consecutivem-levels of B�, then the enumeration
B, . . . , T∆jpBq is included in the enumeration

T k0pBm�1,iq, . . . , T hm�1�1pBm�1,iq,Σm�1,i,1, . . . ,Σm�1,i,σm�1,i , Bm�1,i�1, . . . , T
k0pBm�1,i�1q,

this gives ∆j ¤ phm�1 � k0 � 1q � σm�1,i � pk0 � 1q ¤ hm�1 � Zm�1.

Lemma I.5.7. An m-brick at step n is included in an M -brick at step n � 1 for some
n� 1 ¤M ¤ m.

Proof of Lemma I.5.7. This follows directly from the de�nition ofWn,m in the construction
(see Section I.5.a). Indeed the �pMq� in �B1

n�2,0pMq� means that we only consider the M -
bricks, at step n� 1, composing B1

n�2,0.

We now present a combinatorial description of the construction.
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Lemma I.5.8. The quantities rn,m, qn, q1n, tn,m, σn satisfy the following recurrence relation:

t0,1 � 0;

for m ¥ 2, t0,m � σm�1;

for m � n ¥ 1,

$''&
''%

rn,n � qn�1 � tn�1,n,

q1n�1 �
Z
rn,n � 1

pn�1

^
pn�1,

tn,n � 1;

for m ¡ n ¥ 1,

$&
%

rn,m � qm�1prn,m�1 � q1n�1tn,m�1q � tn�1,m,

tn,m �
Z
rn,m � 1

q1n�1

^
.

During the construction, some integers have been de�ned for consistency (r1,1 � q0,
tn,n � 1). Note that in this lemma, we also de�ne the integers tn,m for n � 0. This enables
us to extend the relations

rn,n � qn�1 � tn�1,n and rn,m � qm�1prn,m�1 � q1n�1tn,m�1q � tn�1,m

for n � 1.

Proof of Lemma I.5.8. Case n � 1. For m � 1, the r1,1 1-levels potentially chosen to be
1-bricks are exactly the levels of R1, so we have r1,1 � q0 � t0,1 since t0,1 � 0. We choose
q10 of them, where q10 is the largest multiple of p0 such that q10   r1,1, so q

1
0 is equal to

tpr1,1 � 1q{p0up0. Finally q10 is obviously equal to q10t1,1 since t1,1 � 1. For m ¡ 1, there
are rn,m m-levels in W1,m: some of them are in the r1,m�1� q10t1,m�1 pm� 1q-levels which
are not chosen at step p1,m� 1q and the other are the spacers from Rm�1 to Rm. So we
have

r1,m � qm�1pr1,m�1 � q10t1,m�1q � σm�1

and we set t0,m � σm�1. We choose q10t1,m of them as m-bricks, where q10t1,m is the largest
multiple of q10 such that q10t1,m   r1,m, i.e. t1,m � tpr1,m � 1q{q10u.

Case n ¡ 1. For m � n, there are rn,n n-levels in Wn,n � B1
n�2,0pn � 1q \ B1

n�2,0pnq.
First, since we have tn�1,n�1 � 1, the set B1

n�2,0pn � 1q is an pn � 1q-brick at step n � 1
and it contains qn�1 n-levels. Secondly B1

n�2,0pnq is the union of tn�1,n n-bricks. Hence
we have rn,n � qn�1 � tn�1,n. By de�nition, q1n�1 is equal to tprn,n � 1q{pn�1upn�1 and
obviously to q1n�1tn,n with tn,n � 1. For m ¡ n, there are rn,m m-levels in Wn,m. This set
is composed of

� §
n�1¤M¤m�1

B1
n�2,0pMq

�
z
�
� §
n¤M¤m�1

§
0¤i¤q1n�1�1

B1
n�1,ipMq

�



and

B1
n�2,0pmq.

The �rst one is the union of the rn,m�1 � q1n�1tn,m�1 pm� 1q-levels which are not chosen
at step pn,m� 1q, and the second one is built at step pn� 1,mq from its tn�1,m m-bricks.
So we have

rn,m � qm�1prn,m�1 � q1n�1tn,m�1q � tn�1,m.

We choose q1n�1tn,m of these m-levels as m-bricks at this step, where q1n�1tn,m is the largest
multiple of q1n�1 such that q1n�1tn,m   rn,m, i.e. tn,m � tprn,m � 1q{q1n�1u.
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It will be more convenient to use the following slight modi�cation of Lemma I.5.8:

t0,1 � 0;

for m ¥ 2, t0,m � σm�1;

for m � n ¥ 1,

$&
%

rn,n � qn�1 � tn�1,n,
q1n�1 ¤ rn,n � 1,
tn,n � 1;

for m ¡ n ¥ 1,

$&
%

rn,m ¤ qm�1q
1
n�1 � tn�1,m,

tn,m ¤ rn,m � 1

q1n�1

.

(I.8)

This is a consequence of the inequalities txu ¤ x and rn,m�1 � q1n�1tn,m�1 ¤ q1n�1 (by
the de�nition of tn,m�1).

As the strategy will be to recursively choose large enough cutting parameters qn for T ,
we would like to understand the asymptotic behaviour of q1n as qn increases. Then the goal
is to �nd bounds for q1n{qn.
Lemma I.5.9. For every n ¥ 0, we have

q1n ¥ qn � p1� pnq.

Proof of Lemma I.5.9. Using the equalities q1n �
Y
rn�1,n�1�1

pn

]
pn and rn�1,n�1 � qn�tn,n�1

in Lemma I.5.8, where the integer tn,n�1 is non-negative, we get

q1n ¥
�
rn�1,n�1 � 1

pn
� 1



pn ¥ qn � 1� pn

and we are done.

We have found a lower bound for q1n{qn (up to some additional term �p1 � pnq). Let
us �nd an upper bound.

Lemma I.5.10. For every n ¥ 1, we have

q1n ¤ 3qn � σn
q10 . . . q

1
n�1

.

With an asymptotic control on σn, using �exible classes, we will be able to get q
1
n ¤ 4qn

(see Lemma I.5.14).

Proof of Lemma I.5.10. By induction over i P J0, n � 1K (with n ¥ 1) and using (I.8), we
show that

q1n ¤ qn

�
2�

i̧

j�1

j¹
k�1

1

q1n�k

�
� tn�1�i,n�1

i�1¹
k�1

1

q1n�k
.

For i � 0, we have q1n   rn�1,n�1 � qn � tn,n�1 and

tn,n�1 ¤ rn,n�1 � 1

q1n�1

¤ 1

q1n�1

�
qnq

1
n�1 � tn�1,n�1

� � qn � tn�1,n�1

q1n�1

,

so we get q1n ¤ 2qn � tn�1,n�1

q1n�1
. For 0 ¤ i ¤ n� 2, we have

tn�1�i,n�1 ¤ rn�1�i,n�1 � 1

q1n�2�i

¤ 1

q1n�2�i

�
qnq

1
n�2�i � tn�2�i,n�1

� � qn � tn�2�i,n�1

q1n�2�i

.
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If the result holds true for i, we get

q1n ¤ qn

�
2�

i̧

j�1

j¹
k�1

1

q1n�k

�
�
�
qn � tn�2�i,n�1

q1n�2�i


 i�1¹
k�1

1

q1n�k

� qn

�
2�

i�1̧

j�1

j¹
k�1

1

q1n�k

�
� tn�1�pi�1q,n

i�2¹
k�1

1

q1n�k
,

so the result is also true for i� 1.

Taking i � n� 1, this gives the lemma since q1ℓ ¥ 2 for every integer ℓ ¥ 1.

I.5.c Towards �exible classes

We now explain why �exible classes �t in this construction.

First a condition for the construction to be well-de�ned needs an inductive choice of the
cutting parameters pqnqn¥0 of T (see Lemma I.5.11). Secondly, a control on the spacing
parameters will imply useful asymptotic controls for the quanti�cation of the cocycles (see
Lemma I.5.14). Note that, in the proof of Theorem I.3.9 (see Section I.5.e), we will need
other estimates to quantify the cocycles. It will be possible, again using the de�nition of a
�exible class, to inductively build large enough cutting parameters in order to have these
estimates.

If the parameters are chosen according to a set FC � P� associated to a �exible
class C, the underlying rank-one system has the desired property, i.e. it is in C, and is
orbit equivalent to the universal odometer, with some quanti�cation guaranteed by the
control of the spacing parameters and by the fact that the cutting parameters qn have
been recursively chosen and large enough.

Lemma I.5.11. Let T be a rank-one system with cutting and spacing parameters

pqn, pσn,0, . . . , σn,qnqqn¥0

such that the construction in Section I.5.a is well-de�ned. Then, for every n P N, q1n only
depends on pqk, pσk,0, . . . , σk,qkqq0¤k¤n.

Proof of Lemma I.5.11. This directly follows from Lemma I.5.8.

Then the main novelty in this paper is to build the rank-one system T while
we are building the universal odometer S. Once pq10, . . . , q1nq has been built from
pqk, pσk,0, . . . , σk,qkqq0¤k¤n, we are free to choose pqn�1, pσn�1,0, . . . , σn�1,qn�1qq for the def-
inition of q1n�1. The recursive de�nition of the cutting parameters is one of the main ideas
behind the de�nition of a �exible class, and it allows to �nd cutting parameters satisfying
some assumptions, for example the assumptions of the following lemma.

Lemma I.5.12. Assume that for every n P N,

qn ¡ max ppn, q10, . . . , q1n�1q. (I.9)

Then the construction is well-de�ned, i.e. all the �largest multiples� are non-zero (that is,
the largest multiple q1n�1 of pn�1 such that q1n�1   rn,n, and the largest multiple q1n�1tn,m
of q1n�1 such that q1n�1tn,m   rn,m).

Remark I.5.13. Without loss of generality, we can assume that p0 is equal to 2. Therefore
the assumption of Lemma I.5.12 for n � 0 requires that q0 is greater than 2, which explains
the second item of De�nition I.3.7.



32 CHAPTER I: RANK-ONE SYSTEMS, FLEXIBLE CLASSES AND SHANNON OE

Proof of Lemma I.5.12. First, let us prove this result at step n � 1 of the outer recursion.
At step m � 1 of the inner recursion, q0 is greater than p0, so q

1
0 (the largest multiple

of p0 such that q10 ¤ q0 � 1) is positive. For a step m ¡ 1, notice that there exists an
pm� 1q-level which is not chosen at the previous step (as we have r1,m�1 pm� 1q-levels in
W1,m�1 and we choose q10t1,m�1 of them, with q10t1,m�1   r1,m�1) so its qm�1 m-levels are
in W1,m and this gives r1,m ¥ qm�1. Therefore we have r1,m ¡ q10 and t1,m is non-zero.

Now consider a step n ¡ 1 of the outer recursion. For m � n, B1
n�2,0pn � 1q is an

pn � 1q-level in Wn,n, so we have rn,n ¥ qn�1 ¡ pn�1, hence the positivity of q1n�1. For
m ¡ n, we have rn,m ¥ qm�1 (same argument as for n � 1), this implies rn,m ¡ q1n�1 and
tn,m is positive.

The next lemma re�nes the estimate given by Lemma I.5.10, with assumptions which
will be satis�ed in the context of �exible classes.

Lemma I.5.14. Let pqn, pσn,0, . . . , σn,qnqqn¥0 be the parameters of a CSP construction of
T with associated constant C ¡ 0. Assume that there exists a constant C 1 ¡ 0 such that

@n ¥ 1, σn ¤ C 1qnhn�1 and qn � p1� pnq ¥ C 1hn

(for instance, if the third point of De�nition I.3.7 holds and if, given
pqk, pσ0,k, . . . , σqk,kqq0¤k¤n�1, qn is chosen large enough). Then we get the following
bound:

@n P N,
q1n
qn

¤ 4.

Proof of Lemma I.5.14. For n � 0, this is a consequence of the inequality q10 ¤ q0 � 1.
Now let us prove the result for n ¥ 1. Using Lemma I.5.10, it su�ces to get

@n ¥ 1,
σn

q10 . . . q
1
n�1

¤ qn.

But we have

σn ¤ C 1qnhn�1 ¤ qn pqn�1 � p1� pn�1qq ,
and the right hand side is bounded above by qnq

1
n�1 (by Lemma I.5.9), so the result follows

from the inequality q1n�1 ¤ q10 . . . q
1
n�1.

I.5.d Equality of the orbits, universal odometer and quantitative control
of the cocycles

Recall the notations for the construction of T by cutting and stacking, pqnqn and pσn,iqn,i
are respectively the cutting and spacing parameters. The tower Rn is the n-th T -Rokhlin
tower, its height is hn, it covers the subset Xn of X, εn is the measure of its complement,
Zn is the maximum of the spacing parameters over the �rst n steps and M0 is the measure
of the unique 0-level B0.

We use similar notations q1n, h
1
n and R1

n for S. We also set

H 1
n � h11 � . . .� h1n

for all n ¥ 1, and H 1
0 � 0.

The construction is assumed to be well-de�ned, considering a cutting-and-stacking
de�nition of T with parameters satisfying the criterion (I.9) (see Lemma I.5.12). Since S
is piecewise given by powers of T , the S-orbits are included in the T -orbits. It remains to
show the reverse inclusion, to prove that pR1

nqn¥0 is increasing to the σ-algebra A and to
quantify the cocycles.
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As in [KL24], we set

En,m �

h1n�1§
i�0

Si

� §
n¤M¤m

B1
n�1,0pMq

�
�

§
0¤i0¤q10�1

...
0¤in�1¤q1n�1�1

ζi01 . . . ζin�1
n

� §
n¤M¤m

B1
n�1,0pMq

�

and
Kn �

§
0 i¤hn�1

T i�1pBnq\T ipBnq�En,n

T ipBnq.

Since B1
n�1,0 is exactly the base B1

n of R1
n, the subsets S

ipB1
n�1,0q, for 0 ¤ i ¤ h1n � 1, are

exactly the levels of R1
n which is a partition of X. So the motivation behind the de�nition

of En,m is �rst to approximate B1
n�1,0 by its M -bricks for n ¤ M ¤ m, and then the

set En,m is actually the union of the M -bricks, for n ¤ M ¤ m, of step n of the outer
recursion, and their translates by S in the other levels in R1

n (the sets E1,1, E1,2, E1,3, E2,1

and E2,2 are illustrated in Figures I.7 and I.8). We get a better approximation of X as m
increases and notice that En,m is a subset of Xm since every M -brick, for n ¤M ¤ m, is
a union of m-levels. Finally the sets Kn, for n ¥ 1, are introduced in order to show that
the system S captures the T -orbits (recall Remark I.5.3).

Lemma I.5.15. The following holds:

µ pXmzEn,mq ¤

$''''&
''''%

H 1
n

hm
for n   m

H 1
n�1 � pn�1h

1
n�1

hn
for n � m

.

Proof of Lemma I.5.15. We prove the inclusions

En,m � En�1,m � . . . � E2,m � E1,m � Xm

and we bound the measures of XmzE1,m and each set Ek,mzEk�1,m. The result follows
from the decomposition

XmzEn,m � pXmzE1,mq \
§

2¤k¤n

pEk�1,mzEk,mq (I.10)

and σ-additivity of µ.
The set E1,m is composed ofm-levels, so it is contained in Xm. Ifm � 1, then XmzE1,m

is the disjoint union of r1,1�q10 1-levels (see step p1, 1q of the construction). If m ¡ 1, then
XmzE1,m is the disjoint union of r1,m�q10t1,m m-levels (see step p1,mq of the construction).
By de�nition of q10 (if m � 1) or t1,m (if m ¡ 1), we thus have

µ pXmzE1,mq ¤

$'''&
'''%

p0
hm

if m � 1

h11
hm

if m ¡ 1

(recall that h11 � q10).
Let k P J2, nK. The function ζk has been built in order to map each M -brick (M ¥ k)

at step k to another. But such a brick is contained in an M 1-brick (k�1 ¤M 1 ¤M) from
the previous step k � 1 (see Lemma I.5.7). We then have

§
0¤ik�1¤q

1
k�1�1

ζ
ik�1

k

� §
k¤M¤m

B1
k�1,0pMq

�
�

§
k�1¤M¤m

B1
k�2,0pMq.
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Applying ζi01 . . . ζ
ik�2

k�1 and considering the union over i0, . . . , ik�2, we get the inclusion
Ek,m � Ek�1,m and the equality

Ek�1,mzEk,m �

§
0¤i0¤q10�1

...
0¤ik�2¤q

1
k�2�1

ζi01 . . . ζ
ik�2

k�1

�
�������
� §
k�1¤M¤m

B1
k�2,0pMq

�
z
�
� §
k¤M¤m

§
0¤ik�1¤q

1
k�1�1

B1
k�1,ik

pMq
�



loooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon
�: r�s

�
������

.

So the measure of Ek�1,mzEk,m is q10 . . . q
1
k�2µ pr�sq � h1k�1µ pr�sq by T -invariance. The set

r�s is obtained from Wk,m (see (I.5) and (I.6)) by removing the m-bricks that have been
chosen at step pk,mq. If m � k, then r�s is the disjoint union of rk,k � q1k�1 m-levels (see
step pk, kq of the construction). If m ¡ k, then r�s is the disjoint union of rk,m � q1k�1tk,m
m-levels (see step pk,mq of the construction). By de�nition of q1k�1 (if m � k) or tk,m (if
m ¡ k), we thus have

µ pr�sq ¤

$'''&
'''%

pk�1

hm
if m � k

q1k�1

hm
if m ¡ k

and

µ pEk�1,mzEk,mq ¤

$''''&
''''%

h1k�1pk�1

hm
if m � k

h1k
hm

if m ¡ k

.

Using (I.10) and σ-additivity of µ, we get the following inequalities. If m ¡ n, we get

µ pXmzEn,mq � µ pXmzE1,mq �
¸

2¤k¤n

µ pEk�1,mzEk,mq ¤
¸

1¤k¤n

h1k
hm

� H 1
n

hm
.

If m � n, we get

µ pXmzEn,mq �
�
µ pXmzE1,mq �

¸
2¤k¤m�1

µ pEk�1,mzEk,mq
�
� µ pEn�1,nzEn,nq

¤
¸

1¤k¤m�1

h1k
hm

� pn�1h
1
n�1

hn

� H 1
n�1

hn
� pn�1h

1
n�1

hm

and we are done.

The quantity H 1
n�1 � pn�1h

1
n�1 only depends on q11, . . . , q

1
n�2 which only depend on

pqi, pσi,jq0¤j¤qiq0¤i¤n�2 (see Lemma I.5.11), and hn is larger than q1 . . . qn�1{M0 with
qn�1 appearing at step n� 1. Then the strategy will be to recursively choose the cutting
parameters qn�1 so that

H 1
n�1 � pn�1h

1
n�1

hn
Ñ

nÑ�8
0. (I.11)

As µpXnq Ñ
nÑ�8

1, this gives µpEn,nq Ñ
nÑ�8

1 by Lemma I.5.15.
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Corollary I.5.16. If µpEn,nq Ñ
nÑ�8

1, then S is the universal odometer.

Proof of Corollary I.5.16. By the de�nition of q1n at step pn, nq and by choice of the se-
quence ppnq, every prime number appears in�nitely many time as a prime factor among
the integers q10, q

1
1, q

1
2, . . .. If S is an odometer, then it is clearly universal. It remains to

show that pR1
nqnPN increases to the σ-algebra A. Then S is a rank-one system with zero

spacing parameters by Lemma I.5.4, so this is an odometer.
Consider a subsequence pnkqk¥0 such that the series

°
k¥0 µppEnk,nk

qcq is convergent.
By the Borel-Cantelli lemma, the set X0 �

�
j¥0

�
k¥j Enk,nk

is of full measure. Let
x, y P X0. Assume that they belong to the same level of R1

n for every n larger that some
threshold N0. The goal is to show that x and y are equal, so that pR1

nqnPN separates the
points of a set of full measure and hence it increases to A.

By the de�nition ofX0, there exists an in�nite subset I of N, bounded below byN0, such
that En,n contains x and y for every n P I. Let us �x an integer n P I. By the de�nition of
En,n, x is in some SipB1

n�1,0pnqq and y in some SjpB1
n�1,0pnqq, for 0 ¤ i, j ¤ q10 . . . q

1
n�1�1.

But x and y are in the same level of R1
n, furthermore SipB1

n�1,0pnqq is included in the level

SipB1
nq and SjpB1

n�1,0pnqq in the level SjpB1
nq, so we have i � j. Moreover, since we have

tn,n � 1, all the sets SkpB1
n�1,0pnqq are n-levels, i.e. levels of the n-th T -Rokhlin tower

Rn, so x and y are in the same n-level. This holds for every n P I, so for in�nitely many
n. Moreover pRnqnPN separates the points up to a null set, since T is rank-one, hence the
result.

Lemma I.5.17. For every n P N, we have

µpKnq ¥ µpXnq � µ pBnq � 2µ pXnzEn,nq .

Moreover, µ pKnq Ñ
nÑ�8

1 if µpEn,nq Ñ
nÑ�8

1.

Proof of Lemma I.5.17. The set Kn is equal to pEn,nzBnq z T pXnzEn,nq, so we get

µ pKnq ¥ µ pEn,nzBnq � µ pT pXnzEn,nqq
¥ µ pEn,nq � µ pBnq � µ pXnzEn,nq
� µpXnq � µ pBnq � 2µ pXnzEn,nq .

The second result follows from the fact that µpXnq Ñ
nÑ�8

1 and µpBnq Ñ
nÑ�8

0.

Lemma I.5.18. For every x P Kn, there exists k P Z such that

|k| ¤ 4phn�1 � Zn�1qph1n�1q2

and T�1x � Skx.

Proof of Lemma I.5.18. Let x P Kn. By the de�nition of Kn, the points x and T�1x are
in En,n and there exists 1 ¤ i ¤ hn � 1 such that x P T ipBnq. Writing En,n this way:

En,n �
§

0¤i¤h1n�1�1

0¤in�1¤q1n�1�1

Siζin�1
n

�
B1
n�1,0pnq

� � §
0¤i¤h1n�1�1

0¤in�1¤q1n�1�1

Si
�
B1
n�1,in�1

pnq
	
,

it is clear that there exist 0 ¤ k0, k1 ¤ h1n�1 � 1 such that y � S�k0x and z � S�k1T�1x
are in

�
0¤in�1¤q1n�1�1B

1
n�1,in�1

pnq.
We �rst show that we can write y � ζk2n z for some k2, using the fact that ζn connects

the n-bricks of step pn, nq of the construction (since tn,n � 1). Secondly ζn can be written
as a power of S and the equality y � Sk3z holds for some k3 that we will be able to
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bound by Lemma I.5.6. Finally the result follows from the bound for each integer k0, k1, k3.

Step 1: Finding k2 such that y � ζk2n z. Using Lemma I.5.5, we can write

x � ζi01 . . . ζ
in�2

n�1 y and T�1x � ζj01 . . . ζ
jn�2

n�1 z

for some integers 0 ¤ i0, j0 ¤ q10 � 1, . . . , 0 ¤ in�2, jn�2 ¤ q1n�2 � 1, and there exist
0 ¤ in�1, jn�1 ¤ q1n�1 � 1 such that

y P B1
n�1,in�1

pnq and z P B1
n�1,jn�1

pnq.
More precisely, by Lemma I.5.7 and the fact that y and z are in n-bricks at step pn, nq, we
have

x � ζ1pM1qi0 . . . ζn�1pMn�1qin�2y and T�1x � ζ1pL1qj0 . . . ζn�1pLn�1qjn�2z

with k ¤ Lk,Mk ¤ n for every 1 ¤ k ¤ n � 1. By construction, T and the maps ζkpmq,
for 1 ¤ k ¤ n� 1 and k ¤ m ¤ n, satisfy the following property: for every n-level T kpBnq,
with 0 ¤ k ¤ hn�1, contained in the domain of the map, if it is mapped to another n-level
T k�ℓpBnq, with 0 ¤ k � ℓ ¤ hn � 1, then the application coincides with T ℓ on T kpBnq. In
other word it consists in going up or down |ℓ| �oors in the tower Rn, without going above
its roof or below its base. Therefore, from B1

n�1,in�1
pnq to B1

n�1,jn�1
pnq, the map

S̃ �
�
ζ1pL1qj0 . . . ζn�1pLn�1qjn�2

��1
T�1ζ1pM1qi0 . . . ζn�1pMn�1qin�2

consists in successively going up or down in the tower, so this is a power of T given by
the di�erence between the �oor of B1

n�1,in�1
pnq and the one of B1

n�1,jn�1
pnq. The map

ζ
jn�1�in�1
n also satis�es this property, thus ζ

jn�1�in�1
n and S̃ coincide on B1

n�1,in�1
pnq and

y � ζk2n z with k2 � jn�1 � in�1.

Step 2: Finding k3 such that y � Sk3z. Using the Lemma I.5.5 and the equality
ζinpB1

nq � B1
n�1,i, we have Sh

1
n�1pjn�1�in�1qy � z, we set k3 � h1n�1 pjn�1 � in�1q and it

remains to �nd a bound for jn�1 � in�1. We need to get more information on the power
of T , denoted by T ℓ, which coincides with S̃ on B1

n�1,in�1
pnq. By Lemma I.5.6 and the

de�nition of S̃, we get

|ℓ| ¤ phn�1 � Zn�1qpi0 � . . .� in�2q � 1� phn�1 � Zn�1qpj0 � . . .� jn�2q
¤ 2phn�1 � Zn�1qpq10 � . . .� q1n�2q � 1
¤ 3phn�1 � Zn�1qpq10 � . . .� q1n�2q

where ��1� comes from �T�1� in the expression of S̃ and has been bounded by phn�1 �
Zn�1qpq10� . . .�q1n�2q. The sum q10� . . .�q1n�2 is less than the product q10 . . . q

1
n�2 � h1n�1,

this gives
|ℓ| ¤ 3phn�1 � Zn�1qh1n�1.

Since ζn has a positive cocycle (by Lemma I.5.6), the equality ζ
pjn�1�in�1q
n � T ℓ implies

|ℓ| ¥ |jn�1 � in�1|. Therefore we �nd the bound

|k3| ¤ 3phn�1 � Zn�1qph1n�1q2.
Step 3: Bounding the integer k such that T�1x � Skx. By the de�nition of k0, k1
and k3, T

�1x is equal to Skx with k � k1 � k3 � k0 which is thus bounded as follows:

|k| ¤ |k0| � |k1| � |k3|
¤ 2ph1n�1 � 1q � 3phn�1 � Zn�1qph1n�1q2
¤ 4phn�1 � Zn�1qph1n�1q2,

hence the result.
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Corollary I.5.19. If µpEn,nq Ñ
nÑ�8

1, then T and S have the same orbits.

Proof of Corollary I.5.19. It is clear that the S-orbits are contained in the T -orbits.
By Lemma I.5.17,

�
nPNKn is of full measure, so the reverse inclusion follows from

Lemma I.5.18.

Remark I.5.20. Corollary I.5.19 holds for every rank-one system T . Indeed skipping
steps in the cutting-and-stacking process of T recursively increases the cutting parameters
qn, it enables us to get criteria (I.9) and (I.11) (the �rst one implies that the construction
in Section I.5.a is well-de�ned, the second one that µpEn,nq Ñ 1).

However the quanti�cation of the cocycles will not necessarily hold for all the rank-
one systems, since we will need to control the quantities Zn depending on the spacing
parameters (see Section I.5.e).

Note that by Dye's theorem, it was already known that every rank-one system is orbit
equivalent to the universal odometer, but the proof of this theorem does not provide an
explicit orbit equivalence, thus preventing us from quantifying the cocycles.

Now the goal is to control the cocycle cS . The equalities (I.7) in Section I.5.b and the
decomposition of Bn�1,i in bricks motivate the following de�nition:

@m ¥ n ¥ 1, Dnpmq � ζ
q10�1
1 . . . ζ

q1n�2�1

n�1

��
0¤in¤q1n�1�2B

1
n�1,in

pmq
	

� ζ
q10�1
1 . . . ζ

q1n�2�1

n�1

��
0¤in¤q1n�1�2 ζ

in
n pmqpB1

n�1,0q
	
.

(I.12)

It is the union of all the translates of the m-bricks at step pn,mq composing Dn. Note

that S coincides with ζnpmqζ�pq
1
n�2�1q

n�1 . . . ζ
�pq10�1q
1 on Dnpmq (since it coincides with

ζnζ
�pq1n�2�1q

n�1 . . . ζ
�pq10�1q
1 and ζn coincides with ζnpmq on the m-bricks at step n). The

partition of Dn into such subsets Dnpmq, for m ¥ n, gives a �ne control of the cocycle cS .

Lemma I.5.21. For 1 ¤ n   m, Dnpmq is contained in XmzEn,m�1 and we have

µpDnpmqq ¤

$''&
''%

εm�1 � εm � H 1
n

hm�1
if m ¡ n� 1

εm�1 � εm � H 1
n�1 � pn�1h

1
n�1

hn
if m � n� 1

.

For all n ¥ 1, we have

µpDnpnqq ¤
q1n�1

hn
.

Moreover for every x P Dnpmq,

|cSpxq| ¤ phm�1 � Zm�1qh1n�1.

Proof of Lemma I.5.21. For 1 ¤ n   m, Dnpmq is composed of translates of the m-bricks
used at step pn,mq, so it is disjoint from the translates of the M -bricks used at step
pn,Mq for n ¤ M ¤ m � 1, hence the inclusion Dn,m � XmzEn,m�1. The bound for
µpDnpmqq follows from the decomposition XmzEn,m�1 � pXmzXm�1q \ pXm�1zEn,m�1q
and Lemma I.5.15.

For n ¥ 1, by the de�nition of Dnpnq and the ζi-invariance of the measure, we get

µpDnpnqq � pq1n�1 � 1qµ �B1
n�1,0pnq

� ¤ q1n�1µ
�
B1
n�1,0pnq

�
,

hence the result, since B1
n�1,0pnq is an n-level, so it has measure less than 1{hn.
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For the cocycle cS , we �rst decompose Dnpmq in the following way:

Dnpmq �
§
ℓ

ζ
q10�1
1 . . . ζ

q1n�2�1

n�1 pβℓqqloooooooooooomoooooooooooon
�:Dℓ

where pβℓqℓ is the family of m-bricks, at step pn,mq, which constitute the subset�
0¤in¤q1n�1�2B

1
n�1,in

pmq. For a �xed ℓ, by Lemma I.5.7 there exist 1 ¤ L1 ¤ m, . . . ,

n� 1 ¤ Ln�1 ¤ m such that

Dℓ � ζ
q10�1
1 pL1q . . . ζq

1
n�2�1

n�1 pLn�1q pβℓq

and, on this subset, S coincides with ζnpmqζ�pq
1
n�2�1q

n�1 pLn�1q . . . ζ�pq
1
0�1q

1 pL1q. Then using
Lemma I.5.6, we get

|pcSq|Dℓ | ¤ phm�1 � Zm�1qppq10 � 1q � . . .� pq1n�2 � 1q � 1q
¤ phm�1 � Zm�1qq10 . . . q1n�2

� phm�1 � Zm�1qh1n�1,

hence the result.

I.5.e Proof of Theorem I.3.9

Let T be a rank-one system whose parameters satisfy the criteria (I.9) and (I.11). The
�rst one ensures that the construction is well-de�ned (Lemma I.5.12), the second one
implies µpEn,nq Ñ 1 (Lemma I.5.15), so we have an orbit equivalence between T and S
(Lemma I.5.19). We can then de�ne the cocycles cT , cS : X Ñ Z by

@x P X, Tx � ScT pxqx and Sx � T cSpxqx.

In Lemmas I.5.18 and I.5.21, we obtained bounds for the cocycles on precise subsets cov-
ering X: pKnqn for cT , pDnpmqqn,m for cS . This will provide a bound for the φ-integral
of each cocycle. But �rst, we need to change φ via the following lemma inspired by
Lemma 2.12 in [CJLMT23]. Without loss of generality, φ has the properties given by the
lemma and this will simplify the bound for each φ-integral.

Lemma I.5.22. Let 0   α ¤ 1 and φ : R� Ñ R� satisfying φptq � optαq. Then there
exists Φ: R� Ñ R� with the following properties:

� Φ is increasing;

� Φ is subadditive: @t, s P R�, Φpt� sq ¤ Φptq � Φpsq;
� Φptq � o ptαq;
� φptq � O pΦptqq.

Proof of Lemma I.5.22. Set

θ : R�� Ñ R�
t ÞÑ min

�
1, sup

s¥t

φpsq � 1

s




and
Φ : R� Ñ R�

t ÞÑ
» t
0
θpsqds .
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The map θ is positive-valued and non-increasing, so Φ is an increasing and subadditive
function satisfying Φptq ¥ tθptq for every t P R�. The assumption φptq � optαq implies

that θptq � sups¥t
φpsq�1

s for t ¡ 0 large enough, so we have

Φptq ¥ tθptq ¥ t sup
s¥t

φpsq � 1

s
¥ φptq.

Finally, for a �xed ε ¡ 0, there exists t0 ¡ 0 such that φpsq ¤ εsα for every s ¥ t0. For
every t ¥ t0, this gives

sup
s¥t

φpsq � 1

s
¤ sup

s¥t

�
ε

s1�α
� 1

s



� ε

t1�α
� 1

t

and for every t ¥ t0, we have» t
t0

θpsqds ¤
» t
t0

�
ε

s1�α
� 1

s



ds � ε

α
tα � ln t� ε

α
tα0 � ln t0,

hence Φptq � optαq.
Lemma I.5.23. Assume that criteria (I.9) (in Lemma I.5.12) and (I.11) (after
Lemma I.5.15) are satis�ed. Let φ : R� Ñ R� be an increasing and subadditive map.
Then, setting

∆pnq� �
1� 2pH 1

n � pnh
1
nq
� ph1nq2

�
φph3n�1q
hn�1

� φpZn�1h
2
n�1q

hn�1



;

∆εpnq� εn�1ph1nq2
�
φph3n�1q � φpZn�1h

2
n�1q

�
,

we have the following bound:»
X
φp|cT pxq|qdµ ¤ φp4ph0 � Z0qph10q2q � 4

�8̧

n�0

∆pnq � 4
�8̧

n�0

∆εpnq. (I.13)

Proof of Lemma I.5.23. Motivated by Lemma I.5.18, we will rather quantify the cocycle
cT�1 de�ned on X (up to a null set) by

T�1x � ScT�1 pxqx.

It is equivalent to quantifying cT since we have

@x P X, cT�1pxq � �cT pT�1xq
and µ is T -invariant.

Let pK 1
nqn¡0 be the partition of X inductively de�ned by"

K 1
1 � K1,

@n ¡ 0, K 1
n�1 � Kn�1zpK1 Y . . .YKnq.

The subsets K 1
n are pairwise disjoint and cover the whole space since we have

K 1
1 Y . . .YK 1

n � K1 Y . . .YKn

and µpKnq Ñ 1 (using Lemma I.5.17). By the fact that Kn is included in Xn, and by
Lemmas I.5.17 and I.5.15, we have

µpK 1
n�1q ¤ µpXzKnq

� µpXzXnq � µpXnzKnq
¤ εn � µ pBnq � 2µ pXnzEn,nq
¤ εn �

1� 2pH 1
n�1 � pn�1h

1
n�1q

hn
.
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Since K 1
n�1 is contained in Kn�1, Lemma I.5.18 implies

@x P K 1
n�1, |cT�1pxq| ¤ 4phn � Znqph1nq2.

We then get»
X
φp|cT pxq|qdµ �

»
X
φp|cT�1pxq|qdµ

�
�8̧

n�0

»
K1

n�1

φp|cT�1pxq|qdµ

¤
�8̧

n�0

µpK 1
n�1qφp4phn � Znqph1nq2q

¤ φp4ph0 � Z0qph10q2q
�

�8̧

n�1

�
εn �

1� 2pH 1
n�1 � pn�1h

1
n�1q

hn



φp4phn � Znqph1nq2q.

Now we use the assumptions on φ to simplify the previous bound. We have h1n �
h1n�1q

1
n�1 ¤ h1n�1hn (by construction we have q1n�1 ¤ rn,n ¤ hn). By monotonicity and

subadditivity, this yields

φp4phn � Znqph1nq2q ¤ φp4phn � Znqph1n�1hnq2q
¤ 4ph1n�1q2

�
φph3nq � φpZnh2nq

�
and we get the bound (I.13).

Lemma I.5.24. Assume that criteria (I.9) (in Lemma I.5.12) and (I.11) (after
Lemma I.5.15) are satis�ed and that the following holds:

@n ¥ 0,
q1n
qn

¤ 4

(this is an assumption that we will be able to get by Lemma I.5.14, using �exible classes).
Let φ : R� Ñ R� be an increasing and subadditive map. Then, setting

Γ1pnq� 4h1n

�
φph2n�1q
hn�1

� φpZn�1hn�1q
hn�1



;

Γ2pnq�
�
H 1
n � pnh

1
n

�
h1n

�
φphn�1q
hn�1

� φpZn�1q
hn�1



;

Γ3pn,mq� H 1
nh

1
n�1

�
φphmq
hm

� φpZmq
hm



;

Γεpn,mq� εmh
1
npφphmq � φpZmqq,

we have the following bound:

»
X
φp|cS |qdµ ¤ µpD1p1qqφpph0 � Z0qh10q

�
¸
n¥0

Γ1pnq �
¸
n¥0

Γ2pnq �
¸
n¥1

¸
m¥n�1

Γ3pn,mq

�
¸
n¥0

¸
m¥n�1

Γεpn,mq
. (I.14)

Proof of Lemma I.5.24. By Lemma I.5.21, for each subset Dnpmq, we found a bound for
the cocycle cS on it, we then get



I.5. FROM FLEXIBLE CLASSES TO THE UNIVERSAL ODOMETER 41

»
X
φp|cS |qdµ �

¸
m¥n¥1

»
Dnpmq

φp|cS |qdµ

¤
¸

m¥n¥1

µpDnpmqqφpphm�1 � Zm�1qh1n�1q

¤ µpD1p1qqφpph0 � Z0qh10q
�

¸
n¥2

γ1pnq �
¸
n¥1

γ2pnq �
¸
n¥1

¸
m¥n�2

γ3pn,mq

where
γ1pnq� µpDnpnqqφpphn�1 � Zn�1qh1n�1q,

γ2pnq� µpDnpn� 1qqφpphn � Znqh1n�1q,

γ3pn,mq� µpDnpmqqφpphm�1 � Zm�1qh1n�1q.
Lemma I.5.21 also yields a bound for the measure of each set Dnpmq, this implies:

γ1pnq ¤
q1n�1

hn
φpphn�1 � Zn�1qh1n�1q,

γ2pnq ¤
�
εn �

H 1
n�1 � pn�1h

1
n�1

hn



φpphn � Znqh1n�1q,

γ3pn,mq ¤
�
εm�1 � H 1

n

hm�1



φpphm�1 � Zm�1qh1n�1q.

For all n ¥ 2, note that we have

φpphn�1 � Zn�1qh1n�1q ¤ φpphn�1 � Zn�1qh1n�2hn�1q
¤ h1n�2

�
φph2n�1q � φpZn�1hn�1q

�
and

q1n�1

hn
¤ q1n�1

hn�1qn�1
¤ 4

hn�1
,

so wet get

γ1pnq ¤ 4h1n�2

�
φph2n�1q
hn�1

� φpZn�1hn�1q
hn�1



� Γ1pn� 2q.

For γ2pnq and γ3pn,mq, note that we have
@n ¥ 1,@m ¥ n� 1, φpphm�1 � Zm�1qh1n�1q ¤ h1n�1pφphm�1q � φpZm�1qq,

so we get

γ2pnq ¤
�
εn �

H 1
n�1 � pn�1h

1
n�1

hn



h1n�1pφphnq � φpZnqq

� εnh
1
n�1pφphnq � φpZnqq �

�
H 1
n�1 � pn�1h

1
n�1

�
h1n�1

�
φphnq
hn

� φpZnq
hn



� Γεpn� 1, nq � Γ2pn� 1q

and

γ3pn,mq ¤
�
εm�1 � H 1

n

hm�1



h1n�1pφphm�1q � φpZm�1qq

� εm�1h
1
n�1pφphm�1q � φpZm�1qq �H 1

nh
1
n�1

�
φphm�1q
hm�1

� φpZm�1q
hm�1



� Γεpn� 1,m� 1q � Γ3pn,m� 1q

.

The bound (I.14) now follows immediately.



42 CHAPTER I: RANK-ONE SYSTEMS, FLEXIBLE CLASSES AND SHANNON OE

Proof of Theorem I.3.9. Let C be a �exible class and φ : R� Ñ R� a map satisfying
φptq �

tÑ�8
o
�
t1{3

�
. If Φ: R� Ñ R� is another map satisfying φptq � O pΦptqq, then Φ-

integrability implies φ-integrability. Therefore, without loss of generality, we assume that
φ satis�es the assumptions of Lemma I.5.22, i.e. φ is increasing and subadditive.

Using the de�nition of a �exible class, we will build T with large enough and inductively
chosen cutting parameters qn. Let FC be an associated set of parameters, and �x the
associated constants C and C 1 given in De�nition I.3.7. First choose any cutting and
spacing parameter pq0, pσ0,0, . . . , σ0,q0qq in FC such that q0 ¥ 3. Without loss of generality,
we assume p0 � 2 and we get q0 ¡ p0, as required in the assumption of Lemma I.5.12
for n � 0. For a �xed n ¥ 1, assume that pqk, pσk,0, . . . , σk,qkqq0¤k¤n�1 has already been
determined in FC , this immediately gives q10, . . . , q

1
n�1 (see Lemma I.5.11). The goal is

to �nd the next parameters with qn large enough. Consider κn ¡ 0 such that for every
t ¥ hnκn the following hold:

κn ¡ max ppn, q10, . . . , q1n�1q; (I.15)

H 1
n � pnh

1
n

t
¤ 1

n
. (I.16)

The assumption φptq � opt1{3q also implies the following inequations for a large enough
κn:

�
1� 2pH 1

n � pnh
1
nq
� ph1nq2

�
φpt3q
t

� φpCt3q
t



¤ 1

2n
; (I.17)

ph1nq2
�
φpt3q � φpCt3q� ¤ t

2nq0 . . . qn�1
; (I.18)

4h1n

�
φpt2q
t

� φpCt2q
t



¤ 1

2n
; (I.19)

�
H 1
n � pnh

1
n

�
h1n

�
φptq
t

� φpCtq
t



¤ 1

2n�1
; (I.20)

@1 ¤ ℓ ¤ n, H 1
ℓh
1
ℓ�1

�
φptq
t

� φpCtq
t



¤ 1

2n�2
; (I.21)

@0 ¤ ℓ ¤ n, h1ℓ pφptq � φpCtqq ¤ t

2nq0 . . . qn�1
, (I.22)

for every t ¥ hnκn. With Inequations (I.17), (I.18), (I.19), (I.20), (I.21) and (I.22), we
will respectively �nd bounds for the quantities ∆pnq, ∆εpnq, Γ1pnq, Γ2pnq, Γ3pn,mq and
Γεpn,mq (see Lemmas I.5.23 and I.5.24).

We then set a new cutting parameter qn ¥ κn large enough with associated spacing
parameters σn,0, . . . , σn,qn so that pqk, pσk,0, . . . , σk,qkqq0¤k¤n P FC , σn ¤ C 1qnhn�1 and the
following additional assumptions are satis�ed:

qn � p1� pnq ¥ C 1hn (I.23)

and
@0 ¤ k ¤ n� 1, qn ¥ C 12n�kqk. (I.24)

Let phnq, pσnq and pZnq be the sequences associated to p� pqn, pσn,0, . . . , σn,qnqqn¥0 P
PN (as described in De�nition I.3.1), ph1nq the height sequence of the cutting sequence
pq1nqn¥0 for the universal odometer that we build. We �rst check that the underlying
system is �nite measure-preserving, i.e. the condition (F) in De�nition I.3.2 is satis�ed.
But we have

σn
hn�1

¤ C 1qnhn�1

qnqn�1hn�1
� C 1

qn�1
,
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so the summability easily follows from Inequality (I.24). The underlying system preserves
a probability measure, so it is rank-one. Moreover it belongs to C by the de�nition of a
�exible class.

Inequality (I.15) ensures that the criterion (I.9) holds and that the construction in
Section I.5.a is well-de�ned (see Lemma I.5.12). Using hn�1 ¥ hnqn, the limit in (I.11) is
a consequence of Inequality (I.16) and implies µpEn,nq Ñ 1. Inequality (I.23) implies

@n P N,
q1n
qn

¤ 4

(see Lemma I.5.14).
Then Lemmas I.5.23 and I.5.24 imply that the bounds (I.13) for the φ-integral of cT

and (I.14) for the φ-integral of cS hold. It remains to prove that these bounds are �nite,
namely that the series¸
n¥0

∆pnq,
¸
n¥0

∆εpnq,
¸
n¥0

Γ1pnq,
¸
n¥0

Γ2pnq,
¸
n¥1

¸
m¥n�1

Γ3pn,mq and
¸
n¥0

¸
m¥n�1

Γεpn,mq

converge.
Using the monotonicity of φ and the inequalities Zn�1 ¤ Chn�1 and (I.17) for t � hn�1

(which is greater or equal to hnκn), we get ∆pnq ¤ 1
2n , so the series

°
n¥0∆pnq converges.

It is also straightforward to see that the series
°
n¥0 Γ1pnq and

°
n¥0 Γ2pnq are convergent,

using Inequalities (I.19) and (I.20). Inequality (I.21) implies Γ3pn,mq ¤ 1
2m�1 , so we get

¸
m¥n�1

Γ3pn,mq ¤ 1

2n�1

for every n ¥ 0, and the series
°
n¥1

°
m¥n�1 Γ3pn,mq converges.

For the other series
°
n¥0∆εpnq and

°
n¥0

°
m¥n�1 Γεpn,mq, we have to control the

sequence pεnq (recall that εn � µppXnqcq). Denote by M0 the measure of B0 (the unique
level of the T -Rokhlin tower R0). For every n ¥ 1, we have

εn �
¸
k¥n

M0

q0 . . . qk
σk ¤

¸
k¥n

M0C
1hk�1

q0 . . . qk�1
¤

¸
k¥n

C 1

qk�1
¤ 1

qn�1

¸
k¥n

1

2k�n
¤ 2

qn�1
,

using Lemma I.3.4 and Inequation (I.24).
Given n ¥ 0, Inequation (I.22) and Lemma I.3.4 imply

ph1nq2pφph3n�1q � φpZn�1h
2
n�1qq ¤

hn�1

2nq0 . . . qn�1
¤ qn

2nM0
.

Combining this with the inequality εn�1 ¤ 2{qn, we then get

∆εpnq � εn�1ph1nq2pφph3n�1q � φpZn�1h
2
n�1qq ¤

1

2n�1M0
,

so the series
°
n¥0∆εpnq converges.

For �xed integers n ¥ 0 and m ¥ n� 1, Inequation (I.22) and Lemma I.3.4 imply

h1npφphmq � φpZmqq ¤ hm
2m�1q0 . . . qm�2

¤ qm�1

2m�1M0
.

Combining this with the inequality εm ¤ 2{qm�1, we then get

Γεpn,mq � εmh
1
npφphmq � φpZmqq ¤ 1

2m�2M0
.
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This gives ¸
m¥n�1

Γεpn,mq ¤ 1

2n�2M0

for every n ¥ 0, so the series
°
n¥0

°
m¥n�1 Γεpn,mq converges.

Therefore the cocycles cT and cS are φ-integrable as wanted, which concludes the
proof.

Remark I.5.25. For φ-integrability of cS , we only need to control quantities of the form
φpu2q{u and φpuq{u (φpu3q{u does not appear). Therefore Theorem I.3.9 can be stated
with a stronger quanti�cation on the cocycle cS , namely ψ-integrability with ψptq � opt1{2q
(it su�ces to replace t1{3 by t1{2 in Inequation (I.22)).

We are now able to prove Theorem D.

Proof of Theorem D. Let φ : R� Ñ R� be a map satisfying φptq �
tÑ�8

o
�
t1{3

�
. By

Lemma I.5.22, we may and do assume that φ is increasing and subadditive.
Given a �exible class C, an associated set of parameters FC and constants C and C 1,

the last proof shows that we can choose the parameters in the following way. First, we
choose any cutting and spacing parameter pq0, pσ0,0, . . . , σ0,q0qq in FC , with q0 ¥ 3. Then,
if pn � pqk, pσk,0, . . . , σ0,qkqq0¤k¤n�1 has been set, there exists a constant depending on φ,
FC , C, C

1 and pn, denoted by KφpFC , C, C
1,pnq, such that Conditions (I.15), (I.16), (I.17),

(I.18), (I.19), (I.20), (I.21), (I.22), (I.23) and (I.24) hold for every qn ¥ KφpFC , C, C
1,pnq,

and it remains to �nd such an integer qn and spacing parameters σn,0, . . . , σn,qn such that
pn�1 � pqk, pσk,0, . . . , σ0,qkqq0¤k¤n is in FC and the inequality σn ¤ C 1qnhn�1 holds.

Let Q � pQ�1, . . . , Qn0q be a sequence of integers, where n0, Q0, . . . , Qn0 are positive
and Q0 . . . Qn0 ¥ 3, and let us consider the set of parameters FpQq built in Section I.4.b,
and the associated constants CQ and C 1

Q. In this case, the spacing parameters σk,i at
step k are equal to 0 or hk�1, so they are determined by the previous cutting parameters.
Moreover, the �rst cutting parameter q0 is equal to Q0 . . . Qn0 . Therefore, for every �nite
sequence pn � pqk, pσk,0, . . . , σ0,qkqq0¤k¤n�1 in FpQq, we write KφpQ, q1, . . . , qn�1q instead
of KφpFpQq, CQ, C

1
Q,pnq.

Recall that A denotes the set of sequences pqiqi¥�1 of integers such that q0, q1, . . .
are positive. To every sequence ε � pεiqi¥0 P t0, 1uN, we associate a sequence qpεq P A
inductively de�ned by:

qpεq0 � q0,
@i ¥ 0, qpεqi�1 � KφpQ, qpεq1, . . . , qpεqiq � εi

.

Every sequence ε � pεiqi¥0 P t0, 1uN provides a sequence of parameters in FpQq, whose
cutting parameters are qpεq0, qpεq1, . . ., and which gives rise to the irrational rotation of
angle θpεq� rQ�1, . . . , Qn0 , qpεq1, qpεq2, . . .s.

Let us now consider a nonempty open subset V of R and a �nite sequence Q so that
θpεq is in V for every ε P t0, 1uN. We get that the set of irrational numbers θ in V such that
the irrational rotation of angle θ is φ-integrably orbit equivalent to the universal odometer
contains the set tqpεq | ε P t0, 1uNu, so it is uncountable using the facts that the map
ε P t0, 1uN ÞÑ qpεq P A is injective and the continued fraction expansion is unique for every
irrational number.
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Chapter II

Odomutants and �exibility results

for quantitative orbit equivalence

This chapter corresponds to the article [Cor25b].

Abstract

We introduce new systems that we call odomutants, built by distorting the
orbits of an odometer. We use these transformations for �exibility results in quan-
titative orbit equivalence.

It follows from the work of Kerr and Li that if the cocycles of an orbit equiv-
alence are log-integrable, the entropy is preserved. Although entropy is also an
invariant of even Kakutani equivalence, we prove that this relation and L 1{2 orbit
equivalence are not the same, using a non-loosely Bernoulli system of Feldman which
is an odomutant.

We also show that Kerr and Li's result on preservation of entropy is optimal,
namely we �nd odomutants of all positive entropies orbit equivalent to an odometer,
with almost log-integrable cocycles. We actually build a strong orbit equivalence
between uniquely ergodic Cantor minimal homeomorphisms, so our result is a re-
�nement of a famous theorem of Boyle and Handelman.

We �nally prove that Belinskaya's theorem is optimal for all the odometers,
namely for every odometer, we �nd a odomutant which is almost-integrably orbit
equivalent to it but not �ip-conjugate. This yields an extension of a theorem by
Carderi, Joseph, Le Maître and Tessera.

No odometers were harmed during this work.

49
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II.1 Introduction

Two ergodic probability measure-preserving bijections S and T on a standard atomless
probability space pX,A, µq, are orbit equivalent if S and some system Ψ�1TΨ conjugate
to T have the same orbits up to measure zero. The isomorphism Ψ is called an orbit
equivalence between T and S.

A stunning theorem of Dye [Dye59] states that all ergodic measure-preserving bijections
of a standard probability space are orbit equivalent. To get a more interesting theory,
quantitative orbit equivalence proposes to add quantitative restrictions on the cocycles
associated to orbit equivalence Ψ. These are integer-valued functions cS and cT de�ned by

Sx � Ψ�1T cSpxqΨpxq and Tx � ΨScT pxqΨ�1pxq,

they are well-de�ned in the ergodic case. In this paper, we consider two quantitative forms
of orbit equivalence: Shannon orbit equivalence and φ-integrably orbit equivalence, for maps
φ : R� Ñ R�. Shannon orbit equivalence requires that there exists an orbit equivalence
whose cocycles are Shannon, meaning that the partitions associated to cS and cT are both
of �nite entropy. For φ-integrable orbit equivalence, we ask that both integrals»

X
φp|cSpxq|qdµpxq and

»
X
φp|cT pxq|qdµpxq

are �nite.

In this paper, when φpxq � xp, we are asking that both cocycles cS and cT are in
Lp, and thus call it an Lp orbit equivalence. Also when cS and cT are in Lq for every
q   p, we say that we have an L p orbit equivalence. The notion of Lp orbit equivalence
can be traced back to the work of Bader, Furman and Sauer [BFS13] in the more general
context of measure equivalence, while Shannon orbit equivalence was de�ned by Kerr and
Li. Finally, φ-integrable orbit equivalence was �rst de�ned and studied by [DKLMT22].

The main goal is to understand which probability measure-preserving bijections are
φ-integrably orbit equivalent or Shannon orbit equivalent. However the construction in the
proof of Dye's theorem is not explicit and does not give any quantitative information on
the cocycles. Then a more tractable question is the preservation of dynamical properties
under these forms of quantitative orbit equivalence. In order to get �exibility results and
then partially answer these questions, we introduce in this paper an explicit construction
of orbit equivalence between odometers and systems with completely di�erent properties,
that we call odomutants.

In recent years, odometers have been a central class of systems for explicit construc-
tions, thanks to their combinatorial structure. For example, Kerr and Li [KL24] prove that
every odometer is Shannon orbit equivalent to the universal odometer, providing concrete
examples of Shannon orbit equivalent systems which are non conjugate. This result was
generalized: we show in [Cor25a] that many rank-one systems (including the odometers and
many irrational rotations) with various spectral and mixing properties are φ-integrably or-
bit equivalent to the universal odometer, with φ : R� Ñ R� satisfying φpxq �

xÑ�8
opx1{3q.

Finally, in order to show that the main result of [DKLMT22, Theorem 1.1] is optimal in
many examples, Delabie, Koivisto, Le Maître and Tessera provide concrete orbit equiva-
lences between group actions1 built with Følner tilings (see [DKLMT22, Section 6]). It
turns out that we get a Zk-odometer in the case of the group Zk, thus highlighting how
useful the combinatorial structures of such systems are.

1We do not give any de�nition in this setting, as the paper is only about probability measure-preserving
bijections S, which can be seen as Z-actions via pn, xq P Z�X ÞÑ Snx.
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In our paper, the construction is also based on odometers, it is motivated by a
construction by Feldman [Fel76]. The odomutants associated to the same odometer are
explicitely built from successive distortions of its orbits, have the same point spectrum
(Theorem II.3.13) but they can be completely di�erent. They provide �exibility and
optimality results: Theorems G, H, I and J that we explain with more details in the
following paragraphs.

A theorem of preservation of entropy proved by Kerr and Li. We may wonder
whether Shannon or φ-integrable orbit equivalence are trivial or not. Kerr and Li proved
that a well-known invariant of conjugacy, the measure-theoretic entropy, is an invariant of
Shannon orbit equivalence.

Theorem ([KL24, Theorem A]). Entropy is preserved under Shannon orbit equivalence.

A connection between φ-integrable orbit equivalence and Shannon orbit equivalence is
given by the following statement which is a consequence of [CJLMT23, Lemma 3.15].

Lemma. Let f : X Ñ Z be a measurable map. If it is log-integrable, then it is Shannon.

As a consequence, φ-integrable orbit equivalence implies Shannon orbit equivalence
when φ is greater than log and, combined with Kerr and Li's theorem, we get the following
result.

Theorem. Let φ : R� Ñ R� be a map satisfying log t �
tÑ�8

Opφptqq. Then entropy is

preserved under φ-integrable orbit equivalence.

On non-preservation of even Kakutani equivalence. Entropy is also preserved under
even Kakutani equivalence (see Section II.2.d). We may wonder whether there is a con-
nection between this equivalence relation and Shannon orbit equivalence or φ-integrable
orbit equivalence for a map φ : R� Ñ R� satisfying log t �

tÑ�8
Opφptqq. Note that these

quantitative forms of orbit equivalence are not equivalence relations a priori. In the result
below, L 1{2 orbit equivalence means that the cocycles are in Lp for every p   1

2 .

Theorem G (See Theorem II.4.1). There exists an ergodic probability measure-preserving
bijection T which is L 1{2 orbit equivalent (in particular Shannon orbit equivalent) to the
dyadic odometer but not evenly Kakutani equivalent to it.

We actually prove that L 1{2 orbit equivalence does not preserve loose Bernoullic-
ity2, so it does not imply Kakutani equivalence (weaker than even Kakutani equivalence).
In [Fel76], Feldman builds a zero-entropy ergodic system which is not loosely Bernoulli.
This system, denoted by T , is actually an odomutant built from the dyadic odometer S
(this is the �rst example of odomutant and the starting point of our work). We prove
that S and T are L 1{2 orbit equivalent and Theorem G follows from the fact that every
odometer is loosely Bernoulli.

Remark II.1.1. In [Fel76], Feldman did not consider the question of the point spectrum
of his non loosely Bernoulli system. As a corollary of Theorem II.3.13, we get that it has
the same point spectrum as the dyadic odometer.

Question II.1.2. Does there exists a sublinear map φ : R� Ñ R� such that φ-integrable
orbit equivalence implies Kakutani equivalence or even Kakutani equivalence? Such a map
would be at least x ÞÑ x1{2. We may also wonder whether loose Bernoullicity is preserved
under φ-integrable orbit equivalence for some sublinear map φ. Note that the case of a
linear map φ is straightforward, as a consequence of Belinskaya's theorem.

2Loosely Bernoulli systems form a class of ergodic systems, which is closed under Kakutani equivalence
(see Section II.2.d).
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Optimality result for the preservation of entropy. As stated above, φ-integrable or-
bit equivalence preserves entropy when the map φ satis�es log t �

tÑ�8
Opφptqq. Theorem H

shows that this result is almost sharp.

Theorem H. Let pX,µq be a standard atomless probability space, let α be either a positive
real number or �8, and let S P AutpX,µq be an odometer whose associated supernatural
number

±
pPΠ p

kp satis�es the following property: there exists a prime number p� such
that kp� � �8. Then there exists a probability measure-preserving transformation T P
AutpX,µq such that

1. hµpT q � α;

2. there exists an orbit equivalence between S and T , which is φm-integrable for all
integers m ¥ 0,

where φm denotes the map tÑ log t

logp�mq t
and logp�mq the composition log � . . .�log (m times).

The notion of supernatural number associated to an odometer is de�ned after De�ni-
tion II.2.12, it totally describes its conjugacy class. Examples of odometers S to which this
theorem applies are the dyadic odometer, more generally the p-odometer for every prime
number p, or the universal odometer. In our proof, the transformation T is an odomutant
associated to S, we now explain how to build such a system.

Theorem H is actually a corollary of Theorem I which is stated in a topological frame-
work. Indeed, to prove this corollary, the main idea was to use topological entropy in-
stead, simpler than measure-theoretic entropy in this context, and connected to it via the
variational principle. Moreover, for the topological entropy to be well-de�ned, we have
to consider odomutants that can be extended as homeomorphisms on the Cantor set. We
notice that we build a strong orbit equivalence, namely an orbit equivalence between home-
omorphisms on the Cantor set such that the equality of the orbits holds at every point of
the space (and not up to measure zero), and whose associated cocycles each have at most
one point of discontinuity.

Theorem I (See Theorem II.5.1). Let α be either a positive real number or �8. Let
S be an odometer whose associated supernatural number

±
pPΠ p

kp satis�es the following
property: there exists a prime number p� such that kp� � �8. Then there exists a Cantor
minimal homeomorphism T such that

1. htoppT q � α;

2. there exists a strong orbit equivalence between S and T , which is φm-integrable for
all integers m ¥ 0,

where φm denotes the map tÑ log t

logp�mq t
and logp�mq the composition log � . . .�log (m times).

In order to create topological entropy, we build an odomutant T from the odometer S
in such a way that the dynamics of T describes more words tPpT ipxqq0¤i¤n�1 | x P Xu
than S does, for partitions P in clopen sets that we will de�ne3. Note that this is more
or less the strategy applied by Feldman for the construction of a non loosely Bernoulli
system, since loose Bernoullicity property also deals with the words produced by a system.
Then Theorem H follows from Theorem I and the variational principle since such a
transformation T is necessarily uniquely ergodic (see Proposition II.2.20).

3Ppyq denotes the atom of the partition P which contains y P X.



54 CHAPTER II: ODOMUTANTS AND FLEXIBILITY RESULTS FOR QUANT. OE

For the study of strong orbit equivalence, Bratteli diagrams have played a crucial
role. Every properly ordered Bratteli diagram provides a Cantor minimal homeomor-
phism, called a Bratteli-Vershik system. Conversely, Herman, Putnam and Skau proved
in [HPS92] that every Cantor minimal homeomorphism is topologically conjugate to a
Bratteli-Vershik system. Moreover, using this characterization, Giordano, Putnam and
Skau completely classi�ed the Cantor minimal homeomorphisms up to strong orbit equiva-
lence, using the dimension group which turns out to be a complete invariant (see [GPS95]).
We refer the reader to Appendix II.B for a brief overview.

An earlier version of Theorem H (and more generally Theorem I) stated that there
exists an odomutant with positive entropy which is orbit equivalent to an odometer with
almost log-integrable cocycles. Thanks to a suggestion of Thierry Giordano, we noticed
that odomutants have already appeared in [BH94]. Indeed Boyle and Handelman stated a
result similar to Theorem I, without any quantitative information on the cocycles.

Theorem ([BH94, Theorem 2.8 and Section 3]). Let S be the dyadic odometer. If α is a
positive real number or α � �8, then there exists a Cantor minimal homeomorphism T
such that:

1. htoppT q � α;

2. S and T are strongly orbit equivalent.

Their proof exactly consists in building a Bratteli diagram of an odomutant associated
to the dyadic odometer. We thus manage to give a similar statement but with quantitative
information on the cocycles (Theorem I). The case of the �nite entropy is an improvement
of our earlier proof, and the case of the in�nite entropy is a translation of Boyle and
Handelman's proof in our formalism.

Another crucial point is that the orbit equivalence we build in our paper is explicit,
whereas Boyle and Handelman use the dimension group and so establish the strong orbit
equivalence in a more abstract way. The comparison between Boyle and Handelman's
construction and our formalism will be detailed in Appendix II.B.

Optimality of Belinskaya's theorem. Belinskaya's theorem [Bel69] states that if S and
T are orbit equivalent and one of the two associated cocycles is integrable, then S and T
are �ip-conjugate, meaning that S is conjugate to T or T�1. As a consequence, L1 orbit
equivalence is exactly �ip-conjugacy. Since integrability exactly means φ-integrability for
linear maps φ, it is interesting to study the sublinear case, as was done in [CJLMT23].

Theorem ([CJLMT23, Theorem 1.3]). Let φ : R� Ñ R� be a sublinear function4. Let S be
an ergodic probability measure-preserving transformation and assume that Sn is ergodic for
some n ¥ 2. Then there is another ergodic probability measure-preserving transformation
T such that S and T are φ-integrably orbit equivalent but not �ip-conjugate.

The authors asked whether this holds for a system S such that Sn is non-ergodic for
all n ¥ 2. The following statement provides an answer for the odometers which satisfy this
property.

Theorem J (See Theorem II.6.1). Let φ : R� Ñ R� be a sublinear map and S an odometer.
There exists a probability measure-preserving transformation T such that S and T are φ-
integrably orbit equivalent but not �ip-conjugate.

As in the proofs of Theorems G and I, the counter-example T for Theorem J is again
an odomutant associated to S. To ensure that S and T are not �ip-conjugate, we notice

4This means that lim
tÑ�8

φptq
t

� 0.
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that an odometer is a factor of its associated odomutants, and we use the property of
coalescence for the odometers, which states that an extension of an odometer is conjugate
to it if and only if every factor map associated to this extension is an isomorphism.

Remark II.1.3. Note that a probability measure-preserving transformation S such that
Sn is non-ergodic for every n ¥ 2 factors onto some odometer. It would be interesting
to combine the proof of Theorem J with this remark so as to completely remove the
assumption that Sn is ergodic for some n ¥ 2 in [CJLMT23, Theorem 1.3].

Outline of the paper. After a few preliminaries in Section II.2, we introduce the notion
of odomutants in Section II.3, we study its measure-theoretic and topological properties,
and the orbit equivalence with their associated odometers. Theorems G, I and J are
respectively proven in Sections II.4, II.5 and II.6. Appendix II.A deals with combinatorial
results preparing for the proof of Theorem I. In Appendix II.B, we describe odomutants as
Bratteli-Vershik systems and compare our proof of Theorem I with the proof of Boyle and
Handelman's theorem in [BH94]. Finally Appendix II.C is devoted to prove the well-known
(but left unproved in the literature) equivalence between de�nitions of loose Bernoullicity
in the zero-entropy case.

II.2 Preliminaries

II.2.a Basic de�nitions in ergodic theory

In a measure-theoretic framework. The author may refer to [KL16] and [VO16] for
complete surveys about the notions introduced in this section.

The probability space pX,A, µq is assumed to be standard and atomless. Such a space is
isomorphic to pr0, 1s,Bpr0, 1sq,Lebq, i.e. there exists a bimeasurable bijection Ψ: X Ñ r0, 1s
(de�ned almost everywhere) such that Ψ�µ � Leb, where Ψ�µ is de�ned by Ψ�µpAq �
µpΨ�1pAqq for every measurable set A. We consider maps T : X Ñ X acting on this space
and which are bijective, bimeasurable and probability measure-preserving (p.m.p.),
meaning that µpT�1pAqq � µpAq for all measurable sets A � X, and the set of these
transformations is denoted by AutpX,A, µq, or simply AutpX,µq, two such maps being
identi�ed if they coincide on a measurable set of full measure. In this paper, elements of
AutpX,µq are called transformations or (dynamical) systems.

A measurable set A � X is T -invariant if µpT�1pAq∆Aq � 0, where ∆ denotes the
symmetric di�erence. The system T P AutpX,µq is pµ-)ergodic, or µ is T -ergodic, if
every T -invariant set is of measure 0 or 1. If T is ergodic, then T is aperiodic, i.e. Tnpxq ��
x for almost every x P X and for every n P Zzt0u, or equivalently the T -orbit of x, denoted
by OrbT pxq � tTnpxq | n P Zu, is in�nite for almost every x P X. A transformation T
is uniquely ergodic on X if it admits a unique T -invariant probability measure µ. In
this case, µ is T -ergodic since in full generality the extremal points of the convex set of
T -invariant probability measures are exactly the ergodic ones.

Denoting by L2pX,A, µq the space of complex-valued and square-integrable functions
de�ned onX, a complex number λ is an eigenvalue of T if there exists f P L2pX,A, µqzt0u
such that f�T � λf almost everywhere (f is then called an eigenfunction). An eigenvalue
λ is automatically an element of the unit circle T � tz P C | |z| � 1u. The point
spectrum of T , denoted by SppT q, is then the set of all its eigenvalues. Notice that λ � 1
is always an eigenvalue since the constant functions are in its eigenspace. Moreover T is
ergodic if and only if the constant functions are the only eigenfunctions with eigenvalue
one, in other words the eigenspace of λ � 1 is the line of constant functions (we say that
it is a simple eigenvalue). Finally, a system has discrete spectrum if the span of all its
eigenfunctions is dense in L2pX,A, µq.
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All the properties that we have introduced are preserved under conjugacy. Two trans-
formations T P AutpX,µq and S P AutpY, νq are conjugate if there exists a bimeasurable
bijection Ψ: X Ñ Y such that Ψ�µ � ν and Ψ�T � S�Ψ almost everywhere. Some classes
of transformations have been classi�ed up to conjugacy, the two examples to keep in mind
are the following. By Ornstein [Orn70], entropy is a total invariant of conjugacy among
Bernoulli shifts (entropy will be introduced in Section II.2.c). Moreover Halmos and von
Neumann [HVN42] prove that two ergodic systems with discrete spectrums are conjugate
if and only if they have equal point spectrums. For example, the odometers (introduced
in Section II.2.e) have discrete spectrum and this theorem enables us to classify them up
to conjugacy.

Transformations T and S are said to be �ip-conjugate if T is conjugate to S or to
S�1. Since the point spectrum forms a circle subgroup, the Halmos-von Neumann theorem
actually states that the point spectrum is a total invariant of �ip-conjugacy in the class of
ergodic discrete spectrum systems. Therefore we are able to classify the odometers up to
�ip-conjugacy.

We say that S is a factor of T , or T is an extension of S, if there exists a measurable
map Ψ: X Ñ Y which is onto and such that Ψ�ν � µ and S � Ψ � Ψ � T almost
everywhere. The map Ψ is called a factor map from T to S.

In a topological framework. The notions that we have introduced are part of a measure-
theoretic setting. On the topological side, a topological (dynamical) system is a con-
tinuous map T : X Ñ X on a topological space X (usually X is assumed to be compact).
Two topological systems T and S, respectively on topological spaces X and Y , are topo-
logically conjugate if there exists a homeomorphism Ψ: X Ñ Y such that Ψ�T � S �Ψ
on X. A topological system is minimal if every orbit is dense. In this paper, we will only
consider Cantor minimal homeomorphisms, namely minimal invertible topological
systems on the Cantor set.

In this paper, �systems�, �conjugacy�, �entropy� will always refer to the measure-
theoretic setting. For the topological setting, we will always specify �topological system�,
�topological conjugacy�, �topological entropy�.

II.2.b Measurable partitions

A set P of measurable subsets of X is a measurable partition of X if:

� for every P1, P2 P P, we have µpP1 X P2q � 0;

� the union
�
PPP P has full measure.

The elements of P are called the atoms. If P and Q are measurable partitions of pX,µq,
we say that P re�nes (or is a re�nement of, or is �ner than) Q, denoted by P ¥ Q, if
every atom of Q is a union of atoms of P (up to a null set). More generally, their joint
partition is

P _Q� tP XQ | P P P, Q P Qu,
namely the coarsest partition which re�nes P and Q.

A measurable partition P de�nes almost everywhere a map Pp.q : X Ñ P where Ppxq
is the atom of P which contains x. Given a measurable map T : X Ñ X, P provides
coding maps

rPsi,n : x P X ÞÑ pPpT jxqqi¤j¤n P Pti,...,nu.

In particular, rPsnpxq� rPs0,n�1pxq is the n-word of x.

Given atoms Pi, Pi�1, . . . , Pn of P, the equality rPsi,npxq � pPi, . . . , Pnq exactly means
that x is an element of T�ipPiq X T�pi�1qpPi�1q X . . .X T�npPnq. Therefore the partition
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which gives the values of rPsi,n is the following joint partition

Pn
i �

nª
j�i

T�jpPq

with T�jpPq� tT�jpP q | P P Pu, this is a division of the space given by the dynamics of
T , over the timeline ti, . . . , nu and with respect to P.

II.2.c Measure-theoretic entropy, topological entropy

Here we present two notions of entropy. For more details, the reader may refer to [Dow11]
and [KL16].

Measure-theoretic entropy. Entropy, or measure-theoretic entropy, or metric entropy,
of a measurable transformation is an invariant of conjugacy. To de�ne it, we �rst de�ne
the entropy of a partition, which then enables us to quantify how much a transformation
complexi�es the partitions.

Let T be a system on pX,µq, not necessarily invertible, and P a �nite measurable
partition of X. Let us de�ne the entropy of P by

HµpPq� �
¸
PPP

µpP q logµpP q,

where µpP q logµpP q � 0 if P is a null set. This is a positive real number. The following
quantity

hµpT,Pq� lim
nÑ�8

HµpPn�1
0 q
n

is well-de�ned, this is the entropy of T with respect to P, and it tells us how quickly
the dynamics of T is dividing the space X with the partition P. Finally, let us de�ne the
entropy of T by

hµpT q� sup
P

hµpT,Pq,

where the supremum is over all the �nite measurable partitions P of X. This quantity is
non-negative and can be in�nite.

The following result, due to Kolmogorov and Sinaï, enables us to prove the well-known
fact that the odometers have zero entropy (see Section II.2.e).

Theorem II.2.1 ([Dow11, after De�nition 4.1.1]). Let pPkqk¥0 be an increasing sequence
of partitions which generates the σ-algebra of X (up to restriction to full-measure sets).
Then we have

hµ pT,Pkq Ñ
kÑ�8

hµpT q.

Topological entropy. In the topological setting, topological entropy is an invariant of
topological conjugacy and is de�ned with similar ideas.

The topological space X has to be compact. We de�ne the joint cover of two open
covers U and V by

U _ V � tU X V | U P U , V P Vu.
Let T be a topological system on X and U an open cover of X. Let us de�ne

Un�1
0 �

n�1ª
i�0

T�ipUq,
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where T�ipUq� tT�ipUq | U P Uu, and

N pUq� mint|U 1| | U 1 is a subcover of Uu,

where |U 1| denotes the cardinality of U 1. The quantity N pUq is �nite since X is compact.

The topological entropy of T with respect to the open cover U is the well-
de�ned limit

htoppT,Uq� lim
nÑ�8

logN pUn�1
0 q

n
,

it tells us how quickly the dynamics of T is shrinking the open sets of U .
Finally, let us de�ne the topological entropy of T by

htoppT q� sup
U

htoppT,Uq,

where the supremum is over all the open covers U of X. This quantity is non-negative and
can be in�nite.

The following result will enables us to build an odomutant with a prescribed topological
entropy (see Lemma II.5.3). We say that a sequence pUnqn¥0 of open covers generates the
topology on X if for every ε ¡ 0, there exists N ¥ 0 such that for every n ¥ N , the open
sets of Un have a diameter less than ε.

Theorem II.2.2 ([Dow11, Remark 6.1.7]). Let T be a topological system on X and pUnqn¥0

a generating sequence of open covers. Then we have

htoppT q � lim
nÑ�8

htoppT,Unq.

Example II.2.3. The compact space X that we consider in this paper is of the form

X �
¹
n¥0

t0, 1, . . . , qn � 1u,

with integers qn greater or equal to 2. It admits open covers which are partitions in clopen
sets. If U is such an open cover, then Un�1

0 denotes both joint of open covers and joint of
partitions. We have N pUn�1

0 q � |Un�1
0 ztHu| and this is exactly the number of words of

the form rUsnpxq, for x P X, where rUsn is the coding map associated to the partition U
(see Section II.2.b). Therefore, in the proof of Theorem I, a method to create topological
entropy consists in building a system T whose number of n-words (with respect to some
partition in clopen sets) increases quickly enough as n goes to 8.

More precisely, the open covers U that we will consider are

Ppℓq� tri0, . . . , iℓ�1sℓ | 0 ¤ i0   q0, . . . , 0 ¤ iℓ�1   qℓ�1u ,

for ℓ ¥ 1, where ri0, . . . , iℓ�1sℓ denotes the ℓ-cylinder

tx � pxnqn¥0 | x0 � i0, . . . , xℓ�1 � iℓ�1u.

Note that pPpℓqqℓ¥1 is a generating sequence of open covers. In De�nition II.3.3, we will
also consider other partitions P̃pℓq, for some reasons explained in the paragraph following
this de�nition.

The variational principle. In Example II.2.3, we explain the method that we will
apply in this paper to create topological entropy and then prove Theorem I. However we
also would like to create measure-theoretic entropy to prove Theorem H. The variational
principle enables us to connect these notions.
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Theorem II.2.4 (Variational principle [Dow11, Theorem 6.8.1]). Let T : X Ñ X be a
topological system on a metric compact set X. Then we have

htoppT q � sup
µ

hµpT q,

where the supremum is over all the T -invariant Borel probability measures µ on X.

As a consequence, if T is uniquely ergodic, then we have

htoppT q � hµpT q,
where µ denotes the only T -invariant Borel probability measure.

II.2.d Even Kakutani equivalence, loose Bernoullicity

The notions introduced in this section can be found in [Fel76] and [ORW82].
Let T P AutpX,µq. Given a measurable set A, the return time rA : A Ñ N� Y t8u is

de�ned by:
@x P A, rApxq� inf tk ¥ 1 | T kx P Au.

It follows from Poincaré recurrence theorem that, if A has positive measure, then the
set tk P N� | T kx P Au is in�nite for almost every x P A. In particular, rApxq is �nite for
almost every x P A.

Then we can de�ne a transformation TA on the set tx P A | rApxq   8u, namely on A
up to a null set, called the induced tranformation on A:

TAx� T rApxqx.

The map TA is an element of AutpA,µAq, where µA � µp.q{µpAq is the conditional prob-
ability measure. Its entropy is given by Abramov's formula:

hµApTAq �
hµpT q
µpAq .

De�nition II.2.5. Let S P AutpX,µq, T P AutpY, νq be two ergodic transformations.

1. T and S are said to be Kakutani equivalent if TA and SB are isomorphic for some
measurable sets A � X and B � Y .

2. Moreover they are evenly Kakutani equivalent if in addition two such measurable
sets have the same measure: µpAq � νpBq.

It is well-known that Kakutani equivalence and even Kakutani equivalence are equiv-
alence relations. It follows from Abramov's formula that entropy is preserved under even
Kakutani equivalence.

Similarly to Ornstein's theory [Orn70] for the conjugacy problem, Ornstein, Rudolph
and Weiss [ORW82] found a class of systems, called loosely Bernoulli system, where Kaku-
tani and even Kakutani equivalences are well understood. These systems were �rst intro-
duced by Feldman [Fel76].

De�nition II.2.6 (see [Fel76]).

� The f -metric between words of same length is de�ned by:

fnppaiq1¤i¤n, pbiq1¤i¤nq � 1� k

n

where k is the greatest integer for which we can �nd equal subsequences paiℓq1¤ℓ¤k
and pbjℓq1¤ℓ¤k, with i1   . . .   ik and j1   . . .   jk.
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� Let T P AutpX,µq and P be a partition of X. The couple pT,Pq, called a process, is
loosely Bernoulli if for every ε ¡ 0, for every su�ciently large integer N and for
each M ¡ 0, there exists a collection G of �good� atoms in P0

�M whose union has
measure greater than or equal to 1� ε, and so that for each pair A,B of atoms in G,
the following holds: there is a probability measure nA,B on PN � PN satisfying

1. nA,Bptwu � PN q � µAptrPs1,N p.q � wuq for every w P PN ;

2. nA,BpPN � tw1uq � µBptrPs1,N p.q � w1uq for every w1 P PN ;

3. nA,Bptpw,w1q P PN � PN | fN pw,w1q ¡ εuq   ε.

� T is loosely Bernoulli if pT,Pq is loosely Bernoulli for all �nite partitions P of X.

Loose Bernoullicity for a process pT,Pq expresses the fact that, conditionally to two
pasts A and B, the laws for the future are close, meaning that there exists a good coupling
between them, with close words for the f -metric.

Example II.2.7. The Bernoulli shift on t1, . . . , kuZ is loosely Bernoulli with respect to
the partition tr1s1, . . . , rks1u. Indeed, conditionally to every past, the law for the N -word is
always the uniform distribution on t1, . . . , kuN , so it su�ces to de�ne nA,B as the uniform
distribution on the diagonal of PN�PN , with the notations of the previous de�nition. This
system is more generally loosely Bernoulli since tr1s1, . . . , rks1u is a generating partition5.

We will also prove that odometers are loosely Bernoulli (see Proposition II.2.15 in
the next section), using the following equivalent de�nition of loose Bernoullicity for zero-
entropy systems.

Theorem II.2.8. Let T P AutpX,µq and P be a partition of X and assume that hµpT,Pq �
0. Then pT,Pq is loosely Bernoulli if and only if for every ε ¡ 0 and for every su�ciently
large integer N , there exists a collection H of �good� atoms in PN

1 whose union has measure
greater than or equal to 1�ε and so that we have fN pw,w1q ¤ ε for every w,w1 P rPs1,N pHq.

This has been stated by Feldman [Fel76, Remark in p. 22] and Ornstein, Rudolph and
Weiss [ORW82, after De�nition 6.1] for instance. However, to our knowledge, there is no
justi�cation of this statement in the literature. This is the reason why we provide a proof
in Appendix II.C.

The choice of the metric is very important. Indeed, with the d-metric:

dnppaiq1¤i¤n, pbiq1¤i¤nq � |t1 ¤ i ¤ n | ai �� biu|,

also called the Hamming distance, we get the notion of very weakly Bernoulli systems and
this is exactly the class considered in Ornstein's theory for the conjugacy problem.

As mentioned above, Kakutani equivalence and even Kakutani equivalence are well
understood in the class of loosely Bernoulli systems.

Theorem II.2.9 ([ORW82, Theorems 5.1 and 5.2]). Let S P AutpX,µq, T P AutpY, νq be
two ergodic transformations.

1. If S is loosely Bernoulli and is Kakutani equivalent to T , then T is also loosely
Bernoulli.

2. If S and T are loosely Bernoulli, then they are evenly Kakutani equivalent if and only
if they have the same entropy.

5To prove that a system is loosely Bernoulli, it is enough to prove it with respect to a generating
partition (see [ORW82] and the equivalent notion of �nitely �xed process).
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II.2.e Odometers

Given integers q0, q1, q2, . . . greater than or equal to 2, let us consider the Cantor space

X �
¹
n¥0

t0, 1, . . . , qn � 1u,

endowed with the in�nite product topology and the associated Borel σ-algebra. The
odometer on X is the adding machine S : X Ñ X, de�ned for every x P X by

Sx �
$&
%

p0, . . . , 0loomoon
i times

, 1� xi, xi�1, . . .q if i� min tj ¥ 0 | xj �� qj � 1u is �nite

p0, 0, 0, . . .q if x � pq0 � 1, q1 � 1, q2 � 1, . . .q
.

In other words, S is the addition by p1, 0, 0, . . .q with carry over to the right.
An odometer is more generally a system which is conjugate to S for some choice of

integers qn. In this paper, we only consider this concrete example with the adding machine
and we refer to it as �the odometer on

±
n¥0 t0, 1, . . . , qn � 1u�.

Let us introduce the cylinders of length k, or k-cylinders,

rx0, . . . , xk�1sk �
#
pynqn¥0 P

¹
n¥0

t0, 1, . . . , qn � 1u
��� y0 � x0, . . . , yk�1 � xk�1

+
.

We can de�ne a cylinder with a subset Ij of t0, 1, . . . , qj � 1u instead of xj . For instance,
rx0, I1, x2s3 denotes the set of sequences pynqn¥0 satisfying y0 � x0, y1 P I1 and y2 � x2.
We also use the symbol 
 when we do not want to �x the value at some coordinate. For
instance, rx0, 
, x2s3 denotes the set of sequences pynqn¥0 satisfying y0 � x0 and y2 � x2.
By convention, the 0-cylinder is X. For any n ¥ 1, we also set a partially de�ned map

ζn : Xzr
, . . . , 
, qn�1 � 1sn Ñ Xzr
, . . . , 
, 0sn
which is the addition by

p 0, . . . , 0loomoon
n�1 times

, 1, 0, 0, . . .q

with carry over to the right, and which coincides with Sq0...qn�2 on Xzr
, . . . , 
, qn�1 �
1sn. As illustrated in Figure II.1, the cylinders and the maps ζn o�er a very interesting
combinatorial structure with successive nested towers R1,R2, . . ..

6

From pqnqn¥0, a new sequence phnqn¥1 is de�ned by

@n ¥ 1, hn � q0q1 . . . qn�1.

The integer hn is the height of the tower Rn (see Figure II.1). By convention, we set
h0 � 1, the height of the tower R0 � pXq with a single level.

As a topological system, S is a Cantor minimal homeomorphism. As a measure-
theoretic system, S is uniquely ergodic and its only invariant measure is the product
µ �

Â
n¥0 µn where µn is the uniform distribution on t0, 1, . . . , qn � 1u. For the sake of

completeness, we give a proof of the following well-known fact on odometers, which shows
that the point spectrum is also fully understood.

Proposition II.2.10. Let S be the odometer on
±
n¥0 t0, 1, . . . , qn � 1u. Its point spectrum

is

SppSq �
"
exp

�
2iπk

hn



| n ¥ 1, 0 ¤ k ¤ hn � 1

*
6This kind of construction that we see in Figure II.1 is called a cutting-and-stacking construction.
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[2, 0, 1]3

[0, 1, 1]3

[1, 1, 1]3

[2, 1, 1]3

[0, 0, 2]3

[1, 0, 2]3

[2, 0, 2]3

[0, 1, 2]3

[1, 1, 2]3

[2, 1, 2]3

ζ3 ζ3

R1 R2

R2 R3

Figure II.1: Example of odometer with q0 � 3, q1 � 2, q2 � 3 (so h1 � 3, h2 � 6, h3 � 18).

and for every λ � exp
�
2iπk
hn

	
P SppSq, the map

fλ : x P X ÞÑ
hn�1¸
j�0

λj1Sjpr0,...,0snqpxq

is an eigenfunction associated to λ. Moreover S has discrete spectrum.

Remark II.2.11. The de�nition of fλ does not depend on the choice of k and n such that

λ � exp
�
2iπk
hn

	
. Moreover, for n � 0, we have f1 � 1X (by convention, the 0-cylinder is

X).

Proof of Proposition II.2.10. Let us set Λ �
!
exp

�
2iπk
hn

	
| n ¥ 1, 0 ¤ k ¤ hn � 1

)
. It is

straightforward to check that fλ is an eigenfunction associated to λ, for every λ P Λ. Let
us show that the span of tfλ | λ P Λu is dense in L2pX,µq. It will implies that S has
discrete spectrum and that Λ � SppSq.

Let n ¥ 1 and λ � exp
�
2iπ
hn

	
. Given a0, . . . , ahn�1 P C, we have

hn�1¸
ℓ�0

aℓfλℓ �
hn�1¸
j�0

P pλjq1Sjpr0,...,0snq

with the polynomial P � a0 � a1Y � . . . � ahn�1Y
hn�1. For every j P t0, . . . , hn � 1u,

there exists a polynomial Pj of degree less than hn, satisfying Pjpλjq � 1 and P pλkq � 0
for all k P t0, . . . , hn � 1uztju. This implies that the characteristic functions of cylinders
are linear combinations of the eigenfunctions fλ for λ P Λ, hence the result.
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Let us now explain the classi�cation of odometers up to conjugacy (and even �ip-
conjugacy). Let Π denote the set of prime numbers.

De�nition II.2.12. A supernatural number is a formal product of the form
±
pPΠ p

kp ,
with kp P NY t�8u.

Given a prime number p P Π, denote by νppkq the p-adic valuation of a positive integer
k. To every odometer de�ned with integers q0, q1, . . ., we associate a supernatural number±
pPΠ p

kp de�ned by

kp �
¸
n¥0

νppqnq.

As a consequence of Proposition II.2.10 and the Halmos-von Neumann theorem, the su-
pernatural number

±
pPΠ p

kp forms a total invariant of measure-theoretic conjugacy in the
class of odometers. If kp � 8 for every prime number p, then the odometer is said to be
universal. Given a prime number p, the p-odometer is the odometer such that kp � 8
and kq � 0 for every q P Πztpu. In the case p � 2, it is also called the dyadic odometer.

Proposition II.2.10 also implies that every odometer is coalescent.

De�nition II.2.13. A transformation S P AutpX,µq is coalescent if every system T P
AutpX,µq which is isomorphic to S satis�es the following: every factor map from T to S
is an isomorphism.

The fact that odometers are coalescent is proven in [HP68] and [New71]. In these
articles, one proves that more general systems are coalescent and the phenomenon can be
generalized in the context of group actions (see [IT16]). Here we give a short proof for
ergodic systems with discrete spectrum.

Theorem II.2.14. Every ergodic system with discrete spectrum is coalescent.

Proof of Theorem II.2.14. Let S P AutpX,µq be an ergodic system with discrete spectrum,
T P AutpX,µq isomorphic to S, and Ψ: X Ñ X a factor map from T to S. Given
λ P T, let us denote by ESpλq (resp. ET pλq) the eigenspace of S (resp. T ) associated to
λ. First, ergodicity implies that non-zero eigenspaces have dimension 1 (see Proper Value
Theorem in [Hal56, page 34]). Secondly, since Ψ is a factor map, every eigenfunction f
of S gives rise to the eigenfunction f � Ψ of T , and more precisely f � Ψ lies in ET pλq
if f lies in ESpλq. Hence, since S and T are isomorphic, these two remarks imply that
ET pλq � tf � Ψ | f P ESpλqu for every λ in the point spectrum of S (or equivalently the
point spectrum of T ). This implies

L2pX,µq � tf �Ψ | f P L2pX,µqu

since they have discrete spectrum. Hence Ψ is an isomorphism.

For the proof of Theorem J, the systems that we will consider will be an odometer S
and an associated odomutant T (the odomutants are introduced in Section II.3.a). Since
the odomutants are extensions of their associated odometer and since we explicitely know
a factor map ψ between them (see Proposition II.3.4), Theorem II.2.14 will ensure that we
will not build an orbit equivalence between �ip-conjugate systems if ψ is not invertible.

Finally, odometers have the following properties.

Proposition II.2.15. Odometers have zero measure-theoretic and topological entropies.

Proposition II.2.16. Odometers are loosely Bernoulli.7

7More generally, rank-one systems are loosely Bernoulli, this is proven by Ornstein, Rudolph and
Weiss [ORW82] (see Lemma 8.1) and we present their proof in the special case of odometers.
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Remark II.2.17. In the case of odometers, we can notice in the following proofs that zero
entropy and loose Bernoullicity follow from a poor dynamics of these systems. Indeed,
given concrete partitions (for instance the partitions Ppkq given by the cylinders of length
k, which increase to the σ-algebra), the dynamics of an odometer does not generate a
lot of words and the di�erent futures are close (in the sense of the de�nition of loose
Bernoullicity). The idea behind the de�nition of odomutants will be to get systems with
a less �laconic� dynamics.

Proof of Proposition II.2.15. Let S be an odometer. The equality hµpSq � htoppSq follows
from unique ergodicity and the variational principle (Theorem II.2.4). Let Ppkq be the
partition given by the cylinders of length k. The odometer S acts as a cyclic permutation
on the elements of Ppkq, so the sequence ppPpkqqn�1

0 qn¥1 of partitions is stationary and
we have hµpS,Ppkqq � 0. The sequence pPpkqqk¥0 increases to the σ-algebra of X, so we
have hµpS,Ppkqq Ñ

kÑ�8
hµpSq by Theorem II.2.1, and we get hµpSq � 0.

Proof of Proposition II.2.16. Let S be an odometer, associated to the integers q0, q1, . . .,
let Ppkq be the partition given by the cylinders of length k. We prove that pS,Ppkqq is
loosely Bernoulli for every k ¥ 1, and we deduce from this that pS,Pq is loosely Bernoulli
for any �nite partition P. We use the characterization provided by Theorem II.2.8.

Let us prove that pS,Ppkqq is loosely Bernoulli. Let ε ¡ 0, N ¥ 2hk{ε and H � PN
1 .

Let us denote by W the word
�
Sipr0, . . . , 0skq

�
0¤i¤hk�1

P pPpkqqt0,...,hk�1u of length hk,
this is the enumeration of the k-cylinders, with the order given by the dynamics of S. For
every x P X, the word rPpkqs1,N pxq consists of the tail of the word W , followed by many
concatenations of W , and the beginning of W . So any two words w � rPpkqs1,N pxq and
w1 � rPpkqs1,N px1q satisfy fN pw,w1q ¤ 2hk{N ¤ ε. This proves that pS,Ppkqq is loosely
Bernoulli.

Now let P be a �nite measurable partition and let us show that pS,Pq is loosely
Bernoulli. The sequence pPpkqqk¥0 increases to the σ-algebra of X, so for a given ε ¡ 0,
there exists k ¥ 0 such that P and Ppkq are close, meaning that there exists a Ppkq-
measurable partition Q, with |Q| � |P| � n, and a good enumeration of the atoms of Q
and P such that

°n
i�j µpPj∆Qjq   ε. Since Ppkq re�nes Q, words with respect to Ppkq

completely determine words with respect to Q, so pS,Qq is immediately loosely Bernoulli.
Then, if N is su�ciently large, there exists H � QN

1 covering at least 1 � ε of the space
and such that any two words w,w1 P rQs1,N pHq satisfy fN pw,w1q ¤ ε (the f -metric with
respect to Q). By the ergodic theorem, for every su�ciently large integer N ¡ 0, there
exists a subset X0 of X such that µpX0q ¥ 1� ε and every x P X0 satis�es

1

N

�����
#
i P t1, 2, . . . , Nu | Six P

n¤
j�1

pPj XQjq
+����� ¥ 1� 2ε.

This implies that for every x P X0, the word rQs1,N pxq determines at least a fraction 1�2ε
of the word rPs1,N pxq. Therefore, given x, x1 P X0 X p�CPHCq, the words w � rPs1,N pxq
and w1 � rPs1,N px1q satisfy fN pw,w1q ¤ 5ε (the f -metric with respect to P). It remains
to de�ne H1 � PN

1 as the set of atoms with non trivial intersection with X0 X
�
CPHC. It

covers at least 1 � 3ε of the space and, with respect to P, every two N -words w and w1

produced in H1 satisfy fN pw,w1q ¤ 5ε, so we are done.

II.2.f Orbit equivalence

The conjugacy problem in full generality is very complicated (see [FRW11]). We now give
the formal de�nition of orbit equivalence, which is a weakening of the conjugacy problem.
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De�nition II.2.18. Two aperiodic transformations S P AutpX,µq and T P AutpY, νq are
orbit equivalent if there exists a bimeasurable bijection Ψ: X Ñ Y satisfying Ψ�µ � ν,
such that OrbSpxq � OrbΨ�1TΨpxq for almost every x P X. The map Ψ is called an orbit
equivalence between S and T .

We can then de�ne the cocycles associated to this orbit equivalence. These are mea-
surable functions cS : X Ñ Z and cT : Y Ñ Z de�ned almost everywhere by

Sx � Ψ�1T cSpxqΨpxq and Ty � ΨScT pyqΨ�1pyq

(cSpxq and cT pyq are uniquely de�ned by aperiodicity).

Remark II.2.19. Conversely, the existence of a cocycle, let us say cT , implies the inclusion
of the pΨ�1TΨq-orbits in the S-orbits. So the existence of both cocycles cS and cT implies
equality of orbits. This well-known characterization of orbit equivalence will be used in
the proof of Theorem II.3.16.

Given a map φ : R� Ñ R�, a measurable function f : X Ñ Z is said to be φ-integrable
if »

X
φp|fpxq|qdµ   �8.

For example, integrability is exactly φ-integrability when φ is non-zero and linear, and
a weaker quanti�cation on cocycles is the notion of φ-integrability for a sublinear map
φ, meaning that limtÑ�8 φptq{t � 0. Two transformations in AutpX,µq are said to be
φ-integrably orbit equivalent if there exists an orbit equivalence between them whose
associated cocycles are φ-integrable. The notion of Lp orbit equivalence refers to the
map φ : xÑ xp, and a L p orbit equivalence is by de�nition an orbit equivalence which
is Lq for all q   p.

Another form of quantitative orbit equivalence is Shannon orbit equivalence. We say
that a measurable function f : X Ñ Z is Shannon if the associated partition tf�1pnq |
n P Zu of X has �nite entropy, namely

�
¸
nPZ

µpf�1pnqq logµpf�1pnqq   �8.

Two transformations in AutpX,µq are Shannon orbit equivalent if there exists an orbit
equivalence between them whose associated cocycles are Shannon.

Note that orbit equivalence preserves ergodicity. The next statement speci�cally con-
nects orbit equivalence and unique ergodicity. Theorem I and this proposition together
with the variational principle directly imply Theorem H.

Proposition II.2.20. Assume that two aperiodic measurable bijections S and T on a
Borel space X are orbit equivalent in the following stronger way: S and T are de�ned on
the whole X and the equality OrbSpxq � OrbT pxq holds for every x P X.8 Then S is
uniquely ergodic if and only if T is uniquely ergodic. In this case, S and T have the same
invariant probability measure.

Proof of Proposition II.2.20. Assume that S is uniquely ergodic and denote by µ its only
invariant probability measure. The cocycle cS : X Ñ Z is de�ned on the whole X and is
measurable. Let ν be a T -invariant probability measure. For every measurable set A, we

8This is stronger than asking this property up to a null set.
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have

νpSpAqq �
¸
kPZ

νpSpAX tcS � kuqq

�
¸
kPZ

νpT kpAX tcS � kuqq

�
¸
kPZ

νpAX tcS � kuq

� νpAq,
so ν is S-invariant and is equal to µ. Therefore T is uniquely ergodic and µ is its only
invariant probability measure.

For instance, strong orbit equivalence is a form of orbit equivalence, introduced in
a topological framework by Giordano, Putnam and Skau [GPS95], to which Proposi-
tion II.2.20 applies. The de�nition is the following.

De�nition II.2.21. Two Cantor minimal homeomorphisms pX,Sq and pY, T q are strongly
orbit equivalent if there exists a homeomorphism Ψ: X Ñ Y such that S and Ψ�1TΨ
have the same orbits on X and the associated cocycles each have at most one point of
discontinuity.

Boyle proved in his thesis [Boy83] that strong orbit equivalence with continuous cocycles
boils down to topological �ip-conjugacy, namely S is topologically conjugate to T or to T�1.
As mentioned in the introduction, the classi�cation of Cantor minimal homeomorphisms
up to strong orbit equivalence is fully understood, with complete invariants such as the
dimension group (see [GPS95], and Appendix II.B for a brief overview).

II.3 Odomutants

II.3.a De�nitions

Let X �
±
n¥0 t0, 1, . . . , qn � 1u with integers qn ¥ 2, and let us recall the notation

hn � q0 . . . qn�1. The spaceX is endowed with the in�nite product topology and we denote
by µ the product of the uniform distributions on each t0, 1, . . . , qn � 1u. We consider the
odometer S : X Ñ X on this space. Recall that it is de�ned by

Sx �
$&
%

p0, . . . , 0loomoon
i times

, xi � 1, xi�1, . . .q if i� min tj ¥ 0 | xj �� qj � 1u is �nite

p0, 0, 0, . . .q if x � pq0 � 1, q1 � 1, q2 � 1, . . .q
,

and it is a µ-preserving homeomorphism.

In this section, we introduce new systems that we call odomutants, de�ned from S with
successive distortions of its orbits, encoded by the following maps ψ and ψn (for n ¥ 0).

For every n ¥ 0, we �x a �nite sequence
�
σ
pnq
i

	
0¤i qn�1

of permutations of the set

t0, 1, . . . , qn � 1u, and we introduce

ψn :

#
X Ñ X

x � px0, x1, . . .q ÞÑ pσp0qx1 px0q, σp1qx2 px1q, σp2qx3 px2q, . . . , σpnqxn�1pxnq, xn�1, xn�2, . . .q
.

It is not di�cult to see that ψn is a homeomorphism and preserves the measure µ, its
inverse is given by

ψ�1
n :

"
X Ñ X
x � px0, x1, . . .q ÞÑ pz0pxq, z1pxq, . . . , znpxq, xn�1, xn�2, . . .q
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with zipxq de�ned by backwards induction as follows:

znpxq�
�
σpnqxn�1

	�1
pxnq,

zipxq�
�
σ
piq
zi�1pxq

	�1
pxiq for every i P t0, 1, . . . , n� 1u.

(II.1)

Let us also introduce

ψ :

#
X Ñ X

x � px0, x1, . . .q ÞÑ
�
σ
pnq
xn�1pxnq

	
n¥0

.

The map ψ is continuous but is not invertible in full generality. It is not di�cult to see
that ψnpxq Ñ

nÑ�8
ψpxq for every x P X. The map ψ also have the following properties.

Proposition II.3.1. ψ : X Ñ X preserves the probability measure µ and is onto.

Proof of Proposition II.3.1. To prove that µ is ψ-invariant, it su�ces to prove the equality
µpψ�1pAqq � µpAq when A is a cylinder. If A is an pn�1q-cylinder, then ψ�1pAq � ψ�1

n pAq,
so the ψ-invariance follows from the ψn-invariance for all n ¥ 0.

Given y P X, let us �nd x P X such that ψpxq � y. By de�nition, for every n ¥ 0,
ψpψ�1

n pyqq is in the cylinder ry0, . . . , ynsn�1, so ψpψ�1
n pyqq Ñ

nÑ�8
y. By compactness, there

exists a convergent subsequence of
�
ψ�1
n pyq�

n¥0
, of limit x P X, and we have ψpxq � y

since ψ is continuous.

The following computations motivate the de�nition of odomutants. Let us respectively
set the minimal and maximal points of X:

x� � p0, 0, 0, . . .q and x� � pq0 � 1, q1 � 1, q2 � 1, . . .q.
We de�ne the following sets

X�
n � tx P X | px0, . . . , xnq �� px�0 , . . . , x�n qu,

X�
n � tx P X | px0, . . . , xnq �� px�0 , . . . , x�n qu,
X�
8 � Xztx�u and X�

8 � Xztx�u.
It is not di�cult to see that X�

8 is the increasing union of the sets X�
n , so for every x P X�

8,
we denote by N�pxq the least integer n ¥ 0 satisfying x P X�

n . This also holds for X�
8

and X�
n , and N

�pxq is de�ned similarly.
Let x P ψ�1pX�

8q and N � N�pψpxqq. By de�nition of N , for every n ¥ N , Sψnpxq is
equal to

p0, . . . ,0looomooon
N times

, σNxN�1
pxN q ��� 1, σpN�1q

xN�2
pxN�1q, . . . , σpnqxn�1

pxnq, xn�1, xn�2, . . .q.

Using (II.1), we get

ψ�1
n Sψnpxq � pypnq0 pxq, . . . , ypnqn pxq, xn�1, xn�2, . . .q

with y
pnq
i pxq de�ned by backwards induction as follows:

ypnqn pxq�
�
σpnqxn�1

	�1
pσpnqxn�1

pxnqq � xn,

@ n ¡ i ¡ N, y
pnq
i pxq�

�
σ
piq

y
pnq
i�1pxq


�1

pσpiqxi�1
pxiqq,

y
pnq
N pxq�

�
σ
pNq

y
pnq
N�1pxq


�1

pσpNqxN�1
pxN q � 1q,

@ N ¡ i ¥ 0, y
pnq
i pxq�

�
σ
piq

y
pnq
i�1pxq


�1

p0q.
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By induction, it is easy to get pypnqN�1pxq, . . . , ypnqn pxqq � pxN�1, . . . , xnq and this implies the

following simpli�cation: ψ�1
n Sψnpxq is equal to pypnq0 pxq, . . . , ypnqN pxq, xN�1, xN�2, . . .q with

y
pnq
i pxq inductively de�ned by

y
pnq
N pxq�

�
σpNqxN�1

	�1
pσpNqxN�1

pxN q � 1q,

@ 0 ¤ i ¤ N � 1, y
pnq
i pxq�

�
σ
piq

y
pnq
i�1pxq


�1

p0q.

Finally, pypnq0 pxq, . . . , ypnqN pxqq does not depend on the integer n ¥ N�pψpxqq.
De�nition II.3.2. For every x P ψ�1pX�

8q, let us de�ne
Tx� ψ�1

n Sψnpxq
for any n ¥ N�pψpxqq. The map T is called the odomutant associated to the odometer

S and the sequences of permutations
�
σ
pnq
i

	
0¤i qn�1

for n ¥ 0.

As illustrated in Figure II.2, an odomutant T is a probability measure-preserving bi-
jection that we build step by step. At step n, T is well-de�ned on tN�pxq � nu. This is a
cutting-and-stacking method very similar to the odometer, but at every step the way we
connect the subcolumns of the tower depend on the next coordinates.

II.3.b Odomutants with multiplicities

At �rst view, when looking at Figure II.2, we can think that an odomutant is encoded by a
cutting-and-stacking construction where the new towers at each step are built by stacking
only one copy of the dynamics of each subcolumn. Actually, with some redondancies in the
permutations of a same step, it is possible to encode a cutting-and-stacking construction
where, at every step and for every subcolumn, many copies of its dynamics could appear in
each new tower (as illustrated in Figure II.3). In this case, the partitions in cylinder of the
same length are not the information we want to keep in mind, since they also remember
that we divide the subcolumns to get many copies of its dynamics. This motivates the
following de�nition that we explain with more details after.

De�nition II.3.3. Let pqnqn¥0 be a sequence of integers greater than or equal to 2. Let
c � pcn,0, . . . , cn,q̃n�1qn¥1 be a sequence where q̃n and cn,i are positive integers satisfying

qn � cn,1 � . . . � cn,q̃n , and pτ pnqj qjPt0,...,q̃n�1�1u be a sequence of permutations of the set
t0, . . . , qn � 1u for every n ¥ 0. For every n ¥ 1 and every j P t0, . . . , q̃n � 1u, we set

I
pnq
j �

�
j�1̧

i�0

cn,i

�
� t0, 1, . . . , cn,j � 1u .9

Then we say that T is the odomutant built with c-multiple permutations τ
pnq
j , if T is

the odomutant associated to the odometer on the space
±
n¥0 t0, . . . , qn � 1u and families

of permutations pσpnqi q0¤i qn�1 , where for every n ¥ 0 and every j P t0, . . . , q̃n�1u, we have
σ
pnq
i � τ

pnq
j for all integers i P Ipn�1q

j .

In this case, we associate partitions P̃pℓq for every ℓ ¥ 1, de�ned by

P̃pℓq�
!
ri0, . . . , iℓ�2, I

pℓ�1q
j sℓ | 0 ¤ i0   q0, . . . , 0 ¤ iℓ�2   qℓ�2, 0 ¤ j ¤ q̃ℓ�1 � 1

)
.

We say that the odomutant is built with uniformly c-multiple permutations if we
have cn,0 � . . . � cn,q̃n�1 �: cn for every n ¥ 1, and we simply write c� pcn, q̃nqn¥0.

9We write s � t0, 1, . . . , ku � ts, s � 1, . . . , s � ku. The family pI
pnq
0 , . . . , I

pnq
q̃n�1q forms a partition of

t0, 1, . . . , qn � 1u.
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An odomutant T associated to S

[3]1

[2]1

[1]1

[0]1

q1 = 3

q2 = 2

[3]1

[2]1

[1]1

[0]1

{[•, 2]2 {[•, 2]2

{[•, 1]2

{[•, 0]2

[•, •, 0]3 [•, •, 1]3

[•, 0]2 [•, 1]2 [•, 2]2 [•, 0]2 [•, 1]2 [•, 2]2
σ
(0)
0 = (0123) σ

(0)
1 = (0213) σ

(0)
0 = (0321)

{[•, 1]2

{[•, 0]2

[•, •, 0]3 [•, •, 1]3
σ
(1)
0 = (012) σ

(1)
1 = (021)

The odometer S on
∏
n≥0

{0, . . . , qn − 1}

q0 = 4

Figure II.2: Example of the �rst two steps in the construction of an odometer (on the left) and an
associated odomutant (on the right). For a permutation σ of the set t0, . . . , k � 1u, the notation σ �
pi0 . . . ik�1q means that σ is de�ned by σpjq � ij for every j P t0, . . . , k � 1u. The area coloured in purple
(resp. orange) is the subset on which S and T are not yet de�ned at the end of the �rst step (resp. second
step), it is equal to tN� � 1u (resp. tN� � 2u) for the odometer, tN� � ψ � 1u (resp. tN� � ψ � 2u) for
the odomutant.

At the beginning of step n, for every i P t0, . . . , q̃n � 1u there are ci subcolumns which

have been de�ned with the same permutation10 τ
pn�1q
i at step n � 1, they actually play

the role of ci copies of the dynamics of a subcolumn that we would like to stack ci times
in each tower. When considering the partition P̃pn � 1q, we cannot distinguish between
these �copies�, as if it was the partition made up of the subcolumns that we would like to
stack more than once in each tower.

The odomutants built with uniformly multiple permutations, equipped with the associ-
ated partitions pP̃pℓqqℓ¥1, better describe Boyle and Handelman's contructions [BH94] than
odomutants equipped with Ppℓqℓ¥1. We refer the reader to Appendix II.B for more details,
more precisely in Section II.B.d. The sequences pcnqn and pq̃nqn respectively correspond

10Note that the permutations τ
pn�1q
0 , . . . , τ

pn�1q
q̃n�1 are not necessarily pairwise di�erent.
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to the sequences pnkqk and pmkqk introduced in their paper. Then, to prove Theorem I in
the case α � �8, we will partly reformulate the proof of their similar statement with our
formalism. Our proof in the case α   �8 will be di�erent than theirs since we will build
an odomutant with pairwise di�erent permutations at each step.

h2

q̃1 = 2

h1 = q0

q̃2 = 2

}
}
} [•, 0]2

[•, 1]2

[•, 2]2

q1 = 3

q̃2 = 2

τ
(0)
1 = (0, q0 − 1, q0 − 2, . . . , 1)

I
(0)
0 = {0, 1}

σ
(0)
0 = σ

(0)
1 = τ

(0)
0 σ

(0)
2 = τ

(0)
1

τ
(0)
0 = (0, 2, 1, 3, . . . , q0 − 1)

[•, 0]2 [•, 1]2 [•, 2]2

τ
(1)
0 = (0, 2, 1) τ

(1)
1 = (2, 1, 0)

I
(0)
1 = {2}

c1,1 = 1c1,0 = 2

Figure II.3: At the top, the second step of a less restrictive cutting-and-stacking construction that we
want to describe with an odomutant. At the bottom, the way we encode it with such a system. Here, the
dynamics of the yellow tower appears twice in each new towers, so we divide it in two subtowers. Note that
the partition P̃p2q is exactly the partition which gives the colour (yellow or blue) and the level in the h0-
tower to each points of the space, so that we cannot distinguish between points of the two yellow subtowers
which are at the same level, contrary to the partition Pp2q. For the third step of the construction, the
value of q2 will depend on the number (c2,0 and c2,1) of copies for the dynamics of the two current towers
in the next ones.

As mentioned in the introduction, our formalism of odomutants was inspired by Feld-
man's construction [Fel76] of a non-loosely Bernoulli system. As we will see in the proof
of Theorem G, this system is an odomutant built with uniformly c-multiple permutations

where the integers cn are powers of 2 and for a �xed n, the permutations τ
pnq
i are pairwise

di�erent at each step.
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II.3.c Odomutants as p.m.p. bijections on a standard probability space

In this section, we study odomutants with a measure-theoretic viewpoint.

First properties

Proposition II.3.4. T is a bijection from ψ�1pX�
8q to ψ�1pX�

8q, its inverse is given by

T�1y � ψ�1
n S�1ψnpyq

for every y P ψ�1pX�
8q and any n ¥ N�pψpyqq. Moreover T is an element of AutpX,µq

and ψ is a factor map from T to S.

Proof of Proposition II.3.4. The equality ψnpTxq � Sψnpxq implies ψpTxq � Sψpxq since
ψn converges pointwise to ψ. Moreover, the map ψ preserves the measure µ and is onto
(see Proposition II.3.1). Thus, assuming that T is in AutpX,µq, S is a factor of T via the
factor map ψ.

Since X�
8 is the increasing union of the sets X�

n , and for every n ¥ 0, T and ψ�1
n Sψn

coincide on X�
n , the injectivity of T on ψ�1pX�

8q follows from the injectivity of S and the
maps ψn and ψ�1

n .
For x P ψ�1pX�

8q, we have ψpTxq � Sψpxq and ψpxq �� x�, so ψpTxq is not equal
to x�. Conversely, for y P ψ�1pX�

8q, the element x � ψ�1
n S�1ψnpyq does not depend

on the choice of an integer n ¥ N�pψpyqq (these are the same computations as before
De�nition II.3.2) and satis�es Tx � y.

By ψ-invariance, the sets ψ�1pX�
8q and ψ�1pX�

8q have full measure, so T : X Ñ X is
a bijection up to measure zero. It follows again from the properties of S and the maps ψn
that T is bimeasurable and preserves the measure µ.

The next result provides a criterion for ψ to be an isomorphism between T and S. We
will not apply it in this paper but it enables us to understand that, in case permutations
have common �xed points11 (see Section II.3.5), we will need the sequence pqnqn¥0 to
increase quickly enough, otherwise we get an odomutant T conjugate to S.

Lemma II.3.5. For every n ¥ 0, we set

Fn � txn P t0, . . . , qn � 1u | @xn�1 P t0, . . . , qn�1 � 1u, σpnqxn�1
pxnq � xnu.

If the series
° |Fn|

qn
diverges, then ψ is an isomorphism between S and T .

Proof of Lemma II.3.5. By the Borel-Cantelli lemma, the set

X0 � tpxnqn¥0 P X | xn P Fn for in�nitely many integers nu

has full measure. It is also S-, T - and ψ-invariant and it is easy to check that ψ : X0 Ñ X0

is a bijection, using the fact that the equality σ
pnq
xn�1pxnq � yn implies xn � yn when yn is

in Fn.

Remark II.3.6. It is not hard to see, independently of Lemma II.3.5, that in order to
prove Theorems G and H, one needs the sequence pqnqn¥0 to be unbounded. Otherwise,
let K denote an upper bound of the sequence, then the underlying odomutant admits a
cutting-and-stacking construction with at most K towers at each step. A system satisfying
such property is said to have rank K (and more generally �nite rank) and it is well-known
that it is loosely Bernoulli and has zero entropy (see [Fer97]).

11For Theorem G (resp. Theorem I), we will require σ
pnq
i p0q � 0 (resp. σ

pnq
i p0q � 0 and σ

pnq
i pqn � 1q �

qn � 1).
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Question II.3.7. Is it possible to �nd a necessary and su�cient condition on the permu-

tations σ
pnq
i (for n ¥ 0 and 0 ¤ i   qn�1) for the factor map ψ to be an isomorphism?

Since every odometer is coalescent (see Theorem II.2.14), this would enable us to know
whether or not an odomutant is conjugate to its associated odometer.

The following two results will be useful for some computations in the proofs of
Lemma II.3.11 and Proposition II.3.15. They deal with the well-de�nedness of powers
(positive or negative) of an odomutant at some point of X.

Proposition II.3.8. For k P N, the following assertion hold.12

� If ψpxq is in
�k�1
i�0 S

�ipX�
8q, then Tx, T 2x, . . . , T kx are well-de�ned and for every

i P t0, . . . , ku, we have
T ix � ψ�1

n Siψnpxq
for any n ¥ max0¤j¤i�1N

�pψpT jxqq.
� If ψpxq is in

�0
i��pk�1q S

�ipX�
8q, then T�1x, T�2x, . . . , T�kx are well-de�ned and

for every i P t�pk � 1q, . . . , 0u, we have

T�ix � ψ�1
n S�iψnpxq

for any n ¥ max�pi�1q¤j¤0N
�pψpT jxqq.

Proof of Proposition II.3.8. For example, let us prove the �rst point by induction over
k ¥ 1. The proof of the second point is similar.

The result is clear for k � 0. Let k ¥ 1. Let us assume that the result holds for k � 1
and that

ψpxq P
k�1£
i�0

S�in pX�
8q.

This implies that T k�1x is well-de�ned and is equal to ψ�1
n Sk�1ψnpxq for any n greater

than or equal to max0¤j¤k�2N
�pψpT jxqq. Moreover ψpT k�1xq is not equal to x�. Indeed,

the �rst n� 1 coordinates of ψpT k�1xq and ψnpT k�1xq are the same and we have

ψnpT k�1xq � Sk�1ψnpxq

for any n ¥ max0¤j¤k�2N
�pψpT jxqq, so this follows from the fact that Sk�1ψpxq is not

equal to x�. This implies that T kx is well-de�ned and equal to ψ�1
n SψnpT k�1xq for any

n ¥ N�pψpT k�1xqq. Finally, for any n ¥ max0¤j¤k�1N
�pψpT jxqq, we get

T kx � ψ�1
n SψnpT k�1xq � ψ�1

n Sψnpψ�1
n Sk�1ψnpxqq � ψ�1

n Skψnpxq,

hence the result for k.

Corollary II.3.9. Let x, y P X and M P N� such that xj � yj for every j ¥M , and set

K �
M�1¸
j�0

hj

�
σpjqyj�1

pyjq � σpjqxj�1
pxjq

	
.

Assume that x and y are di�erent. Then the following hold:

� if K ¡ 0, then Tx, T 2x, . . . , TKx are well-de�ned;

� if K   0, then T�1x, T�2x, . . . , TKx are well-de�ned.

12For instance, this holds for every x P X�
8 such that ψpxq is not in OrbSpx

�q (which is also the S-orbit
of x�), so the hypothesis holds for a set of points x of full measure.
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Moreover we have TKx � y.

Remark II.3.10. The proof of the equality TKx � y is based on the well-understood

case of an odometer, namely the permutations σ
pnq
i are all identity maps and T � S. More

precisely, given w, z P X satisfying wj � zj for every j greater than or equal to some M ,
we know that SKw � z with

K �
M�1¸
j�0

hj pzj � wjq.

It remains to apply this well-known fact to w � ψnpxq and z � ψnpyq for a large enough
integer n.

Proof of Corollary II.3.9. Let us consider the case K ¡ 0 (the proof for the other case is
similar). By the previous remark, it is clear that we have

y � ψ�1
n SKψnpxq

for every n ¥M . Using Proposition II.3.8, it remains to prove that Siψpxq is not equal to
x� for every i P t0, . . . ,K � 1u. If there exists a positive integer i such that Siψpxq � x�,
then we have

σpjqxj�1
pxjq � qj � 1

for every su�ciently large integers j, and

i �
�8̧

j�0

hj

�
qi � 1� σpjqxj�1

pxjq
	

�
M�1¸
j�0

hj

�
qi � 1� σpjqxj�1

pxjq
	
�

�8̧

j�M

hj

�
qi � 1� σpjqxj�1

pxjq
	

¥
M�1¸
j�0

hj

�
σpjqyj�1

pyjq � σpjqxj�1
pxjq

	
.

Therefore i is greater than or equal to K and we are done.

An odomutant and its associated odometer have the same point spectrum

Since every odomutant T factors onto its associated odometer S, we have the inclusion
SppSq � SppT q between the point spectrums. We actually show that this is an equality.
The following lemma is inspired by Danilenko and Vieprik's methods to study the point
spectrum of rank-one systems (see Proposition 3.7 in [DV23]).

Lemma II.3.11. Let T be an odomutant built from the odometer S on X �±
n¥0 t0, . . . , qn � 1u and the families of permutations pσpnqxn�1q0¤xn�1 qn�1. If λ P T is

an eigenvalue of T , then for every ε ¡ 0, there exists a positive integer n such that for ev-
ery m ¥ n, there exist En,m �±m

j�n t0, . . . , qj � 1u and xm�1 P t0, . . . qm�1�1u satisfying
the following:

�

|En,m|
qnqn�1 . . . qm

¡ 1� ε;

� for every pyn, . . . , ymq, pzn, . . . , zmq P En,m, we have����1� λ
°m

j�n hj

�
σ
pjq
yj�1

pyjq�σ
pjq
zj�1

pzjq
	����   ε,

with ym�1 � zm�1 � xm�1.
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Proof of Lemma II.3.11. Let ε ¡ 0, λ P T an eigenvalue of T and gλ an eigenfunction of
T associated to λ. Without loss of generality, we assume that ε ¤ 1{2. Moreover, the
modulus of gλ is almost everywhere constant (since it is T -invariant and T is ergodic), so
we assume that gλ has modulus 1. There exists α P T and a measurable subset A � X of
positive measure such that

@x P A, |gλpxq � α|   ε{2. (II.2)

Since the partition given by the n-cylinders is increasing to the σ-algebra on X as nÑ �8,
we can �nd n ¡ 0 and px0, . . . , xn�1q P

±n�1
j�0 t0, . . . , qj � 1u such that

µpAX rx0, . . . , xn�1snq ¡ p1� ε2qµprx0, . . . , xn�1snq.

Let m ¥ n. Then there exists xm�1 P t0, . . . , qm�1 � 1u such that

µpAX rx0, . . . , xn�1, 
, . . . , 
, xm�1sm�2q ¡ p1� ε2qµprx0, . . . , xn�1, 
, . . . , 
, xm�1sm�2q
(II.3)

and we set

En,m �

#
pyn, . . . , ymq P

m¹
j�n

t0, . . . , qj � 1u
��� µpAX rx0, . . . , xn�1, yn, . . . , ym, xm�1sm�2q ¡

p1� εqµprx0, . . . , xn�1, yn, . . . , ym, xm�1sm�2q

+
.

By Inequality (II.3), we get
|En,m|
qn . . . qm

¡ 1� ε.

Let pyn, . . . , ymq, pzn, . . . , zmq P En,m. Let us set

By � AX rx0, . . . , xn�1, yn, . . . , ym, xm�1sm�2,

Bz � AX rx0, . . . , xn�1, zn, . . . , zm, xm�1sm�2.

and

K �
m̧

j�n

hj

�
σpjqyj�1

pyjq � σpjqzj�1
pzjq

	

(with ym�1 � zm�1 � xm�1). By Corollary II.3.9, the set T�K pByq is included in the
cylinder

C � rx0, . . . , xn�1, zn, . . . , zm, xm�1sm�2,

which implies that B � T�KpByq XBz has positive measure. Indeed, if B were a null set,
the cylinder C would contain two subsets T�KpByq and Bz of negligible intersection and
we would get µpCq ¡ 2p1� εqµpCq by de�nition of En,m, this is not possible since ε ¤ 1{2.

Then we have gλpTKxq � λKgλpxq for almost every x P B, and since every x P B is in
A and satis�es TKx P A, we get |1� λK |   ε using (II.2).

Lemma II.3.12. Let 0   ε   2 and θ � θpεq ¡ 0 such that

tν P T | |1� ν|   εu � texp p2iπτq | �θ   τ   θu.

Let ν P Tzt1u satisfying |1 � ν|   ε. We write it as ν � exp p2iπτq with �θ   τ   θ,
τ �� 0. If ε is small enough so that θ   1{4, then for every interval13 J of Z, we have

¸
jPJ

1|1�νj | ε ¤
3θ

1� 2θ
|J | � 6θ

|τ | .

13By an interval of Z, we mean a set of the form tk P Z | a ¤ k ¤ bu for some integers a and b.
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Proof of Lemma II.3.12. Without loss of generality, we assume that τ is positive. Let J
be an interval of Z. If we have ¸

jPJ

1|1�νj | � 0,

then the result is clear. Now we assume that there exists j P J such that |1�νj |   ε. Since
ν is not equal to 1, this implies that we have |1 � νk|   ε for in�nitely many integers k.
Since θ is less than 1{4, we also have |1� νk| ¥ ε for in�nitely many integers k. Therefore
we can �nd sequences pnℓqℓPZ and pmℓqℓPZ of integers such that nℓ   mℓ   nℓ�1   mℓ�1

for every ℓ P Z, so that we can write

Z � . . .\ C�2 \D�2 \ C�1 \D�1 \ C0 \D0 \ C1 \D1 \ . . .

with intervals Cℓ � tk P Z | nℓ ¤ k   mℓu and Dℓ � tk P Z | mℓ ¤ k   nℓ�1u such that

@k P Cℓ, |1� νk|   ε and @k P Dℓ, |1� νk| ¥ ε.

For every ℓ P Z, we have

pmℓ � nℓ � 1qτ   2θ   pmℓ � nℓ � 1qτ

and pnℓ�1 �mℓ � 1qτ ¥ 1� 2θ,

this implies
2θ

τ
� 1   |Cℓ|   2θ

τ
� 1

and |Dℓ| ¥ 1� 2θ

τ
� 1.

Now we set ℓ0 � max tℓ P Z | nℓ ¤ min Ju and ℓ1 � max tℓ P Z | nℓ ¤ max Ju. We then
have the inclusion

�
ℓ0�1¤ℓ¤ℓ1�1 pCℓ \Dℓq � J which yields

|J | ¡ pℓ1 � ℓ0 � 1q
�
1

τ
� 2



.

Finally, we have

¸
jPJ

1|1�νj | ε ¤
ℓ1̧

ℓ�ℓ0

|Cℓ|

¤ pℓ1 � ℓ0 � 1q
�
2θ

τ
� 1




¤
�

2θ
τ � 1
1
τ � 2

�
|J | � 2

�
2θ

τ
� 1




¤
�

2θ
τ � θ

τ
1
τ � 2 θτ

�
|J | � 2

�
2θ

τ
� θ

τ



since 1 ¤ θ

τ

� 3θ

1� 2θ
|J | � 6θ

τ

and we are done.

Theorem II.3.13. Let T be an odomutant built from the odometer S on X �±
n¥0 t0, . . . , qn � 1u. Then T and S have the same point spectrum.

Using the Halmos-von Neumann theorem [HVN42], we get the following corollary.
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Corollary II.3.14. Let T be an odomutant built from the odometer S on X �±
n¥0 t0, . . . , qn � 1u. If T is conjugate to an odometer, then T is conjugate to S.

Proof of Theorem II.3.13. Since T factors onto S, we already know that SppSq � SppT q.
Let λ be an eigenvalue of T . Let us show that this is an eigenvalue of S. Let ε ¡ 0 small
enough so that θ   1{4 and 3θ

1�2θ ¤ 1{4, with θ � θpεq introduced in Lemma II.3.12. We
also assume that ε ¤ 1{2. Let n be a positive integer given by Lemma II.3.11 for the
eigenvalue λ, and ν � λhn . If ν � 1, we are done.

Now assume ν �� 1. Let us choose a su�ciently large enough integer m so that m ¥ n
and 6θ

τqn...qm
¤ 1

4 . We consider a set En,m � ±m
j�n t0, . . . , qj � 1u and an integer xm�1 P

t0, . . . , qm�1 � 1u satisfying

�

|En,m|
qnqn�1 . . . qm

¡ 1� ε;

� for every y � pyn, . . . , ymq, z � pzn, . . . , zmq P En,m, we have���1� νHpyq�Hpzq
���   ε,

where H :
±m
j�n t0, . . . , qj � 1u Ñ t0, . . . , qn . . . qm � 1u is de�ned by

H : y � pyn, . . . , ymq ÞÑ
m̧

j�n

hj
hn
σpjqyj�1

pyjq with ym�1 � xm�1.

The existence of En,m and xm is granted by Lemma II.3.11. Since ε ¤ 1{2 and H is a
bijection, there exists two di�erent elements y and z in En,m such that Hpyq �Hpzq � 1.
This implies

|1� ν|   ε.

Let us �x z P En,m and set

J �
#
Hpyq �Hpzq | y P

m¹
j�n

t0, . . . , qj � 1u
+
.

By Lemma II.3.12, we have

¸
jPJ

1|1�νj | ε ¤
3θ

1� 2θ
|J | � 6θ

|τ | ¤
qn . . . qm

2

and we get a contradiction since we have¸
jPJ

1|1�νj | ε ¥ |En,m| ¡ p1� εqqn . . . qm

with ε ¤ 1{2. Thus we have λhn � 1.

II.3.d Orbit equivalence between odometers and odomutants

In this section, we prove that an odomutant and its associated odometer have the same
orbits. Moreover, given a non-decreasing map φ : R� Ñ R�, we give su�cient conditions
for the cocycles to be φ-integrable.
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Proposition II.3.15. For all x P ψ�1pX�
8q, we have Tx � ScT pxqx where the integer

cT pxq is de�ned by

cT pxq �
N1̧

i�0

hipyipxq � xiq (II.4)

with N1 � N�pψpxqq and y0, . . . , yN1pxq inductively de�ned by

yN1pxq�
�
σpN1q
xN1�1

	�1
pσpN1q
xN1�1

pxN1q � 1q,

@ 0 ¤ i ¤ N1 � 1, yipxq�
�
σ
piq
yi�1pxq

	�1
p0q.

For all x P X�
8, let us de�ne the integer cSpxq by:

cSpxq � hN2

�
σpN2q
xN2�1

p1� xN2q � σpN2q
xN2�1

pxN2q
	

� hN2�1

�
σ
pN2�1q
1�xN2

p0q � σpN2�1q
xN2

pxN2�1q
	

�
N2�2¸
i�0

hi

�
σ
piq
0 p0q � σpiqxi�1

pxiq
	 (II.5)

with N2 � N�pxq. Then we have Sx � T cSpxqx for every x P X�
8.

Proof of Proposition II.3.15. For x P ψ�1pX�
8q, the value of cT pxq follows from the com-

putations before De�nition II.3.2. For x P X�
8 and N2 � N�pxq, we have

x � pq0 � 1, . . . , qN2�1 � 1, xN2loomoon
��qN2

�1

, xN2�1, xN2�2, . . .q

and Sx � p0, . . . , 0, 1� xN2 , xN2�1, xN2�2, . . .q
so the second result is clear by Corollary II.3.9.

Theorem II.3.16. The map Ψ� idX is an orbit equivalence between T and S. Moreover,
given a non-decreasing map φ : R� Ñ R�, this orbit equivalence is φ-integrable if one of
the following two conditions is satis�ed:

(C1) the series
° φphn�1q

hn
converges;

(C2) the series

¸
n¥0

1

hn�2

¸
0¤xn qn,

0¤xn�1 qn�1,

σ
pnq
xn�1

pxnq��qn�1

φ

�
hn

�
1�

�����σpnqxn�1

	�1
pσpnqxn�1

pxnq � 1q � xn

����




and
¸
n¥0

1

hn�2

¸
0¤xn¤qn�2,
0¤xn�1 qn�1

φ
�
hn

�
1�

���σpnqxn�1
p1� xnq � σpnqxn�1

pxnq
���		

converge.

As we notice in the next proof, we need coarse bounds to get that Condition (C1)
implies φ-integrably orbit equivalence, whereas Condition (C2) is a �ner hypothesis. For
Theorem J, Condition (C2) will enable us to exploit the sublinearity of the map φ, and
Condition (C1) will be enough for Theorems G and I.
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Proof of Theorem II.3.16. By Proposition II.3.15, the set of points x P X satisfying Tx �
ScT pxqx and Sx � T cSpxqx for integers cT pxq and cSpxq de�ned by (II.4) and (II.5) have
full measure, so the map idX is an orbit equivalence between S and T .

The value of cT pxq gives the following bound:

|cT pxq| ¤ hN1

�����σpN1q
xN1�1

	�1
pσpN1q
xN1�1

pxN1q � 1q � xN1

�����
N1�1¸
i�0

hi |yipxq � xi|loooooooooomoooooooooon
¤hN1

(II.6)

with N1 � N�pψpxqq. Given n ¥ 0, zn P t0, . . . , qn � 1u and zn�1 P t0, . . . , qn�1 � 1u such
that σ

pnq
zn�1pznq �� qn � 1, we have

µptx P X | N�pψpxqq � n, xn � zn, xn�1 � zn�1uq � 1

hn�2
.

We �nally get»
X
φp|cT pxq|qdµpxq �

¸
n¥0

¸
0¤zn qn,

0¤zn�1 qn�1,

σ
pnq
zn�1

pznq��qn�1

»
N�pψpxqq�n,

xn�zn,
xn�1�zn�1

φp|cT pxq|qdµpxq

¤
¸
n¥0

1

hn�2

¸
0¤zn qn,

0¤zn�1 qn�1,

σ
pnq
zn�1

pznq��qn�1

φ

�
hn

�
1�

�����σpnqzn�1

	�1
pσpnqzn�1

pznq � 1q � zn

����




.

From Inequality (II.6), we also get |cT pxq| ¤ hN1�1 and the following coarser bound:»
X
φp|cT pxq|qdµpxq �

¸
n¥0

¸
0¤zn qn,

0¤zn�1 qn�1,

σ
pnq
zn�1

pznq��qn�1

»
N�pψpxqq�n,

xn�zn,
xn�1�zn�1

φp|cT pxq|qdµpxq

¤
¸
n¥0

1

hn�2

¸
0¤zn qn,

0¤zn�1 qn�1,

σ
pnq
zn�1

pznq��qn�1

φ phn�1q

¤
¸
n¥0

1

hn
φphn�1q.

For the other cocycle, we have

|cSpxq| ¤ hN2

���σpN2q
xN2�1

p1� xN2q � σpN2q
xN2�1

pxN2q
���

� hN2�1

���σpN2�1q
1�xN2

p0q � σpN2�1q
xN2

pxN2�1q
���� N2�2¸

i�0

hi

���σpiq0 p0q � σpiqxi�1
pxiq

���looooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooon
¤hN2

.

with N2 � N�pxq. Moreover it is easy to get

µptx P X | N�pxq � n, xn � zn, xn�1 � zn�1uq � 1

hn�2

for every n ¥ 0, zn P t0, . . . , qn � 2u and zn�1 P t0, . . . , qn�1 � 1u. Thus we �nd a bound
on the φ-integral of cS with the same method as cT .
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II.3.e Extension to a homeomorphism on the Cantor set, strong orbit
equivalence

We move on to a topological viewpoint. We give a su�cient condition for an odomutant to
have an extension to a homeomorphism. It turns out that in this case the orbit equivalence
that we obtained in the last section is a strong orbit equivalence.

Proposition II.3.17. Assume that σpnqi p0q � 0 and σpnqi pqn � 1q � qn � 1 for every n ¥ 0
and every 0 ¤ i ¤ qn � 1. Then the odomutant T admits a unique extension, also denoted
by T , which is a homeomorphism on the whole compact set X � ±

n¥0 t0, 1, . . . , qn � 1u.
It is furthermore strongly orbit equivalent to the associated odometer S. In particular, it
follows from Proposition II.2.20 that T is uniquely ergodic.

Remark II.3.18. In this case, the equality S � ψpxq � ψ � T pxq holds for all x P X.

Proof of Proposition II.3.17. Since, for every n ¥ 0, the points 0 and qn � 1 are �xed by
the n-th permutations, x� is the only point x P X satisfying ψpxq � x� and x� is the only
point x P X satisfying ψpxq � x�. This implies that we have

ψ�1pX�
8q � X�

8 � Xztx�u and ψ�1pX�
8q � X�

8 � Xztx�u,
and T is a bijection from Xztx�u to Xztx�u, so we set Tx� � x�. The map T : X Ñ X
is now a well-de�ned bijection.

The odometer S and the maps ψn are continuous on X so it is not di�cult to see that T
is continuous on each point of Xztx�u. It is easy to check the equality T prq0� 1, . . . , qn�
1sn�1q � r0, . . . , 0sn�1, so the continuity at x

� is clear. Therefore T : X Ñ X is continuous
and invertible, where X is a Haussdorf compact space, so T is a homeomorphism.

By Proposition II.3.15, we have Tx � ScT pxqx and Sx � T cSpxq for every x P X�
8,

with cT pxq and cSpxq de�ned by (II.4) and (II.5). These relations are extended at x�,
with cT px�q � cSpx�q � 1. Thus S and T have the same orbits and it is clear that the
cocycles are continuous on X�

8 (x� is the only point of discontinuity if the cocycles are
not continuous).14

II.4 On non-preservation of loose Bernoullicity property un-
der L 1{2 orbit equivalence

In this section, we prove that L 1{2 orbit equivalence (in particular Shannon orbit equiva-
lence) does not imply even Kakutani equivalence.

Theorem II.4.1. There exists an ergodic probability measure-preserving bijection T which
is L 1{2 orbit equivalent (in particular Shannon orbit equivalent) to the dyadic odometer
but not evenly Kakutani equivalent to it.

Feldman [Fel76] has built a zero-entropy system which is not loosely Bernoulli. In his
construction, for some partition that we will specify, the elements in r0, . . . , 0sn produce
words, describing the future, which are not pairwise f -close for the f -metric introduced
in Section II.2.d (therefore, the underlying system is not loosely Bernoulli). The goal is
to describe his system as an odomutant built from the dyadic odometer and permutations
that we are going to de�ne. These permutations will �x 0, so that we will be able to
read the words produced by the points at the bottom of the towers (using Lemmas II.A.1
and II.A.3), with respect to the partition that we will consider.

Let us set q̃n � 2n�10, qn � pq̃nq2q̃n�1�3 and cn �
qn
q̃n
� pq̃nq2q̃n�1�2 for every n ¥ 0,

h0 � 1 and hn�1 � qnhn. We inductively de�ne words a
pnq
i (we keep the notations of

14We can notice that we have tTnx� | n P Nu � tSnx� | n P Nu and tT�nx� | n P Nu � tS�nx� | n P Nu.
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Feldman in his paper) for every n ¥ 0 and every i P t0, . . . , q̃n � 1u. Let us start with

q̃0 di�erent letters a
p0q
0 , . . . , a

p0q
q̃0�1 seen as words of length h0 � 1. For n ¥ 0, if words

a
pnq
0 , . . . , a

pnq
q̃n�1 of length hn have been set, then we de�ne new words a

pn�1q
0 , . . . , a

pn�1q
q̃n�1�1,

of length hn�1, by

a
pn�1q
j �

A
xapnq0 ypq̃nq2pj�1qxapnq1 ypq̃nq2pj�1q

. . . xapnqq̃n�1ypq̃nq
2pj�1q

Epq̃nq2pq̃n�1�jq

,

where xwyk denotes the concatenation of k copies of a word w.

For j P t0, 1, . . . , q̃n�1 � 1u, τ pnqj is a permutation of the set t0, 1, . . . , qn � 1u which
permutes the entries of the �nite sequence

u� papnq0 , . . . , a
pnq
0loooooomoooooon

cn times

, a
pnq
1 , . . . , a

pnq
1loooooomoooooon

cn times

, . . . , a
pnq
q̃n�1, . . . , a

pnq
q̃n�1looooooooomooooooooon

cn times

q

so that the concatenation gives a
pn�1q
j , namely τ

pnq
j satis�es

a
pnq
j � u

τ
pnq
j p0q

� u
τ
pnq
j p1q

� . . . � u
τ
pnq
j pqn�1q

.

We now consider the odomutant T associated to the odometer S on the space X �±
n¥0 t0, 1, . . . , qn � 1u, and built with uniformly c-multiple permutations τ

pnq
j where

c� pcn, q̃nqn¥0.
In view of the cutting-and-stacking construction behind the de�nition of this odomu-

tant, we can be convinced that T is isomorphic to the non Bernoulli system built by
Feldman. However we give more details on the fact that T is not loosely Bernoulli, based
on the justi�cations of Feldman. Given n ¥ 0, Lemmas II.A.1 and II.A.3 in Appendix II.A
imply that the words rP̃p1qshnpxq for x P r0, . . . , 0sn (i.e. the points x at the bottom of

the towers at step n) exactly correspond to the words a
pnq
0 , . . . , a

pnq
q̃n�1. As in [Fel76], the

properties we are interested in can be deduced purely from this fact. Indeed, given any
point x not necessarily at the bottom of the towers at step n, the word rP̃p1qshnpxq is the
concatenation of the tail of some a

pnq
i and the beginning of some a

pnq
j , and this observation

leads us to apply the same reasoning as in [Fel76, Step III and Step V in p. 36] to conclude
that T has zero entropy and pT, P̃p1qq is not loosely Bernoulli using the characterization
provided by Theorem II.2.8. Therefore T is not loosely Bernoulli.

Proof of Theorem G. Let S be the odometer on X � ±
n¥0 t0, 1, . . . , qn � 1u (so S is

loosely Bernoulli) and T the odomutant described above, which is not loosely Bernoulli,
so that S and T are not evenly Kakutani equivalent by the theory of Ornstein, Rudolph
and Weiss (see Theorem II.2.9). Note that S is the dyadic odometer since the integers qn
are powers of 2.

Let us prove that S and T are L 1{2 orbit equivalent, using Condition (C1) of Theo-
rem II.3.16. Let us �x a real number p satisfying 0   p   1{2. We have

hn � hn�1q̃
2q̃n�3
n�1 � hn�12

pn�9qp2n�11�3q

and this gives hn � 2Sn with

Sn �
ņ

i�1

pi� 9qp2i�11 � 3q � Cn2n �D2n � op2nq

for some positive constants C and D. For a �xed constant C 1 P rC, C2p s and for a su�ciently
large integer n, we have

Cn2n   Sn   C 1n2n,
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this gives

hn   2C
1n2n �

�
2Cpn�1q2n�1

	2C1

C
2C

12n   �
2Sn�1

�2C1

C 2C
12n � phn�1q2

C1

C 2C
12n

and
hn

p

hn�1
  phn�1q2

C1

C
p�12C

1p2n  
�
2C

1pn�1q2n�1
	2C1

C
p�1

2C
1p2n .

Since we have 2C
1

C p   1, the series
° φphnq

hn�1
converges for φpxq � xp, so we are done by

Theorem II.3.16.

II.5 On non-preservation of entropy under orbit equivalence
with almost log-integrable cocycles

In this section, we prove that orbit equivalence with almost log-integrable cocycles does
not preserve entropy. The statement is actually stronger, with a topological framework:

Theorem II.5.1. Let α be either a positive real number or �8. Let S be an odometer
whose associated supernatural number

±
pPΠ p

kp satis�es the following property: there exists
a prime number p� such that kp� � �8. Then there exists a Cantor minimal homeomor-
phism T such that

1. htoppT q � α;

2. there exists a strong orbit equivalence between S and T , which is φm-integrable for
all integers m ¥ 0,

where φm denotes the map tÑ log t

logp�mq t
and logp�mq the composition log � . . .�log (m times).

We will crucially use the combinatorial lemmas stated in Appendix II.A. The cases
α   �8 and α � �8 will be in fact separated, but in both proofs, we will apply the
following lemma which will be useful for the quanti�cation of the cocycles.

Lemma II.5.2. Let pqnqn¥0 be a sequence of integers greater than or equal to 2, and let
β ¡ 0 such that

lim inf
nÑ�8

log qn
hn

¥ β

where hn � q0 . . . qn�1. Then, for every integer m ¥ 0, we have

1

log�mpqn�mq ¤ exp p�βhnq

for all su�ciently large integers n. In particular, the sequence
�

1
log�mpqnq

	
n¥0

is summable.

Proof of Lemma II.5.2. Let us consider an integer N such that

@n ¥ N, βhn ¥ 1.

For every n ¥ N , we have

log qn�1 ¥ βhn�1 � qn � βhn ¥ qn.

By induction, we easily get for every n ¥ N ,

log�mpqn�mq ¥ qn,

so we have log�mpqn�mq ¥ exp pβhnq.
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Before the proof of Theorem II.5.1 in the case α   �8, we need two preliminary
lemmas. The �rst one (Lemma II.5.3) provides permutations so that we can easily compute
the entropy of the underlying odomutant. The second one (Lemma II.5.5) proves that the
formula given by Lemma II.5.3 enables us to get all possible �nite values of the entropy
with a proper choice of parameters.

Lemma II.5.3. Let pqnqn¥0 be a sequence of integers greater than or equal to 2 and

satisfying qn�1 ¤ pqn � 2q!. Then there exist permutations σpnqxn�1, for n ¥ 0 and xn�1 P
t0, . . . , qn�1 � 1u, satisfying the following properties:

1. for every n ¥ 0, the maps σpnq0 , σ
pnq
1 , . . . , σ

pnq
qn�1�1 are pairwise di�erent permutations

of the set t0, . . . , qn � 1u, �xing 0 and qn � 1;

2. the topological entropy of the underlying odomutant is equal to

lim
nÑ�8

log qn
hn

.

Remark II.5.4. The entropy htoppT q is well-de�ned by Lemma II.3.17, as well as the limit

lim log qn
hn

. Indeed, the sequence
�
log qn
hn

	
n¥0

is decreasing since we have qn   pqn�1qqn�1 .

Proof of Lemma II.5.3. By Lemma II.A.6 in Appendix II.A, we can choose permutations
satisfying the �rst item and such that the following hold for every n ¥ ℓ ¥ 1:

qn ¤ NpPpℓqhn�1
0 q ¤ hn�1qnq

2
n�12

qn�1 .

On the one hand, we have

htoppT q ¥ htoppT,Pp1qq � lim
nÑ�8

logNpPp1qhn�1
0 q

hn
¥ lim

nÑ�8

log qn
hn

.

On the other hand, this gives

htoppT,Ppℓqq � lim
nÑ�8

logNpPpℓqhn�1
0 q

hn

¤ lim
nÑ�8

log hn�1 � log qn � 2 log qn�1 � qn�1 log 2

hn

� lim
nÑ�8

log qn
hn

and we �nally get, using Theorem II.2.2,

htoppT q � lim
ℓÑ�8

htoppT,Ppℓqq ¤ lim
nÑ�8

log qn
hn

.

Hence the result.

Lemma II.5.5. Let α be a positive real number and
±
pPΠ p

kp a supernatural number. We
assume that there exists a prime number p� such that kp� � �8. Then there exists a
sequence pqnqn¥0 of integers greater than or equal to 2, satisfying the following properties:

1. we have qn�1 ¤ pqn � 2q! for every n ¥ 0;

2. the sequence
�

log qn
q0...qn�1

	
n¥0

tends to α;

3. we have
°
n¥0 νppqnq � kp for every p P Π.
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Proof of Lemma II.5.5. Let K be a large enough power of p� so that the following property
holds: for every integer q satisfying q ¥ K, we have pq � 2q! ¥ K. Let

N �
¸

pPΠztp�u

kp P NY t�8u

and ppiq1¤i¤N be a sequence of prime numbers satisfying
°

1¤i¤N 1pi�p � kp for every
p P Πztp�u, and

°
1¤i¤N 1pi�p� � 0.15 By induction, we build a sequence pqnqn¥0 of

integers greater than or equal to 2, an increasing sequence pinqn¥0 and a non-decreasing
sequence pjnqn¥0 of non-negative integers, satisfying the following properties:

1. q0 ¡ 2
α log p� and log q0 ¥ α� 5;

2. K ¤ qn�1 ¤ pqn � 2q! for every n ¥ 0;

3. for every n ¥ 1, the following holds:

α� 5

q0 . . . qn�1
¤ log qn
q0 . . . qn�1

¤ α� 2

q0 . . . qn�2
,

where q0 . . . qn�2 is equal to 1 if n � 1;

4. qn � Kin

jn¹
j�jn�1�1

pj for every n ¥ 0, with j�1 � j0 � 0 (so we have q0 � pi0� q;

5. jn Ñ
nÑ8

N if N   �8, jn Ñ
nÑ8

�8 otherwise.

Such a sequence pqnqn¥0 satis�es the assumptions of the lemma.
We choose a large enough integer i0 such that the hypotheses on q0 � Ki0 are satis�ed.

Let n ¥ 0. Assume that the integers q0, . . . , qn, i0, . . . , in, j1, . . . , jn have been de�ned and
let us build qn�1, in�1, jn�1. In particular, the integers q0, . . . , qn satisfy

@k P t0, . . . , nu, log qk
q0 . . . qk�1

¥ α� 5

q0 . . . qk�1
.

Let jn�1 be the greatest integer k satisfying

� k ¥ jn and, if N   �8, k ¤ N ;

� K
k¹

j�jn�1

pj ¤ pqn � 2q!;

�

log
�±k

j�jn�1 pj

	
q0 . . . qn

¤ α

2
.

Let us consider the sequence pαiqi¥1 de�ned by

αi �
log

�
Ki

±jn�1

j�jn�1 pj

	
q0 . . . qn

,

and let I be the greatest integer i such that Ki
±jn�1

j�jn�1 pj ¤ pqn � 2q!. The sequence
pαiqi¥1 is an arithmetic progression with common di�erence

logK

q0 . . . qn
.

15�ppiqi¥1� and �
°

i¥1� in the case N � �8.
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Moreover, we have

α1 ¤ logK

q0
�

log
�±jn�1

j�jn�1 pj

	
q0 . . . qn

¤ α,

and, using the assumption on qn and the inequalities log pk!q ¥ k log pkq� k and log k ¤ k,

αI�1 �
log

�
KI�1

±jn�1

j�jn�1 pj

	
q0 . . . qn

¥ log ppqn � 2q!q
q0 . . . qn

� log pqn!q
q0 . . . qn

� log pqn � 1q
q0 . . . qn

� log pqnq
q0 . . . qn

¥ qn log pqnq � qn
q0 . . . qn

� log pqn � 1q
q0 . . . qn

� log pqnq
q0 . . . qn

¥ log pqnq
q0 . . . qn�1

� 3

q0 . . . qn�1

¥ α� 2

q0 . . . qn�1
.

Therefore, there exists i1 P t1, . . . , Iu such that

α� 2

q0 . . . qn�1
� logK

q0 . . . qn
¤ αi1 ¤ α� 2

q0 . . . qn�1
.

Since we have 2qn ¥ 2K ¥ K � logK ¥ 5� logK, we get

α� 5

q0 . . . qn
¤ αi1 ¤ α� 2

q0 . . . qn�1
.

It remains to set in�1 � i1 and qn�1 � Kin�1
±jn�1

j�jn�1 pj .

Finally, we have to check that the increasing sequence pjnqn¥1 of integers diverges if
N � �8, or converges to N if N is �nite. If it was not the case, then there would exist a
positive integer n such that the following hold for every k ¥ n:

Kpjn�1 ¡ pqk � 2q! or log pjn�1

q0 . . . qk
¡ α

2
.

But the integers qk are greater than or equal to 2, so it would mean that the sequence
pqkqk¥0 is bounded, which is in contradiction with the inequality log qk ¥ αq0 . . . qk, so
pjnqn¥1 satis�es the desired property. Hence the lemma.

Proof of Theorem I in the case α   �8. Let α be a positive real number and let S be an
odometer whose associated supernatural number

±
pPΠ p

kp satis�es the following property:
there exists a prime number p� such that kp� � �8. Without loss of generality, S is
the odometer on the Cantor set X �

±
n¥0 t0, 1, . . . , qn � 1u, where the sequence pqnqn¥0

satis�es 2 ¤ qn ¤ pqn � 2q! for every n ¥ 0 and log qn
hn

Ñ α. The existence of such a
sequence is granted by Lemma II.5.5. By Lemma II.5.3 and Proposition II.3.17, we can
�nd families of permutations such that the underlying odomutant T is a homeomorphism
strongly orbit equivalent to S and its topological entropy is equal to α.

Finally, given an increasing map φ : R� Ñ R�, the orbit equivalence is φ-integrable
if pφphn�1q{hnqn is summable, by Theorem II.3.16 (see Condition (C1)). This holds for
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φpxq � logpxq
log�mpxq . Indeed, we have

φphn�1q
hn

� 1

log�mphn�1q
log phn�1q

hn

¤ 1

log�mpqnq
�
log phnq
hn

� log qn
hn




¤ 1

log�mpqnq
�
1� log qn

hn



,

so using the monotonicity of the sequence
�
log qn
hn

	
n¥0

(see Remark II.5.4), we get

φphn�1q
hn

¤ 1

log�mpqnqp1� log q0q

and we are done by Lemma II.5.2 with β � α.

In the case α � �8, we prove Theorem I with the same methods as in [BH94], but
with our formalism. We will consider an odomutant T on

±
n¥0 t0, 1, . . . , qn � 1u, built

with uniform c-multiple permutations τ
pnq
j , where c � pcn, q̃nqn¥0, and for every n ¥ 0 and

every 0 ¤ j   q̃n�1, τ
pnq
j is a permutation on t0, 1, . . . , qn � 1u �xing 0 and qn � 1. For

every n ¥ 0, we assume that the map

j P t0, 1, . . . , q̃n�1 � 1u ÞÑ pτ pnqj pIpnq0 q, . . . , τ pnqj pIpnqq̃n�1qq
is κn�1-to-one for some positive integer κn�1 (as in the assumption of Lemma II.A.4).
Finally, we write χn � q̃n

κn
for every n ¥ 1. Then we have qn � cnq̃n for every n ¥ 0

and q̃n � κnχn for every n ¥ 1. The sequences phnq, pq̃nq, pcnq, pκnq, pχnq respectively
correspond to the sequences plkq, pmkq, pnkq, pjkq, pmkq in [BH94]. The integer χn�1 is

the number of sequences of the form pτ pnqj pIpnq0 q, . . . , τ pnqj pIpnqq̃n�1qq for j P t0, . . . , q̃n�1 � 1u,
so we have

1 ¤ χn�1 ¤ pqn � 2q!
cn!q̃n�2pcn � 1q!2 ,

thus motivating the following lemma.

Lemma II.5.6. Let p, q̃ and c be positive integers and q � q̃c. Assume that p ¥ 2 and
q ¥ 3. Then the greatest power of p less than or equal to

pq � 2q!
c!q̃�2pc� 1q!2

is greater than or equal to
1

p

1

q̃2

�
1

ec


q̃
q̃q.

Proof of Lemma II.5.6. Using the inequalities�
k

e


k
¤ k! ¤ e

�
k � 1

e


k�1

,

we get

pq � 2q!
c!q̃�2pc� 1q!2 �

c2

qpq � 1q
q!

pc� 1q!q̃
1

cq̃
¥

�
c

q


2
�
q
e

�q
eq̃
�
c
e

�cq̃ 1

cq̃
� 1

q̃2

�
1

ec


q̃
q̃q

and we are done.
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Proof of Theorem I in the case α � �8. Let

N �
¸

pPΠztp�u

kp P NY t�8u

and ppiq1¤i¤N be a sequence of prime numbers satisfying
°

1¤i¤N 1pi�p � kp for every
p P Πztp�u, and

°
1¤i¤N 1pi�p� � 0.16 Let us de�ne cn � pn� for every n ¥ 0. By induction,

we build sequences pκnqn¥1 and pχnqn¥0 of integers, and a non-decreasing sequence pjnqn¥1

of non-negative integers, satisfying the following properties:

1. for every n ¥ 0, χn�1 is the greatest power of p� less than or equal to pqn�2q!
cn!q̃n�2pcn�1q!2

,

where q̃n � κnχn (with κ0 � 1) and qn � cnq̃n;

2. κn � phn�

jn¹
j�jn�1�1

pj for every n ¥ 1, with j0 � 0;

3. jn Ñ
nÑ8

N if N   �8, jn Ñ
nÑ8

�8 otherwise.

Let us de�ne q̃0 � p�. Given n ¥ 0, assume that χ0, . . . , χn, j0, . . . , jn, κ1, . . . , κn have
been set (if n � 0, then there is no integer κi). We de�ne χn�1 as the greatest power of p�
less than or equal to pqn�2q!

cn!q̃n pcn�1q!2
, jn�1 as the greatest integer k satisfying

� jn ¤ k and, if N   �8, k ¤ N ;

�

±k
j�jn�1 pj ¤ p

hn�1
� ,

and κn�1 � p
hn�1
�

±jn�1

j�jn�1 pj . Let us de�ne T as the odomutant built with uniform

c-multiple permutations τ
pnq
j , with c � pcn, q̃nqn¥0, and assume that the assumption of

Lemma II.A.4 in Appendix II.A is satis�ed: for every n ¥ 0, the map

j P t0, 1, . . . , q̃n�1 � 1u ÞÑ pτ pnqj pIpnq0 q, . . . , τ pnqj pIpnqq̃n�1qq

is κn�1-to-1. Note that the fact that χn�1 is less than or equal to

pqn�1 � 2q!
cn�1!q̃n�1pcn�1 � 1q!2

enables us to �nd such families of permutations. It is straightforward to prove that jn Ñ
�8 if N � 8, or jn Ñ N if N   �8, so T is an odomutant associated to S.

Lemma II.A.4 implies

NpP̃pℓqhn�1
0 q ¥ q̃n±n

k�ℓ κ
hn{hk
k

for all n ¥ ℓ ¥ 1. By Lemma II.5.6, we have for every i ¥ 1,

q̃i � κiχi ¥ κi
1

p�

1

pq̃i�1q2
�

1

eci�1


q̃i�1

pq̃i�1qqi�1 ,

this gives

q̃
1{hi
i ¥ κ

1{hi
i

�
1

p�q̃2i�1


1{hi
�

1

eci�1


1{pci�1hi�1q

q̃
1{hi�1

i�1

16�ppiqi¥1� and �
°

i¥1� in the case N � �8.
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and we can apply this inequality many times to get

q̃1{hnn ¥
�

n¹
i�1

κ
1{hi
i

��
n¹
i�1

�
1

p�q̃2i�1


1{hi
�

1

eci�1


1{pci�1hi�1q
�
q̃0

¥
�

n¹
i�ℓ

κ
1{hi
i

��
n¹
i�1

�
1

p�q̃2i�1


1{hi
�

1

eci�1


1{pci�1hi�1q
�
pℓ�1
� q̃0.

Hence we have,

logNpP̃pℓqhn�1
0 q

hn
¥ pℓ� 1q log p� � log q̃0 �

ņ

i�1

�
log pp�q̃2i�1q

hi
� log peci�1q

ci�1hi�1



.

It is straightforward to check that the series
°�8
i�1

�
log pp�q̃2i�1q

hi
� log peci�1q

ci�1hi�1

	
converges and

we denote by V its value. We are now able to get that T has in�nite topological entropy:

htoppT q ¥ lim
ℓÑ�8

htoppT, P̃pℓqq ¥ lim
ℓÑ�8

ppℓ� 1q log p� � log q̃0 � V q � �8.

Let us �nally check Condition (C1) in Lemma II.3.16 to prove that there exists a strong
orbit equivalence between T and S, which is φm-integrable for everym ¥ 0, where φmpxq �

logpxq

logp�mqpxq
. We �rst have cn ¤ pp�qhn , χn ¤ pqn�1qqn�1 ¤ phnqqn�1 and log κn ¤ 2hn log p�

by de�nition, so

log hn�1 � log hn � log cn � log κn � logχn ¤ p1� 3 log p�qhn � qn�1 log hn,

this implies
log hn�1

hn
¤ p1� 3 log p�q � log hn

hn�1

and we get log hn�1

hn
� Opnq. Then, it remains to prove that the sequence

�
n

logp�mqphn�1q

	
n¥0

is summable. This is a consequence of Lemma II.5.2 with β � log p�, since we have

log qn ¥ log κn ¥ hn log p�

by de�nition of κn. So there exists a strong orbit equivalence between T and S, which is
φm-integrable for every m ¥ 0.

II.6 Orbit equivalence with almost integrable cocycles

In this section, we prove that being orbit equivalent to an odometer, with almost integrable
cocycles, does not imply being �ip-conjugate to it.

Theorem II.6.1. Let φ : R� Ñ R� be a sublinear map and S an odometer. There exists a
probability measure-preserving transformation T such that S and T are φ-integrably orbit
equivalent but not �ip-conjugate.

For Theorems G and I, some invariants (loose Bernoullicity property, entropy) ensure
that we build an odomutant T which is not �ip-conjugate to the associated odometer
S. For Theorem II.6.1, we use the fact that every odometer is coalescent (see Theo-
rem II.2.14). Given a sublinear map φ : R� Ñ R�, the goal is to �nd families of permuta-

tions
�
σ
pnq
xn�1

	
0¤xn�1 qn�1

, for n ¥ 0, such that the factor map

ψ : x P X Ñ pσp0qx1 px0q, σp1qx2 px1q, σp2qx3 px2q, . . .q P X
from the associated odomutant T to S is not an isomorphism, with φ-integrable cocycles
for the orbit equivalence between S and T .
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Lemma II.6.2. Let pqnqn¥0 be a sequence of integers greater or equal to 2. For every

n ¥ 0, let
�
σ
pnq
xn�1

	
0¤xn�1 qn�1

be a family of permutations of the set t0, 1, . . . , qn � 1u,
de�ned by:

@xn�1 P t0, . . . , qn�1 � 1u, @i P t0, . . . , qn � 1u, σpnqxn�1
piq � i� xn�1 mod qn.

Assume that the in�nite product
±
n¥0

�
1� 1

qn

	
converges17. Then ψ : x P X Ñ

pσpnqxn�1pxnqqn¥0 P X is not injective almost everywhere.

Proof of Lemma II.6.2. Let Y1 � tx P X | @n ¥ 0, xn �� pqn � 1q1n is evenu and Y2 � tx P
X | @n ¥ 0, xn �� pqn � 1q1n is oddu. It is straightforward to check that

µpY1q � µpY2q �
¹
n¥0

�
1� 1

qn



¡ 0.

Let θ : X Ñ X de�ned by:

θpxq� pxn � p�1qn mod qnqn¥0.

The map θ is in AutpX,µq since X can be seen as the compact group
±
n¥0 Z{qnZ, with

its Haar probability measure µ and θ as the translation by pp�1qnqn¥0. Moreover, θ is a
bijection from Y1 to Y2 and we have ψpθpxqq � ψpxq for all x P Y1.

Let us prove by contradiction that ψ is not injective almost everywhere. Assume that
ψ is injective on a measurable set X0 of full measure. This hypothesis and the equality
ψ � θ � ψ on Y1 imply that the sets X0 and θpX0 X Y1q are disjoint. This �nally gives

µppX0qcq ¥ µ pθpX0 X Y1qq � µpX0 X Y1q � µpY1q ¡ 0

and we get a contradiction since pX0qc has zero measure.

Before the proof of Theorem J, we use a lemma stated in [CJLMT23] and which enables
us to reduce to the case where the sublinear map φ is non-decreasing (actually the statement
is stronger but we only need the monotonicity).

Lemma II.6.3 (Lemma 2.12 in [CJLMT23]). Let φ : R� Ñ R� be a sublinear function.
Then there is a sublinear non-decreasing function φ̃ : R� Ñ R� such that φptq ¤ φ̃ptq for
all t large enough.

Proof of Theorem J. Let φ : R� Ñ R� be a sublinear map. If φ̃ is another sublinear
map satisfying φptq � Opφ̃ptqq, then φ̃-integrability implies φ-integrability. Therefore, by
Lemma II.6.3, we assume without loss of generality that φ is non-decreasing.

Let pqnqn¥0 be a sequence of integers greater or equal to 2 and S the odometer on X �±
n¥0 t0, 1, . . . , qn � 1u. The Halmos-von Neumann theorem implies that S is conjugate

to the odometer on
±
n¥0 t0, 1, . . . , qin�1 . . . qin�1 � 1u for any increasing sequence pinqn¥0

satisfying i0 � 0. Therefore, we can assume without loss of generality that the integers qn
are su�ciently large so that they satisfy the following properties:

1.
±
n¥0

�
1� 1

qn

	
converges17;

2. the series
¸ φp2hnq

hn
converges.

17By de�nition, the in�nite product
±

n¥0

�
1� 1

qn

	
converges if the sequence

�±n
k�0

�
1� 1

qk

		
n¥0

converges to a nonzero real number.
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Let T be the odomutant built from S and the same families
�
σ
pnq
xn�1

	
0¤xn�1 qn�1

as in

Lemma II.6.2. By this lemma and Theorem II.2.14, S and T are not conjugate. Since S
is conjugate to its inverse S�1 (by the Halmos-von Neumann theorem), S and T are not
�ip-conjugate.

It remains to quantify the cocycles, using Condition (C2) of Theorem II.3.16. Let n ¥ 0
and xn�1 P t0, . . . , qn�1� 1u, and i P t0, . . . , qn� 1u such that xn�1 � i mod qn. For every
x P t0, . . . , qn � 2uztqn � i� 1u, we have

�
σpnqxn�1

	�1
pσpnqxn�1

pxnq � 1q � xn � σpnqxn�1
p1� xnq � σpnqxn�1

pxnq � 1.

For xn � qn � 1, we consider the following bounds:

�����σpnqxn�1

	�1
pσpnqxn�1

pxnq � 1q � xn

���� ¤ qn

and
���σpnqxn�1

p1� xnq � σpnqxn�1
pxnq

��� ¤ qn.

We �nally get

¸
n¥0

1

hn�2

¸
0¤xn qn,

0¤xn�1 qn�1,

σ
pnq
xn�1

pxnq��qn�1

φ

�
hn

�
1�

�����σpnqxn�1

	�1
pσpnqxn�1

pxnq � 1q � xn

����




�
¸
n¥0

1

hn�2

¸
0¤xn¤qn�2,
0¤xn�1 qn�1
xn ��qn�i�1

φ

�
hn

�
1�

�����σpnqxn�1

	�1
pσpnqxn�1

pxnq � 1q � xn

����




¤
¸
n¥0

1

hn�2

¸
0¤xn�1 qn�1

ppqn � 2qφp2hnq � φphnp1� qnqqq

¤
¸
n¥0

φp2hnq
hn

�
¸
n¥0

φp2hn�1q
hn�1

  �8

and similarly

¸
n¥0

1

hn�2

¸
0¤xn¤qn�2,
0¤xn�1 qn�1

φ
�
hn

�
1�

���σpnqxn�1
p1� xnq � σpnqxn�1

pxnq
���		   8,

so S and T are φ-integrably orbit equivalent.

Remark II.6.4. As Theorem I, the odomutants T in Theorem G and I can be built as
homeomorphisms, with a strong orbit equivalence between them and the odometers S.
This is clear for Theorem G since we may assume σpn,iqpqn � 1q � qn � 1 without loss of
generality. For Theorem J, we have to slightly modify the settings in Lemma II.6.2 and

its proof. For example, we can de�ne σ
pnq
xn�1 as the permutation mapping 0 to 0, qn � 1 to

qn � 1 and i P t1, . . . , qn � 2u to 1 � pi � 1 � xn�1 mod qn � 2q. The set Y1 becomes the
set of x P X such that xn R t0, qn � 2, qn � 1u if n is even, xn R t0, 1, qn � 1u if n is odd,
and vice versa for Y2. Then the ideas remain the same.
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II.A Some combinatorial properties

In this section, we �x an odomutant T built with uniformly c-multiple permutations, with
c � pcn, q̃nqn¥0 and qn � cnq̃n. We refer the reader to De�nition II.3.3 for all the notations
that we will use, although not de�ned in this section (for instance the partitions P̃pℓq, the
segments I

pℓq
j , etc).

In the proof of Theorem I, for combinatorial purposes appearing in the computation of
topological entropy, we need to understand the dynamics of this odomutant with respect to
the associated partition P̃pℓq for some ℓ. Indeed, as explained in Example II.2.3, computing
the topological entropy with respect to a clopen partition partly consists in counting words
given by the associated coding map. Recall that, given cn � 1 for every n ¥ 0, and an
odomutant built with c-multiple permutations, P̃pℓq is the partition Ppℓq in ℓ-cylinders of
the space X �±

n¥0 t0, . . . , qn � 1u, as introduced in Example II.2.3.
As we can notice in the proofs of the following results, it is more convenient for the

computations that the permutations have common �xed points (here this is the point 0),
as in Section II.3.e when one wants to extend an odomutant to a homeomorphism. With
this assumption, at each step of the cutting-and-stacking construction, we can study the
words produced by the points in the �rst level of the towers, and the recurrence relation
describing such a word at step n�1 as a concatenation of words at step n (Lemmas II.A.1
and II.A.3). Counting only these words gives a lower bound of the number of all the words
produced by the coding map, thus providing a lower bound of the topological entropy with
respect to the clopen partition that we consider. If this lower bound of htoppT q diverges to
�8, then we have built an odomutant of in�nite entropy. This is the strategy that we will
apply in the proof of Theorem I in the case α � �8, using a lower bound on the number
of words provided by Lemma II.A.4 when the odomutant satis�es some assumptions. Note
that this lemma is a reformulation of the main ideas of Boyle and Handelman for the
proof of their similar statement [BH94, Section 3]. In the case α   �8, we will need an
exact formula on the entropy. To this purpose, Lemma II.A.6 provides an upper bound of
the number of all words produced by a coding map, and thus a �ner upper bound of the
entropy as we see in the proof of Theorem I.

Lemma II.A.1. Let ℓ ¥ 1 and T be an odomutant built with uniformly c-multiple permu-
tations �xing 0.

1. For every n ¥ ℓ� 1, for every xn P t0, 1, . . . , qn � 1u, the set

trP̃pℓqshnpxq | x P r0, . . . , 0, xnsn�1u
is a singleton, denoted by tW pP̃pℓqqpnqxn u.

2. The following holds in the case n � ℓ� 1: the preimages of the map

xℓ�1 P t0, 1, . . . , qℓ�1 � 1u ÞÑW pP̃pℓqqpℓ�1q
xℓ�1

are Ipℓ�1q
0 , . . . , I

pℓ�1q
q̃ℓ�1

. Therefore this map is cℓ�1-to-1.

3. For every n   ℓ� 1, for every pxn, . . . , xℓ�1q P
±
n¤i¤ℓ�1 t0, 1, . . . , qi � 1u, the set

trP̃pℓqshnpxq | x P r0, . . . , 0, xn, . . . , xℓ�1sℓu
is a singleton, denoted by tW pP̃pℓqqpnqxn,...,xℓ�1u.

4. For every n   ℓ�1 and every pxn, . . . , xℓ�2q P
±
n¤i¤ℓ�2 t0, 1, . . . , qi � 1u, the preim-

ages of the map

xℓ�1 P t0, 1, . . . , qℓ�1 � 1u ÞÑW pP̃pℓqqpnqxn,...,xℓ�2,xℓ�1

are Ipℓ�1q
0 , . . . , I

pℓ�1q
q̃ℓ�1

. Therefore this map is cℓ�1-to-1.



II.A. SOME COMBINATORIAL PROPERTIES 91

Remark II.A.2.

� In the case of multiple permutations with cn � 1 for every n ¥ 0 (so q̃n � qn), we

get P̃pℓq � Ppℓq and Ipℓqj � tju for every ℓ ¥ 1 and every j P t0, . . . , qℓ � 1u, so the
map

xℓ�1 P t0, 1, . . . , qℓ�1 � 1u ÞÑW pPpℓqqpℓ�1q
xℓ�1

is injective.

� The �rst point of the above lemma remains true if we replace P̃pℓq by any partition P
re�ned by Ppℓq. Indeed, the result is true for the partition Ppℓq (it su�ces to consider
T as an odomutant built with multiple permutations and cn � 1). Moreover, the
word rP̃shnpxq is obtained from the word rP̃pℓqshnpxq by applying letters by letters
the projection which maps P P P̃pℓq to the atom of P containing P .

Proof of Lemma II.A.1. Let x P r0, . . . , 0, xnsn�1. We can write x �
p0, . . . , 0loomoon
n times

, xn, xn�1, . . .q. All the permutations �x 0, so for every i ¥ n � 1, we

have

ψipxq � p0, . . . , 0loomoon
n times

, σpnqxn�1
pxnq, . . . , σpiqxi�1

pxiq, xi�1, xi�2, . . .q.

For k P t0, 1, . . . , hn�1u, let pk0, k1, . . . , kn�1q be the n-tuple in
±

0¤i¤n�1 t0, 1, . . . , qi � 1u
satisfying

k � k0 � h1k1 � . . .� hn�1kn�1.

We then have

Skψipxq � pk0, k1, . . . , kn�1, σ
pnq
xn�1

pxnq, . . . , σpiqxi�1
pxiq, xi�1, xi�2, . . .q

so T kx is equal to pypkq0 , . . . , y
pkq
n�1, xn, xn�1, . . .q where ypkqi de�ned by

ypkqn � xn,

@ 0 ¤ i ¤ n� 1, y
pkq
i �

�
σ
piq

y
pkq
i�1


�1

pkiq.

Denote by jpk, ℓ�1q the integer in t0, 1, . . . , q̃ℓ�1u satisfying ypkqℓ�1 P Ipℓ�1q
jpk,ℓ�1q. For every k P

t0, 1, . . . , hn � 1u, pypkq0 , . . . , y
pkq
n q does not depend on xn�1, xn�2, . . . and only depends on

xn, so does the hn-tuple prypkq0 , . . . , y
pkq
ℓ�2, I

pℓ�1q
jpk,ℓ�1qsℓq0¤k¤hn�1 which is equal to rP̃pℓqshnpxq.

In the case n � ℓ � 1, we have y
pkq
ℓ�1 � xn, so the value of the word W pP̃pℓqqpnqxn only

depends on the interval I
pnq
j containing xn.

We similarly prove the last two items.

Lemma II.A.3. Let ℓ ¥ 1 and T be an odomutant built with uniformly c-multiple permu-
tations �xing 0. Let us recall the words W pP̃pℓqqpnqxn de�ned in Lemma II.A.1. Then, for
every n ¥ ℓ� 1 and xn P t0, 1, . . . , qn � 1u, we have

W pP̃pℓqqpn�1q
xn�1

�W pP̃pℓqqpnq0 �W pP̃pℓqqpnq�
σ
pnq
xn�1

	�1
p1q
� . . . �W pP̃pℓqqpnq�

σ
pnq
xn�1

	�1
pqn�1q

.

Proof of Lemma II.A.3. Given n ¥ ℓ� 1, note that we have

t0, 1, . . . , hn�1 � 1u �
§

0¤i qn

�
t0, 1, . . . , hn � 1u � hni

	
.
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Moreover if i is in t0, 1, . . . , qn � 1u, if xn�1 is in t0, 1, . . . , qn�1 � 1u, we have

T ihnpr0, . . . , 0, 0, xn�1sn�2q � r0, . . . , 0,
�
σpnqxn�1

	�1
piq, xn�1sn�2.

This implies that, for a �xed x P r0, . . . , 0, 0, xn�1sn�2, the element yi � T ihnpxq is in

r0, . . . , 0,
�
σ
pnq
xn�1

	�1
piqsn�1 and we get

rP̃pℓqsihn,pi�1qhn�1pxq � rP̃pℓqshnpT ihnpxqq � rP̃pℓqshnpyiq �W pP̃pℓqqpnq�
σ
pnq
xn�1

	�1
piq

by Lemma II.A.1. Finally the hn�1-word on x is the following concatenation:

W pP̃pℓqqpnqxn�1
� rP̃pℓqshn�1pxq
� rP̃pℓqs0,hn�1�1pxq
� rP̃pℓqs0,hn�1pxq � rP̃pℓqshn,2hn�1pxq � . . . � rP̃pℓqshnpqn�1�1q,hn�1�1pxq
�W pP̃pℓqqpnq�

σ
pnq
xn�1

	�1
p0q
�W pP̃pℓqqpnq�

σ
pnq
xn�1

	�1
p1q
� . . . �W pP̃pℓqqpnq�

σ
pnq
xn�1

	�1
pqn�1q

�W pP̃pℓqqpnq0 �W pP̃pℓqqpnq�
σ
pnq
xn�1

	�1
p1q
� . . . �W pP̃pℓqqpnq�

σ
pnq
xn�1

	�1
pqn�1q

and we are done.

Lemma II.A.4. Let T be an odomutant built with uniformly c-multiple permutations τ pnqj

�xing 0. Let pκnqn¥1 be a sequence of positive integers and assume that for every n ¥ 0,
the map

j P t0, 1, . . . , q̃n�1 � 1u ÞÑ pτ pnqj pIpnq0 q, . . . , τ pnqj pIpnqq̃n�1qq
is κn�1-to-1 (in particular, κn�1 divides q̃n�1)18. Then, for all n ¥ ℓ ¥ 1, we have

���!W pP̃pℓqqpnqxn | 0 ¤ xn ¤ qn � 1
)��� ¥ q̃n±n

k�ℓ κ
hn{hk
k

.

Remark II.A.5. In the case of uniform permutations with pairwise di�erent permutations,
the lemma implies that ���!W pP̃pℓqqpnqxn | 0 ¤ xn ¤ qn � 1

)��� � qn

soW pP̃pℓqqpnqxn is an injective function of xn. This could also be deduced from Lemma II.A.3.
Therefore, odomutants can have more words in their language than odometer, and then
their entropy can be positive.

Proof of Lemma II.A.4. Let pP̃pℓqqℓ¥1 be the sequence of partitions associated to the con-
struction of this odomutant with uniformly c-multiple permutations. Given n ¥ ℓ ¥ 1, we
consider the projection πn�1,ℓ : P̃pn � 1q Ñ P̃pℓq which maps P P P̃pn � 1q to the atom
of P̃pℓq containing P . This projection induces a map on the set of words with letters in
P̃pn� 1q, it consists in projecting each entry on P̃pℓq.

18Let us go back to the intuition behind uniformly multiple permutations. Since we consider the par-
titions P̃pℓq instead of Ppℓq, we cannot distinguish between the copies of a subcolumn that we stack

to form each tower. Therefore, given two permutations τ
pnq
j and τ

pnq

j1 , if pτ
pnq
j pI

pnq
0 q, . . . , τ

pnq
j pI

pnq
q̃n�1qq �

pτ
pnq

j1 pI
pnq
0 q, . . . , τ

pnq

j1 pI
pnq
q̃n�1qq, then we cannot distinguish between the permutations that they encode, al-

though these permutations are di�erent.
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Claim 1. Let x P r0, . . . , 0sn and k P t1, . . . , nu. For every i P t0, 1, . . . , hnhk � 1u and

every j P t0, 1, . . . , qk�1 � 1u, the point xpi,jq � T ihk�jhk�1x is in r0, . . . , 0sk�1. Moreover,
pxpi,jqqk does not depend on j and we have

pxpi,jqqk � σ
pkq

pxpi,jqqk�1
pikq and pxpi,jqqk�1 � σ

pk�1q

pxpi,jqqk
pjq

where ik �
Y
i
qk

]
.

Proof of the claim. Let us write ihk � ikhk � ik�1hk�1 � . . . � in�1hn�1 with im P
t0, . . . , qm � 1u for every m P tk, . . . , n� 1u. Given j ¥ n, we have

ψjpxq � p0, . . . , 0loomoon
n times

, σpnqxn�1
pxnq, . . .q

and
Sihk�jhk�1ψjpxq � p0, . . . , 0loomoon

k�1 times

, j, ik, . . . , in�1, σ
pnq
xn�1

pxnq, . . .q.

Hence we get xpi,jq � ψ�1
j Sihk�jhk�1ψjpxq for every j ¥ n, which implies

pxpi,jqqn � xn,

pxpi,jqqn�1 � σpn�1q
xn pin�1q,

pxpi,jqqn�2 � σ
pn�2q

pxpi,jqqn�1
pin�2q,

...

pxpi,jqqk � σ
pkq

pxpi,jqqk�1
pikq,

pxpi,jqqk�1 � σ
pk�1q

pxpi,jqqk
pjq,

so we are done. �claim

Claim 2. With the hypotheses of the lemma, for every k P tℓ, . . . , nu, the map

πk�1,k :
!
W pP̃pk � 1qqpnqxn | 0 ¤ xn ¤ qn � 1

)
Ñ

!
W pP̃pkqqpnqxn | 0 ¤ xn ¤ qn � 1

)
is at most κhn{hkk -to-1.

Proof of the claim. Let x P r0, . . . , 0sn. We have rP̃pk � 1qshnpxq � W pP̃pk � 1qqpnqxn and

rP̃pkqshnpxq � W pP̃pkqqpnqxn . We �rst write these words as a concatenation of words of
size hk�1, namely the words rP̃pk � 1qshk�1

pTmhk�1xq or rP̃pkqshk�1
pTmhk�1xq for m P

t0, 1, . . . , hn
hk�1

�1u. Givenm P t0, 1, 2, . . . , hn
hk�1

�1u, the point Tmhk�1pxq is in r0, . . . , 0sk�1

by the last claim, so we have

rP̃pk � 1qshk�1
pTmhk�1pxqq �W pP̃pk � 1qqpk�1q

pTmhk�1 pxqqk�1,pT
mhk�1 pxqqk

and
rP̃pkqshk�1

pTmhk�1pxqq �W pP̃pkqqpk�1q

pTmhk�1 pxqqk�1
.

Secondly, we gather these words of length hk�1 in groups Mpk� 1qxn,i or Mpkqxn,i of qk�1

words:

Mpk � 1qxn,i � W pP̃pk � 1qqpk�1q

pxpi,0qqk�1,pxpi,0qqk
�W pP̃pk � 1qqpk�1q

pxpi,1qqk�1,pxpi,1qqk

� . . . �W pP̃pk � 1qqpk�1q

pxpi,qk�1�1qqk�1,px
pi,qk�1�1qqk
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and

Mpkqxn,i �W pP̃pkqqpk�1q

pxpi,0qqk�1
�W pP̃pkqqpk�1q

pxpi,1qqk�1
� . . . �W pP̃pkqqpk�1q

pxpi,qk�1�1qqk�1

for all i P t0, 1, . . . , hnhk � 1u in such a way that we have

W pP̃pk � 1qqpnqxn �Mpk � 1qxn,0 �Mpk � 1qxn,1 � . . . �Mpk � 1qxn,hnhk �1

and
W pP̃pkqqpnqxn �Mpkqxn,0 �Mpkqxn,1 � . . . �Mpkqxn,hnhk �1.

To prove the lemma, it now remains to prove that, for every i P t0, 1, . . . , hnhk �1u, the map

πk�1,k : tMpk � 1qxn,i | 0 ¤ xn ¤ qn � 1u Ñ tMpkqxn,i | 0 ¤ xn ¤ qn � 1u
is at most κk-to-1. Let us �x a word Mpkqxn,i with i P t0, 1, . . . , hnhk � 1u and
xn P t0, 1, . . . , qn � 1u. We write ik � ti{qku. By the last claim, the quantities
pxpi,0qqk, . . . , pxpi,qk�1�1qqk are equal and their common value is denoted by Xk, and we
have

pxpiqk�1,jqqk�1 �
�
σ
pk�1q
Xk

	�1
pjq (II.7)

for every j P t0, 1, . . . , qk�1u. This �rst implies that

pxpi,0qqk�1, pxpi,1qqk�1, . . . , pxpi,qk�1�1qqk�1

are qk�1 pairwise di�erent elements of t0, 1, . . . , qk�1 � 1u. Since we know each subword

W pP̃pkqqpk�1q

pxpi,jqqk�1
of Mpkqxn,i, the third item of Lemma II.A.1 implies that we completely

know the sets I
pk�1q
0 , . . . , I

pk�1q
q̃k�1�1, so�
σ
pk�1q
Xk

pIpk�1q
0 q, . . . , σpk�1q

Xk
pIpk�1q
q̃k�1�1q

	
is also completely determined. By assumptions, Xk is in the disjoint union of κk sets of

the form I
pkq
j .

To conclude, we have proved that, if we have πk�1,kpMpk�1qyn,iq �Mpkqxn,i for some
yn P t0, 1, . . . , qn � 1u, then Mpk � 1qyn,i is of the form

W pP̃pk � 1qqpk�1q

pxpi,0qqk�1,Xk
�W pP̃pk � 1qqpk�1q

pxpi,1qqk�1,Xk
� . . . �W pP̃pk � 1qqpk�1q

pxpi,qk�1�1qqk�1,Xk

with Xk in the disjoint union of κk sets of the form I
pkq
j , and which completely deter-

mines pxpi,0qqk�1, pxpi,1qqk�1, . . . , pxpi,qk�1�1qqk�1 by Equality (II.7). But since two ele-

ments Xk and X 1
k in the same I

pkq
j provide the same word Mpk � 1qyn,i (by the last

item of Lemma II.A.1), we get that there are at most κk possible values for the word
Mpk � 1qyn,i. �claim

By the last claim, the map

πn�1,ℓ :
!
W pP̃pn� 1qqpnqxn | 0 ¤ xn ¤ qn � 1

)
Ñ

!
W pP̃pℓqqpnqxn | 0 ¤ xn ¤ qn � 1

)

is at most

�
n¹
k�ℓ

κ
hn{hk
k

�
-to-1, so we have

���!W pP̃pℓqqpnqxn | 0 ¤ xn ¤ qn � 1
)��� ¥

���!W pP̃pn� 1qqpnqxn | 0 ¤ xn ¤ qn � 1
)���±n

k�ℓ κ
hn{hk
k

and the result follows from the second item of Lemma II.A.1.
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Lemma II.A.6. Let pqnqn¥0 be a sequence of integers greater than or equal to 2 and

satisfying qn�1 ¤ pqn � 2q!. Then there exist permutations σpnqxn�1, for n ¥ 0 and xn�1 P
t0, . . . , qn�1 � 1u, satisfying the following properties:

1. for every n ¥ 0, the maps σpnq0 , σ
pnq
1 , . . . , σ

pnq
qn�1�1 are pairwise di�erent permutations

of the set t0, . . . , qn � 1u, �xing 0 and qn � 1;

2. the following bounds hold for every n ¥ ℓ ¥ 1:

qn ¤ NpPpℓqhn�1
0 q ¤ hn�1qnq

2
n�12

qn�1

Proof of Lemma II.A.6. Let us recall that NpPpℓqhn�1
0 q is equal to the cardinality of

trPpℓqshnpxq | x P Xu. If the permutations σ
pnq
0 , σ

pnq
1 , . . . , σ

pnq
qn�1�1 are pairwise di�erent

for every n ¥ 0, then we get NpPpℓqhn�1
0 q ¥ qn for the underlying odomutant (see Re-

mark II.A.5 following Lemma II.A.4).
Given n ¥ 0, let in P t2, . . . , qn�2u be such that pin�1q!   qn�1 ¤ in! and let us choose

any family
�
σ
pnq
xn�1

	
0¤xn�1 qn�1

of pairwise di�erent permutations of the set t0, . . . , qn�1u
�xing 0, in � 1, in � 2, . . . , qn � 1. Given an integer ℓ ¥ 1, let us �nd an upper bound of
NpPpℓqhn�1

0 q for every n ¥ ℓ. Let n ¥ ℓ and x P X. There exists i P t0, 1, . . . , hn � 1u
such that y � T�ix is in r0, . . . , 0, xnsn�1. Let us write z � T hnx. Thus rPpℓqshnpxq is
the concatenation of a �nal subword of W pPpℓqqpnqxn and an initial subword of W pPpℓqqpnqzn .
Writing i � jhn�1 � r with integers j P t0, . . . , qn�1 � 1u and r P t0, . . . , hn�1 � 1u, and
using Lemma II.A.3, we have

rPpℓqshnpxq � w �W pPpℓqqpn�1q�
σ
pn�1q
xn

	�1
pj�1q

� . . . �W pPpℓqqpn�1q�
σ
pn�1q
xn

	�1
pqn�1�2q

�W pPpℓqqpn�1q
qn�1�1

�W pPpℓqqpn�1q
0 �W pPpℓqqpn�1q�

σ
pn�1q
zn

	�1
p1q
� . . . �W pPpℓqqpn�1q�

σ
pn�1q
zn

	�1
pj�1q

� w1

where w is a �nal subword ofW pPpℓqqpn�1q�
σ
pn�1q
xn

	�1
pjq

of length hn�1�r, and w1 an initial sub-

word of W pPpℓqqpn�1q�
σ
pn�1q
zn

	�1
pjq

of length r. Therefore, to every word of the form rPpℓqshnpxq
for the points x P X sharing the same integers xn, zn, j and r, we can associate the family��

σpn�1q
xn

	�1
pjq, . . . ,

�
σpn�1q
xn

	�1
pqn�1 � 2q,

�
σpn�1q
zn

	�1
p1q, . . . ,

�
σpn�1q
zn

	�1
pjq



.

In the particular cases j � 0 and j � qn�1 � 1, this family is respectively equal to��
σpn�1q
xn

	�1
p1q, . . . ,

�
σpn�1q
xn

	�1
pqn�1 � 2q




and ��
σpn�1q
zn

	�1
p1q, . . . ,

�
σpn�1q
zn

	�1
pqn�1 � 2q



.

Moreover, this association is injective, as a consequence of Remark II.A.2 following
Lemma II.A.1. Thus we have

NpPpℓqhn�1
0 q ¤

hn�1�1¸
r�0

�
a
pnq
1 � b

pnq
qn�1�2 �

qn�1�2¸
j�1

a
pnq
j � b

pnq
j

�

¤ hn�1

�
a
pnq
1 � b

pnq
qn�1�2 �

qn�1�2¸
j�1

a
pnq
j � b

pnq
j

�
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where a
pnq
j and b

pnq
j are respectively the cardinality of

"��
σpn�1q
xn

	�1
pjq, . . . ,

�
σpn�1q
xn

	�1
pqn�1 � 2q



| xn P t0, 1, . . . , qn � 1u

*

and "��
σpn�1q
xn

	�1
p1q, . . . ,

�
σpn�1q
xn

	�1
pjq



| xn P t0, 1, . . . , qn � 1u

*
.

We now �nd upper bounds of the quantities a
pnq
j and b

pnq
j , using the properties of the

permutations that we have chosen at the beginning of this proof. We have a
pnq
1 � qn,

a
pnq
j ¤ in�1� . . .� j if 1 ¤ j ¤ in�1 and a

pnq
j � 1 if in�1� 1 ¤ j ¤ qn�1� 2. We also have

b
pnq
j ¤ in�1 � . . .� pin�1 � j � 1q if 1 ¤ j ¤ in�1 � 1 and b

pnq
j � qn if in�1 ¤ j ¤ qn�1 � 2.

We then get

a
pnq
1 � b

pnq
qn�1�2 �

qn�1�2¸
j�1

a
pnq
j � b

pnq
j

¤ 2qn �
�
in�1�1¸
j�1

in�1!

pj � 1q!
in�1!

pin�1 � jq!

�
� qnin�1 �

�
� qn�1�2¸
j�in�1�1

qn

�



¤ qnqn�1 � i2n�1pin�1 � 1q!
in�1�1¸
j�1

�
in�1 � 1

j � 1




¤ qnqn�1 � q2n�1qn2
in�1�1

¤ qnq
2
n�12

in�1

¤ qnq
2
n�12

qn�1 ,

and we are done

II.B Further comments on odomutants: Bratteli diagrams,
strong orbit equivalence

II.B.a Bratteli diagrams, strong orbit equivalence

We introduce the most important de�nitions and results in the context of strong orbit
equivalence. For more details, we refer the reader to [HPS92] and [GPS95].

Bratteli diagrams

A Bratteli diagram is a graph B � pV,Eq with the set of vertices

V �
§
k¥0

Vk

and the set of edges

E �
§
k¥0

Ek,

where Vk and Ek are �nite, V0 � tvp0qu and the edges in Ek connect vertices in Vk to vertices
in Vk�1 (multiple edges between two vertices are allowed). If ek P Ek connects vk P Vk to
vk�1 P Vk�1, we write spekq � vk and rpekq � vk�1, this provides maps s : E Ñ V (source
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map) satisfying spEkq � Vk and r : E Ñ V (range map) satisfying rpEkq � Vk�1. We
assume that

@v P V, s�1pvq �� H
and

@v P V zV0, r�1pvq �� H.
For k   ℓ, a path from vk P Vk to vℓ P Vℓ is a tuple pek, ek�1, . . . , eℓ�1q satisfying spekq � vk,
rpeiq � spei�1q for every i P tk, . . . , ℓ� 2u and rpeℓ�1q � vℓ.

An ordered Bratteli diagram is a Bratteli diagram together with a linear order in
r�1pvq for every v P V zV0, namely we consider a bijection

r�1pvq Ñ t0, 1, . . . , |r�1pvq| � 1u
for every v P V zV0. Then we consider Ek as a subset of Vk � Vk�1 �N: an edge ek P Ek is
written as pvk, vk�1, ρkq where vk � spekq, vk�1 � rpekq and ρk P t0, . . . , |r�1pekq| � 1u is
the rank of ek for the linear order in r�1pvk�1q, we write ρk � rkpekq.

Let us set

XB �

#
pekqk¥0 P

¹
k¥0

Ek | @k ¥ 0, rpekq � spek�1q
+
,

XB,min � tpekqk¥0 P XB | @k ¥ 0, rkpekq � 0u
and XB,max �

 pekqk¥0 P X | @k ¥ 0, rkpekq � |r�1prpekqq| � 1
(
.

As a subset of
±
k¥0Ek, XB is endowed with the induced product topology. XB is a

compact and totally disconnected metric space. By de�nition, the cylinders19 of XB are
clopen sets and form a basis of the topology.

A Bratteli diagram is simple if there exists a subsequence pknq such that for every pair
of vertices in Vkn �Vkn�1 , there exits a path between them. If an ordered Bratteli diagram
is simple, then XB has no isolated points, so it is a Cantor set.

Given a Bratteli diagram B � pV,Eq, we can enumerate the vertices of each Vn:

Vn �
!
v
pnq
0 , . . . , v

pnq
|Vn|�1

)
;

and de�ne the incidence matrices

Mn �
�
m
pnq
i,j

	
0¤i¤|Vn�1|�1
0¤j¤|Vn|�1

where m
pnq
i,j is the number of edges of En connecting v

pnq
j to v

pn�1q
i .

Bratteli-Vershik systems

Given an ordered Bratteli diagram B, we de�ne a map TB : XBzXB,max Ñ XBzXB,min in
the following way.

Let x � pekqk¥0 P XBzXB,max and

N � minti ¥ 0 | rkpeiq   |r�1prpeiqq| � 1u.
Let fN be the edge in r�1prpeN qq satisfying rkpfN q � rkpeN q � 1 and pf0, . . . , fN�1q the
minimal path from vp0q to spfN q, namely this is the unique path satisfying rkpfiq � 0 for
every i P t0, . . . , N � 1u.20 Then we de�ne

TBx� pf1, . . . , fN , eN�1, eN�2, . . .q.
19de�ned as in Section II.2.e
20We �nd this path in an inductive way: fN�1 is the unique edge satisfying rpfN�1q � spfN q and

rkpfN�1q � 0, fN�2 is the unique edge satisfying rpfN�2q � spfN�1q and rkpfN�2q � 0, and so on.
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The map TB is called the Bratteli-Vershik system associated to the ordered Bratteli
diagram B.

An ordered and simple Bratteli diagram is properly ordered if XB,min and XB,max

are singletons. Given a properly ordered Bratteli diagram, we extend T to the whole set
XB by setting

TBpxmaxq� xmin

where XB,max � txmaxu and XB,min � txminu. In this case, we can check that TB is a
Cantor minimal homeomorphism.

v(0)

0

1

0

2

0
1

41

0
1

0

0

1210

1

0

1

2

0

2

3

V1

E1

E2

V0

V2

V3

v
(1)
0 v

(1)
1 v

(1)
2

v
(2)
0

v
(2)
1

v
(3)
1v

(3)
0 v

(3)
2 v

(3)
3

e0

e1

e2

f1

f0

M2 =


1 1
2 0
0 3
1 1



M1 =

(
1 2 0
1 1 3

)

M0 =

2
1
3

E0

Figure II.4: Example of ordered Bratteli diagram B. The image of pe0, e1, e2, . . .q by TB is pf0, f1, e2, . . .q.

For example, the Bratteli-Vershik system of the diagram in Figure II.5 is topologically
conjugate to the odometer on X �

±
n¥0 t0, 1, . . . , qn � 1u, the following map

Ψ: pxnqn¥0 P X ÞÑ
��
vp0q, vp1q, x0

	
,
�
vp1q, vp2q, x1

	
,
�
vp2q, vp3q, x2

	
, . . .

	
P XB

is a conjugation between them. As we explain in the next part, every Cantor minimal
homeomorphism can be described by a Bratteli diagram.

v(0)

v(1) v(2) v(3) v(4)

0

1

2

0

1

2

0

1

2

0

1

2

q0 − 1 q1 − 1 q2 − 1 q3 − 1

f2

e3f1f0

e0 e1

e2

M0 = ( q0 ) M1 = ( q1 ) M2 = ( q2 ) M3 = ( q3 )

Figure II.5: An ordered Bratteli diagram describing the odometer on
±

n¥0 t0, . . . , qn � 1u. The image
of pe0, e1, e2, e3, . . .q by TB is pf0, f1, f2, e3, . . .q.

Cantor minimal homeomorphisms

The Bratteli-Vershik systems of properly ordered Bratteli diagrams describe all the Cantor
minimal homeomorphisms.

Theorem (Herman, Putnam, Skau [HPS92]). If T is a Cantor minimal homeomorphism,
then there exists a properly ordered Bratteli diagram B such that the associated Bratteli-
Vershik system TB is topologically conjugate to T .

We brie�y describe how a Cantor minimal homeomorphism T : X Ñ X is encoded by
a properly ordered Bratteli diagram. All we have to �nd is an increasing sequence pPnqn¥0

of partitions generating the topology, of the form

Pn � tT jpBn,iq | 0 ¤ i ¤ kn � 1, 0 ¤ j ¤ h
pnq
i � 1u
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where kn, h
pnq
1 , . . . , h

pnq
kn

are positive integers, and the sequence pBnqn¥0 de�ned by

Bn �
§

0¤i¤kn�1

Bn,i,

is decreasing to a singleton tyu.
By �increasing sequence of partitions�, we mean that Pn�1 is �ner than Pn, namely the

atoms of Pn are unions of atoms of Pn�1. The partition Pn is composed of kn towers and
given i P t0, . . . , kn � 1u, the tower

Tn,i � tBn,i, T pBn,iq, . . . , T h
pnq
i �1pBn,iqu

has height h
pnq
i .

Without the assumption that the partitions have to generate the topology, the con-
struction only consists in considering in an inductive way a clopen subset Bn�1 of Bn,
that we partition in Bn,0, . . . , Bn,kn�1 according to the value of the �rst return time. The
underlying sequence of partitions does not necessarily generate the topology. For a gener-
ating sequence, we refer the reader to Lemma 4.1 of in [HPS92] and Lemma 3.1 in [Put89]
for more details.

The properly ordered Bratteli diagram B � pV,Eq is de�ned as follows. Assume that
P0 � X (so k0 � h1 � 1) and de�ne

Vn � tTn,i | 0 ¤ i ¤ kn � 1u .
Given n ¥ 1 and i P t0, . . . , kn � 1u, the tower Tn,i visits successively the towers

T
n�1,ℓ

pn,iq
1

, T
n�1,ℓ

pn,iq
2

, . . . , T
n�1,ℓ

pn,iq
rn,i

with integers ℓ
pn,iq
j P t0, . . . , kn�1 � 1u and rn,i ¥ 1. Then E is de�ned so that r�1pTn,iq

has cardinality rn,i and

r�1pTn,iq�
"�

T
n�1,ℓ

pn,iq
j�1

, Tn,i, j


| 0 ¤ j ¤ rn,i � 1

*
.

The underlying Bratteli diagram is properly ordered and the associated Bratteli-Vershik
system TB : XB Ñ XB is topologically conjugate to T : X Ñ X. Note that xmin P XB

corresponds to the point y P X.
To sum up, a Bratteli diagram encodes a cutting-and-stacking process de�ning a system

(see Figure II.6).

Classi�cation up to strong orbit equivalence

Here we present a complete invariant of strong orbit equivalence, due to Giordano, Putnam
and Skau.

Recall the incidence matrices

Mn �
�
m
pnq
i,j

	
0¤i¤|Vn�1|�1
0¤j¤|Vn|�1

given an enumeration of the vertices of each Vn. Then let us de�ne the group GpBq as the
following inductive limit

GpBq� limZ|V0| M0ÝÑ Z|V1| M1ÝÑ Z|V2| M2ÝÑ . . ..

With the usual ordering on each Z|Vn|, GpBq has a structure of ordered group, the unit
order is chosen as the image of 1 in Z � Z|V0|. The ordered group GpBq is called the
dimension group of B. We refer the reader to [GPS95] for more details.

For instance, for the dyadic odometer, the incidence matrices are all p1 � 1q-matrices
equal to p2q, and the dimension group is Z r1{2s.



100 CHAPTER II: ODOMUTANTS AND FLEXIBILITY RESULTS FOR QUANT. OE
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{
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{
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Figure II.6: Example of towers Tn,i, and the associated Bratteli diagram.

Theorem II.B.1 (Giordano, Putnam, Skau [GPS95]). Let S and T be two Cantor minimal
homeomorphisms. The following assertions are equivalent:

1. S and T are strongly orbit equivalent;

2. If B (resp. B1) denotes a Bratteli diagram associated to S (resp. T ), then the di-
mension groups GpBq and GpB1q with distinguished order unit are order isomorphic.

II.B.b Bratteli diagrams of odomutants

Let X �
±
n¥0 t0, . . . , qn � 1u. Denoting by Ppnq the partition whose atoms are the

n-cylinders, with Pp0q � pXq, note that the sequence pPpnqqn¥0 generates the in�nite
product topology on X and Ppn� 1q is composed of qn towers of height hn, denoted by

Tn�1,i �
!
Bn�1,i, T pBn�1,iq, . . . , T hn�1pBn�1,iq

)
where Bn�1,i � r0, . . . , 0, isn�1, for every i P t0, . . . , qn�1u (see Figure II.2). The atoms of
Tn�1,i are the cylinders of the form rx0, . . . , xn�1, isn�1 with xk P t0, . . . , qk � 1u for every
k P t0, . . . , n� 1u.

Given n ¥ 1 and i P t0, . . . , qn � 1u, the tower Tn�1,i visits the n-th towers with the
following order:

T
n,
�
σ
pn�1q
i

	�1
p0q
, T
n,
�
σ
pn�1q
i

	�1
p1q
, . . . , T

n,
�
σ
pn�1q
i

	�1
pqn�1q

.

According to Section II.B.a, we get the Bratteli diagram B of T illustrated in Figure II.7.
The following map

Ψ: pxnqn¥0 P X ÞÑ
��
vp0q, vp1qx0 , 0

	
,
�
vp1qx0 , v

p2q
x1 , σ

p0q
x1 px0q

	
,
�
vp2qx1 , v

p3q
x2 , σ

p1q
x2 px1q

	
, . . .

	
P XB

is a conjugation between T and the Bratteli-Vershik system TB, it satis�es

Ψpψ�1pX�
8qq � XBzXB,max

and Ψpψ�1pX�
8qq � XBzXB,min.

In the case the permutations satisfy σ
pnq
i p0q � 0, σ

pnq
i pqn � 1q � qn � 1 for every n ¥ 0,

the Bratteli diagram is properly ordered and we have

XB,max �
 
Ψpx�q(

and XB,min �
 
Ψpx�q( .
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...
1


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

M2 =

1 . . . 1
...

...
1 . . . 1



v
(3)
1v

(3)
0 v

(3)
q2−1

Figure II.7: An ordered Bratteli diagram describing the odomutant built from the odometer on±
n¥0 t0, . . . , qn � 1u and families of permutations

�
σ
pnq
i

	
0¤i qn�1

for n ¥ 0.

II.B.c Comparisons between Boyle and Handelman's system and our
odomutants.

As mentioned in the introduction, Boyle and Handelman have shown the following result.

Theorem (Boyle, Handelman [BH94]). Let S be the dyadic odometer. Let α be either a
positive real number or �8. Then there exists a Cantor minimal homeomorphism T such
that:

1. S and T are strongly orbit equivalent;

2. htoppT q � α.

In their proof, they build a Bratteli diagram BBH (see Figure II.8) similar to the

diagram in Figure II.7, the only di�erence is that for every k ¥ 1, for every v
pkq
i P Vk,

v
pk�1q
j P Vk�1, with 0 ¤ i   qk�1 and 0 ¤ j ¤ qk � 1, there are nk edges connecting these

vertices. Then the ideas remain almost the same. Every vertex v
pk�1q
j P Vk�1 provides a

permutation σ
pk�2q
j on the nkqk�1 edges of range v

pk�1q
j , satisfying

σ
pk�2q
j p0q � 0

and σ
pk�2q
j pnkqk�1 � 1q � nkqk�1 � 1,

so that the diagram is properly ordered and the associated Bratteli-Vershik system T �
TBBH

can be extended to a homeomorphism on the Cantor set. The permutations are
chosen in order to get htoppT q � α (we refer the reader to their proof for more details, note
that their proof in the case α � �8 has been here entirely reformulated in our formalism).

It turns out that their Bratteli diagram is a diagram for an odomutant. Let us recall
the following facts.

� In a Bratteli diagram, for some �xed vertex v
pk�1q
j P Vk�1, with 0 ¤ j ¤ qk � 1, the

set of edges r�1pvpk�1q
j q, with its linear ordering, encodes the stacking of subtowers

of Tk,0, . . . , Tk,qk�1�1 to build the tower Tk�1,j (see Figure II.6).
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(
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(
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q
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(
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(
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)−1
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(
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(
σ
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σ
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Figure II.8: Bratteli diagram built by Boyle and Handelman in the proof of their Theorem 2.8 [BH94],
with n1 � 2, n2 � 3.

� In the cutting-and-stacking construction of an odomutant described in Figure II.2, ev-
ery tower Tk,i, with 0 ¤ i   qk�1, is uniformly cut in qk�1 subtowers pTk,ipℓqq0¤ℓ qk�1

and we build every tower Tk�1,j , with 0 ¤ j   qk, by choosing only one subtower in
each Tk,0, . . . , Tk,qk�1�1 and stacking them.

The Bratteli diagram BBH of Boyle and Handelman describes the following cutting-
and-stacking construction: every tower Tk,i is uniformly cut in nkqk�1 subtowers
pTk,ipℓqq0¤ℓ¤nkqk�1�1 and we build every tower Tk�1,j by choosing exactly nk subtowers

in each Tk,0, . . . , Tk,qk�1�1 and stacking them.
As explained in Section II.3.b, to understand why this is equivalent to the con-

struction of an odomutant, it su�ces to cut each k-th tower Tk,i in nk (sub)towers
Tk,pi,0q, . . . , Tk,pi,nk�1q, in such a manner that for every pk � 1q-th tower Tk�1,j , each tower
Tk,pi,mq contains only one of the nk subtowers Tk,ipℓq which form Tk�1,j . We then replace
the former k-th towers Tk,i, with 0 ¤ i   qk�1, by the new ones Tk,pi,mq, with 0 ¤ i   qk�1

and 0 ¤ m ¤ nk � 1, and we recover the cutting-and-stacking process of an odomutant
described above (with new integers nk equal to 1). In other words, each vertex in Vk is
split in nk copies, and we get the Bratteli diagram B1

BH illustrated in Figure II.9.
An in�nite path of XBBH

can be uniquely written as�
pvpkqik

, v
pk�1q
ik�1

,
�
σ
pk�1q
ik�1

	�1
pnkik �mkqq



k¥1

with 0 ¤ ik   qk�1 and 0 ¤ mk ¤ nk � 1 (we omit the �rst edge pvp0q, vp1qi1 , 0q). With the
notations of Figure II.9, the map�

pvpkqik
, v
pk�1q
ik�1

,
�
σ
pk�1q
ik�1

	�1
pnkik �mkqq



k¥1

P XBBH

ÞÑ
�
pvpkqpik,mkq

, v
pk�1q
pik�1,mk�1q

,
�
σ
pk�1q
ik�1

	�1
pnkik �mkqq



k¥1

P XB1BH

is a conjugation between the Bratteli-Vershik systems TBBH
and TB1BH

.
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Figure II.9: To get B1BH � pV 1, E1q from the Bratteli diagram BBH of Boyle and Handelman (see
Figure II.8), we successively duplicate the vertices and the edges.
In BBH, the integer n1 is equal to 2 (from each vertex in V1 to each one in V2, there are two edges), so

each vertex v
p1q
i (with 0 ¤ i   q0) is split in two new vertices v

p1q
pi,0q and v

p1q
pi,1q, each one being associated to

one of the two edges in r�1pv
p2q
j q (for every 0 ¤ j   q1). For every 0 ¤ m1 ¤ n1� 1, there is only one edge

between vp0q to v
p1q
i,m1

(this edge can be considered as a copy of the edge from vp0q to the former vertex

v
p1q
i ).
The integer n2 is equal to 3 (from each vertex in V2 to each one in V3, there are three edges), so each

vertex v
p2q
j (with 0 ¤ j   q1) is split in three new vertices v

p2q
pj,0q, v

p2q
pj,1q and v

p2q
pj,2q, each one being associated

to one of the three edges in r�1pv
p3q
k q (for every 0 ¤ k   q2). For every 0 ¤ m2 ¤ n2 � 1, we de�ne the

edges of range v
p2q
j,m2

as copies of the edges of range the former vertex v
p2q
j . A thicker edge corresponds to

one copy. We do not indicate the rank of the other edges (the thinner ones) for clarity.
Then we apply the same algorithm to de�ne the new vertices and edges in E12, V

1
3 , E

1
3, V

1
4 , . . ..

II.B.d Comparisons between Boyle and Handelman's proof and our
techniques.

Unlike Boyle and Handelman, we prove the case α   �8 of Theorem I with a cutting-and-
stacking process where all new towers contain only one copy of each former tower. This is
naturally the construction encoded by an odomutant endowed with the sequence pPpℓqqℓ¥1

of partitions in ℓ-cylinders (see Figure II.2). In order to get the case α � �8, the main
trick is to understand that a less restrictive cutting-and-stacking process, namely where
every former tower may appear many times in the new ones, is encoded by an odomutant
equipped with another sequence of partitions. Here the partitions are the ones associated
to a description of this odomutant by multiple permutations, namely the partitions P̃pℓq
(see De�nition II.3.3). A �rst way to understand why this is relevant is to notice that with
these partitions, we cannot distinguish between towers of the same step, as if they were
the copies of the same former tower which appear in a new one (see Figure II.3). Another
remark is that Boyle and Handelman use the partitions in cylinders in the Cantor space
XBBH

on which their system TBBH
is de�ned. Therefore, if we want to reformulate their

proof in our formalism and with the odomutant conjugate to TBBH
, we have to consider

the image of these partitions by the conjugation that we explicit above. It turns out that
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we get the partitions P̃pℓq.
To prove that the system TBBH

is strongly orbit equivalent to the dyadic odometer
S, Boyle and Handelman use the Giordano-Putnam-Skau theorem and the fact that the
dimension group of TBBH

is Zr1{2s. In our proof of Theorem I, the orbit equivalence is
explicit and this enables us to directly show that the cocycles have at most one point of
discontinuity. This also enables us to quantify the integrability of this orbit equivalence.

II.C Equivalence between de�nitions of loose Bernoullicity in
the zero-entropy case

To our knowledge, justi�cations for the equivalence between two de�nitions of loose
Bernoullicity in the zero-entropy case (see Theorem II.2.8) is missing is the literature.
Here we provide a proof. Let us �rst recall these de�nitions, that we already wrote in
Section II.2.d.

De�nition II.C.1. Let T P AutpX,µq and P be a partition of X.

� pT,Pq is loosely Bernoulli, and we write T is LB, if for every ε ¡ 0, for every
su�ciently large integer N and for each M ¡ 0, there exists a collection G of �good�
atoms in P0

�M whose union has measure greater than or equal to 1� ε, and so that
for each pair A,B of atoms in G, the following holds: there is a probability measure
nA,B on PN � PN satisfying

(I) nA,Bptwu � PN q � µAptrPs1,N p.q � wuq for every w P PN ;

(II) nA,BpPN � tw1uq � µBptrPs1,N p.q � w1uq for every w1 P PN ;

(III) nA,Bptpw,w1q P PN � PN | fN pw,w1q ¡ εuq   ε.

� We say that pT,Pq is LB0 if for every ε ¡ 0 and for every su�ciently large integer N ,
there exists a collection H of �good� atoms in PN

1 whose union has measure greater
than or equal to 1�ε and so that we have fN pw,w1q ¤ ε for every w,w1 P rPs1,N pHq.

Theorem II.C.2. Let T P AutpX,µq and P be a partition of X. If hµpT,Pq � 0, then
pT,Pq is LB if and only if it is LB0.

This theorem relies on the following key lemma which crucially uses the assumption
on the entropy. Note that, when considering a set Q of subsets of X, for instance a set of
atoms of a partition, µpQq will abusively denote the measure of

�
APQA.

Lemma II.C.3. Let T P AutpX,µq and P be a partition of X, such that hµpT,Pq � 0.
Let α ¡ 0 and N be a positive integer. Then there exists an integer M0 ¥ 0 such that the
following holds for every M ¥M0: there exists a collection pQCqCPPN

1
of disjoints subsets

of P0
�M such that

� for every C P PN
1 , for every A P QC , we have µApCq ¥ 1�?

α;

� for every C P PN
1 , we have µ pQCq ¥ p1� 2

?
αqµpCq.

Note that the second item implies µ
��

CPPN
1
QC

	
¥ 1� 2

?
α.

Proof of Lemma II.C.3. By [Dow11, Fact 2.3.12], the assumption hµpT,Pq � 0 implies
that PN

1 is P0
�8-measurable, where

P0
�8 � σ

�
P0
�M ,M ¥ 0

�
,
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namely P0
�8 is the σ-algebra generated by the increasing sequence of algebras�

σpP0
�M q

�
M¥0

. Then the following holds for every C P PN
1 : for every η ¡ 0, there

exists BC P �
M¥0 σpP0

�M q such that µpC∆BCq ¤ η. Applied to η � αµpCq, this fact
provides an integerM0 ¥ 0 such that every atom C P PN

1 is closed to some BC P σpP0
�M0

q,
namely µpC∆BCq ¤ αµpCq. Let us �x an integer M ¥M0, and notice that BC is also in
σpP0

�M q.
For every C P PN

1 , let us set

QC �
 
A P P0

�M | A � BC , µApCq ¡ min p1�?
α, 1{2q( .

Given two distinct atoms C,C 1 P PN
1 , the sets QC and QC1 are disjoint, otherwise we

would have an atom A P P0
�M lying in QC and QC1 and such that the following occurs:

µpAq ¥ µpAX Cq � µpAX C 1q � �
µApCq � µApC 1q�µpAq ¡ µpAq,

a contradiction.
Given C P PN

1 , it remains to prove µpQCq ¥ p1� 2
?
αqµpCq. Let us write

Q�
C � tA P P0

�M | A � BCuzQC .

On the one hand, we have

µpBC X Cq �
¸

APQC

µpAX Cq �
¸

APQ�C

µpAX Cq

¤ µpQCq � p1�?
αqµpQ�

Cq
� µpQCq � p1�?

αqpµpBCq � µpQCqq
� p1�?

αqµpBCq �
?
αµpQCq

¤ p1�?
αqp1� αqµpCq � ?

αµpQCq.
where the last inequality comes from

µpBCq ¤ µpBC∆Cq � µpCq ¤ p1� αqµpCq
On the other hand, we have

µpBC X Cq ¥ µpCq � µpBC∆Cq ¥ p1� αqµpCq.
Combining all these inequalities, we get

µpQCq ¥ 1?
α

�
1� α� p1�?

αqp1� αq�µpCq � p1�?
αq2µpCq ¥ p1� 2

?
αqµpCq,

as wanted.

Proof of Theorem II.C.2. Assume that pT,Pq is LB. Let us �x ε Ps0, 1r and a su�ciently
large integer N as in the de�nition of LB. With α ¡ 0 small enough so that

p1�?
αqp1�?

α� εq ¥ 1� 2ε

and 1� 2
?
α ¥ ε,

we apply Lemma II.C.3 to get M and pQCqCPPN
1

as described in the statement. By

de�nition of LB associated to the quantities ε, N and M , we get G � P0
�M covering at

least 1� ε of the space, and a family pnA,BqA,BPG of probabilities on PN � PN satisfying
items (I), (II) and (III). Let us de�ne

H �
 
C P PN

1 | G XQC �� H(
.
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We �rst have

µpHq �
¸
CPH

µpCq ¥
¸
CPH

¸
APQCXG

µpC XAq ¥ p1�?
αq

¸
CPH

¸
APQCXG

µpAq

� p1�?
αqµ

�
�G X

¤
CPPN

1

QC

�



¥ p1�?
αqp1�?

α� εq
¥ 1� 2ε.

Secondly, let us consider C,C 1 P H and let us prove that w � rPs1,N pCq and w1 �
rPs1,N pC 1q are fN -close. By de�nition, we can pick A P G X QC and B P G X QC1 , and
using items (I) and (II) we have

nA,Bptwu � PN q ¥ µApCq ¥ 1�?
α

and nA,BpPN � tw1uq ¥ µApC 1q ¥ 1�?
α.

This implies
nA,Bptpw,w1quq ¥ 1� 2

?
α ¥ ε,

so fN pw,w1q ¤ ε by item (III). We have proved that pT,Pq satis�es LB0 for 2ε.
Let us now assume that pT,Pq is LB0, we �x ε ¡ 0, a su�ciently large integer N ¡ 0

and an associated H � PN
1 as in the de�nition of LB0. With α ¡ 0 small enough so that

p1�?
αq2 ¥ 1� ε

and p1� 2
?
αqp1� εq ¥ 1� 2ε,

we apply Lemma II.C.3 to get M0 and for every M ¥ M0, an associated collection
pQCqCPPN

1
as described in the statement. Let us �x M ¥M0 and let us consider

G �
¤
CPH

QC

and for every A,B P G, the probability nA,B on PN � PN de�ned by

nA,Bptpw,w1quq � µAptrPs1,N p.q � wuqµBptrPs1,N p.q � w1uq,

they automatically satisfy items (I) and (II). Given C,C 1 P H, A P QC and B P QC1 , and
w � rPs1,N pCq and w1 � rPs1,N pC 1q, we have

nA,Bptpw,w1quq ¥ µApCqµBpC 1q ¥ p1�?
αq2 ¥ 1� ε,

and since fN pw,w1q ¤ ε, we get item (III). Finally, we have

µpGq �
¸
CPH

µpQCq ¥ p1� 2
?
αq

¸
CPH

µpCq � p1� 2
?
αqµpHq ¥ p1� 2

?
αqp1� εq ¥ 1� 2ε.

We have proved that pT,Pq satis�es LB for 2ε, N large enough and M ¥ M0. By [Fel76,
Corollary 2], we can replace �for each M ¡ 0� by �for every su�ciently large M ¡ 0� in
the de�nition of LB, so we are done.



II.C. EQUIVALENCE BETWEEN DEFINITIONS OF LOOSE BERNOULLICITY 107



108 CHAPTER II: ODOMUTANTS AND FLEXIBILITY RESULTS FOR QUANT. OE



II.C. EQUIVALENCE BETWEEN DEFINITIONS OF LOOSE BERNOULLICITY 109



110 CHAPTER II: ODOMUTANTS AND FLEXIBILITY RESULTS FOR QUANT. OE



Chapter III

On the absence of quantitatively

critical measure equivalence

couplings

This chapter corresponds to the article [Cor25c].

Abstract

Given a measure equivalence coupling between two �nitely generated groups,
Delabie, Koivisto, Le Maître and Tessera have found explicit upper bounds on how
integrable the associated cocycles can be. These bounds are optimal in many cases
but the integrability of the cocycles with respect to these critical thresholds remained
unclear. For instance, a cocycle from Zk�ℓ to Zk can be Lp for all p   k

k�ℓ but not

for p ¡ k
k�ℓ , and the case p � k

k�ℓ was an open question which we answer by the
negative. Our main result actually yields much more examples where the integra-
bility threshold given by Delabie-Koivisto-Le Maître-Tessera Theorems cannot be
reached.

111



112 CHAPTER III: ABSENCE OF QUANTITATIVELY CRITICAL ME COUPLINGS

Contents

III.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

III.2 Quantitative measure equivalence . . . . . . . . . . . . . . . . . . . . . 117

III.3 Proof of the main results . . . . . . . . . . . . . . . . . . . . . . . . . . 119

III.4 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

III.4.a Coupling from a �nitely generated group to Z . . . . . . . . . . 122

III.4.b Coupling between groups of polynomial growth . . . . . . . . . 123

III.4.c Lamplighter groups . . . . . . . . . . . . . . . . . . . . . . . . . 123

III.4.d Iterated wreath products . . . . . . . . . . . . . . . . . . . . . . 124



III.1. INTRODUCTION 113

III.1 Introduction

Measure equivalence is an equivalence relation on countable groups introduced by Gromov
as a measured analogue of quasi-isometry. A �rst example of measure equivalent groups is
given by two lattices in the same locally compact group.

Another source of examples is provided by orbit equivalence. Two groups Γ and Λ
are orbit equivalent if there exist two free probability measure-preserving Γ- and Λ-actions
αΓ and αΛ on a standard probability space pX,µq, having the same orbits. This yields
measurable functions cΓ,Λ : Γ�X Ñ Λ and cΛ,Γ : Λ�X Ñ Γ describing the distortions on
the orbits, called the cocycles and de�ned almost everywhere by the equations

αΓpγqx � αΛpcΓ,Λpγ, xqqx and αΛpλqx � αΓpcΛ,Γpλ, xqqx.

More generally, the notion of measure equivalence also yields cocycles cΓ,Λ : Γ �XΛ Ñ Λ
and cΛ,Γ : Λ�XΓ Ñ Γ, where pXΓ, µXΓ

q and pXΛ, µXΛ
q are probability spaces arising from

the measure equivalence coupling between the groups (see Section III.2).

When the two groups are �nitely generated, a stronger notion called L1 measure
equivalence can be de�ned. It requires that the measurable functions |cΓ,Λpγ, �q|SΛ

and
|cΛ,Γpλ, �q|SΓ

are integrable for every γ P Γ and λ P Λ, where |.|SΓ
and |.|SΛ

respectively
denote the word-length metrics with respect to some �nite generating sets SΓ and SΛ of
the groups. This de�nition does not depend on the choice of SΓ and SΛ and we simply
say that cΓ,Λ and cΛ,Γ are integrable. Many rigidity results have been uncovered in this
context (see e.g. [BFS13] and [Aus16b]). Most of the time, these results tell us that L1

measure equivalence captures the geometry of the groups, in contrast to Ornstein-Weiss
Theorem [OW80] which states that all in�nite countable amenable groups are measure
equivalent.

To get �ner rigidity results among �nitely generated groups, Delabie, Koivisto, Le
Maître and Tessera [DKLMT22] introduced more general quantitative restrictions on the
cocycles. Given positive real numbers p and q, we say that two �nitely generated groups
Γ and Λ are pLp,Lqq measure equivalent (resp. pLp,Lqq orbit equivalent) if there exists a
measure equivalence (resp. an orbit equivalence) between them and the associated cocy-
cles cΓ,Λ and cΛ,Γ are respectively Lp and Lq, i.e. the real-valued measurable functions
|cΓ,Λpγ, �q|SΛ

and |cΛ,Γpλ, �q|SΓ
are respectively Lp and Lq for every γ P Γ and λ P Λ. We

also replace Lp or Lq by L0 when no requirement is made on the corresponding cocycle.

We can also de�ne pφ,ψq-integrability measure equivalence (resp. orbit equivalence)
for non-decreasing maps φ,ψ : R� Ñ R� (see De�nition III.2.4). In particular, Lp means
that we consider the map x ÞÑ xp.

In the case of the groups Zd, for d ¥ 1, Delabie, Koivisto, Le Maître and Tessera
prove that there is no pLp,L0q measure equivalence coupling from Zk�ℓ to Zk for p ¡ k

k�ℓ
([DKLMT22, Corollary 3.4]). On the other hand, they explicitly build a measure equiva-
lence from Zk�ℓ to Zk which is pLp,L0q for every p   k

k�ℓ ([DKLMT22, Theorem 1.9]).

The existence of an pL k
k�ℓ ,L0q measure equivalence coupling from Zk�ℓ to Zk remained

unclear (see also [DKLMT22, Question 1.10]). Our contribution provides a negative answer
to this question (see Corollary III.4.3), thus yielding the following complete description:

Theorem K (see Theorem III.4.4). If k and ℓ are positive integers, then there exists an
pLp,L0q measure equivalence coupling from Zk�ℓ to Zk if and only if p   k

k�ℓ .

The absence of measure equivalence coupling from Zk�ℓ to Zk with the critical integra-

bility pL k
k�ℓ ,L0q was the initial goal of the paper. As we will see later in this introduction,

this is actually a particular case of more general statements (see Theorems L and N).
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Our result relies on the following key lemma (Lemma III.3.2 in the easier case Γ � Zk�ℓ
and Λ � Zk): given a measure equivalence coupling from Zk�ℓ and Zk, if a cocycle is φ-
integrable, then it is ψ-integrable for another non-decreasing map ψ : R� Ñ R� such that
ψpxq � Opφpxqq does not hold as x goes to �8. If now we assume that the cocycle cZk,Zk�ℓ

is φ-integrable where φpxq � x
k

k�ℓ , we can combine this with a more precise version of
[DKLMT22, Corollary 3.4]: by their Theorem 3.1, we must have ψpxq � Opφpxqq, a
contradiction, thus proving our result. It is interesting to note that while the statement
does not mention φ-integrability, its proof crucially uses it.

This key lemma is a natural adaptation of the following elementary, yet fundamental
fact.

Fact. Let punqnPN be a sequence of non-negative real numbers which is summable. Then
there exists a sequence pvnqnPN of non-negative real numbers which is summable and such
that un � opvnq.

Proof of the fact. We can �nd an increasing sequence pNkqk¥1 of positive integers satisfying
N1 � 0 and

°�8
n¥Nk

un ¤ 1
k3

for every k ¥ 2. Then for every integer n ¥ 0, we de�ne
vn � kun if Nk ¤ n   Nk�1. We have

�8̧

n�0

vn �
�8̧

k�1

Nk�1�1¸
n�Nk

kun ¤
�8̧

k�1

1

k2
  �8

and un � opvnq.

Let us now present generalizations to other groups, using the isoperimetric pro�le
(Theorem L) and then the growth (Theorem N). First, recall that given non-decreasing real-
valued functions f and g de�ned on a neighborhood of �8, we say that f is asymptotically
less than g, denoted by f ¤ g, if there exists a constant C ¡ 0 such that fpxq � O pgpCxqq
as x Ñ �8. We say that f is asymptotically equivalent to g, denoted by f � g, if f ¤ g
and f ¥ g. The asymptotic behavior of f is its equivalence class modulo �.

Given a �nitely generated group Γ, its isoperimetric pro�le is a real-valued function
j1,Γ de�ned on the set of positive integers and given modulo � by the formula

j1,Γpxq � sup
A�Γ,|A|¤x

|A|
|BA| ,

where BA � SΓA ∆ A and SΓ is a �nite generating subset of Γ. It has been computed
for many groups, for instance j1,Zdpxq � x1{d [Cou00], j1,pZ{2Zq≀Zpxq � log x [Ers03], where
pZ{2Zq ≀Z is a lamplighter group (the de�nition is recalled in Section III.4.c). Note that it
is an unbounded function if and only if the group is amenable. It can thus be interpreted
as a measurement of amenability: the faster it goes to in�nity, the �more amenable� the
group is. We refer the reader to [DKLMT22] for more details on the isoperimetric pro�le
and more generally the ℓp-isoperimetric pro�le.

Now we state the theorem of Delabie, Koivisto, Le Maître and Tessera on the behaviour
of the isoperimetric pro�le under quantitative measure equivalence.

Theorem III.1.1 ([DKLMT22, Theorem 1.1]). Let φ : R� Ñ R� be a function such that
φ and t ÞÑ t{φptq are non-decreasing, let Γ and Λ be �nitely generated groups. Assume
that there exists a pφ,L0q-integrable measure equivalence coupling from Γ to Λ. Then their
isoperimetric pro�les satisfy the following asymptotic inequality:

φ � j1,Λ ¤ j1,Γ.
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If j1,Λ is injective, then φ � j1,Λ ¤ j1,Γ means that there exists a constant C ¡ 0 such
that the following holds as x goes to �8:

φpxq � Opj1,ΓpCj�1
1,Λpxqqq, (III.1)

so Theorem III.1.1 provides upper bounds x ÞÑ j1,ΓpCj�1
1,Λpxqq for C ¡ 0. In order to

generalize our �rst contribution (�there is no pL k
k�ℓ ,L0q measure equivalence coupling from

Zk�ℓ from Zk�) to other groups, we must pay attention to a few obstacles which do not
appear in the case Γ � Zk�ℓ and Λ � Zk.

� The isoperimetric pro�le of a �nitely generated group Λ is not necessarily injective,
so (III.1) is not well-de�ned in full generality. But when studying this function, we
only take into account its asymptotic behaviour. Moreover, we will check that it
su�ces to consider an injective function hΛ with the same asymptotic behavior (the
existence of such a map is granted by Remark III.1.2).

� Given two di�erent positive constants C and C 1, we do not know if the func-
tions j1,ΓpCj�1

1,Λp.qq and j1,ΓpC 1j�1
1,Λp.qq have the same asymptotic behavior, so Theo-

rem III.1.1 does not provide a precise upper bound of φ a priori. This is the reason
why we will assume that the isoperimetric pro�le of Γ satis�es j1,ΓpCxq � Opj1,Γpxqq
for every C ¡ 0. For other technical reasons arising from the existence of a constant
in the de�nition of �φ-integrability� (see De�nition III.2.4), we will also require this
hypothesis on j1,Γ�j�1

1,Λ. These requirements motivate Assumptions (III.3) and (III.4)
in Theorem L below.

� In Lemma III.3.2, where we build a new map ψ from the original one φ � j1,Γ �
j�1
1,Λ (for the case Γ � Zk�ℓ and Λ � Zk, see the paragraph after the proof of the

elementary fact), we need φ to be sublinear1, hence Assumption (III.2) in Theorem L.

Hence, a �rst generalization is the following.

Theorem L. Let Γ and Λ be �nitely generated groups. Assume that there exist a non-
decreasing function hΓ and an increasing function hΛ satisfying hΓ � j1,Γ, hΛ � j1,Λ and
the following assumptions as xÑ �8:

hΓpxq � o phΛpxqq , (III.2)

@C ¡ 0, hΓpCxq � O phΓpxqq , (III.3)

@C ¡ 0, hΓ � h�1
Λ pCxq � O

�
hΓ � h�1

Λ pxq� . (III.4)

Then there is no phΓ � h�1
Λ ,L0q-integrable measure equivalence coupling from Γ to Λ.

Remark III.1.2. The isoperimetric pro�le of a �nitely generated group Γ is always asymp-
totically equivalent to an increasing function hΓ. For instance, if j1,Γ satis�es

0   j1,Γpn� 1q   j1,Γpnq � . . . � j1,Γpn� k � 1q   j1,Γpn� kq

for some positive integers n and k, then we can set

hΓpn� iq� k � i

k
j1,Γpnq � i

k
min pj1,Γpn� kq, 2j1,Γpnqq

for every i P t0, . . . , k � 1u. We do not provide the details.

1This is necessary to assume that j1,Γ � j
�1
1,Λ is sublinear. Indeed, we cannot apply the same strategy in

the case Γ � Z and Λ � Z2, since Escalier and Joseph have built a measure equivalence coupling from Z
to Z2 which is pL8,Lpq for every p   1

2
(not yet published work).
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It is straightforward to check that the equivalence relation � preserves Assump-
tion (III.3) for a non necessarily injective function. Moreover satisfying Assumptions (III.2)
and (III.3) is also preserved under this equivalence relation, as well as satisfying Assump-
tions (III.2), (III.3) and (III.4) when the inverse of one of the functions is well-de�ned.

Question III.1.3. Does the isoperimetric pro�le of a �nitely generated group always
satisfy Assumption (III.3)? In the case j1,Γpxq � opj1,Λpxqq, does there always exist a pair
phΓ, hΛq of functions satisfying the assumptions of Theorem L?

The following corollary allows us to answer a question of Delabie, Koivisto, Le Maître
and Tessera (see [DKLMT22, Question 1.2]) by the negative for many of �nitely generated
group Γ.

Corollary M (see Corollary III.4.1). Let Γ be a �nitely generated group which is not
virtually cyclic. Assume that its isoperimetric pro�le j1,Γ satis�es

@C ¡ 0, j1,ΓpCxq � O pj1,Γpxqq as xÑ �8. (III.5)

Then there is no pj1,Γ,L0q-integrable measure equivalence coupling from Γ to Z.

Given an increasing function satisfying a mild regularity condition, Brieussel and
Zheng [BZ21] build a group whose isoperimetric pro�le is asymptotically equivalent to
this function. It turns out that this regularity condition implies our condition (III.5) (see
Section III.4.a). Moreover, if Γ is such a group2, it follows from the work of Escalier [Esc24]
that there exists an orbit equivalence from Γ to Z which is almost pj1,Γ,L0q-integrable, thus
providing a complete description similar to Theorem K (see Theorem III.4.2).

Explicit constructions of orbit equivalences in [DKLMT22] show that the upper bound
given in Theorem III.1.1 is sharp for other groups than Zd, such as lamplighter groups or
iterated wreath products. The existence of a measure equivalence coupling with this criti-
cal threshold remained unclear and our Theorem L enables us to answer by the negative.
We refer the reader to Theorems III.4.6, III.4.8, III.4.10 and III.4.11 for precise statements.

Another rigidity result in [DKLMT22] deals with the notion of volume growth. Given
a �nitely generated group Γ and �nite generating set SΓ of Γ, we de�ne

VΓpnq�
�� γ1 . . . γn | γ1, . . . , γn P SΓ Y pSΓq�1 Y teΓu

(��
for every positive integer n, where eΓ denotes the identity element of Γ. As for the isoperi-
metric pro�le, we extend VΓ to a continuous and non-decreasing function. The volume
growth of Γ is the asymptotic behavior of VΓ, it does not depend on the choice of SΓ, nor
does its extension to R�. We say that Γ has polynomial growth of degree d if VΓpxq � xd.
Finally, note that the volume growth is increasing but the isoperimetric pro�le may fail to
be injective.

Theorem III.1.4 ([DKLMT22, Theorem 3.1]). Let φ be an increasing, subadditive func-
tion such that φp0q � 0, let Γ and Λ be �nitely generated groups. Assume that there exists
a pφ,L0q-integrable measure equivalence coupling from Γ to Λ. Then

VΓ ¤ VΛ � φ�1,

where φ�1 denotes the inverse function of φ.

With the same strategy as Theorem L, we get the following statement.

2We call it a Brieussel-Zheng group, although their construction is more general.
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Theorem N. Let Γ and Λ be �nitely generated groups. Assume that there exist two
increasing functions hΓ and hΛ satisfying hΓ � VΓ, hΛ � VΛ and the following properties
as xÑ �8:

h�1
Γ pxq � o

�
h�1
Λ pxq� , (III.6)

@C ¡ 0, h�1
Γ pCxq � O

�
h�1
Γ pxq� , (III.7)

@C ¡ 0, h�1
Γ � hΛpCxq � O

�
h�1
Γ � hΛpxq

�
. (III.8)

Then there is no ph�1
Γ � hΛ,L0q-integrable measure equivalence coupling from Γ to Λ.

We will prove Theorems L and N in Section III.3 and give the main applications in
Section III.4.

More general statements of Delabie, Koivisto, Le Maître and Tessera deal with asym-
metric weakenings of measure equivalence coupling: measure subgroup, quotient and sub-
quotient couplings. We can still apply our ideas to these generalizations.

Theorems L and N still hold in the context of quantitative orbit equivalence, since the
existence of a pφ,ψq-integrable orbit equivalence from Γ to Λ is equivalent to the existence
of a pφ,ψq-integrable measure equivalence coupling with equal fundamental domains.

III.2 Quantitative measure equivalence

The groups Γ and Λ are always assumed to be �nitely generated. By a smooth action of a
countable group Γ, we mean a measure-preserving Γ-action on a standard measured space
pΩ, µq which admits a fundamental domain, namely a Borel subset XΓ of Ω that intersects
every Γ-orbit exactly once.

De�nition III.2.1. A measure equivalence coupling between Γ and Λ is a quadruple
pΩ, XΓ, XΛ, µq where pΩ, µq is a standard Borel measure space equipped with commuting
measure-preserving smooth Γ- and Λ-actions such that

1. both the Γ- and Λ-actions are free;

2. XΓ (resp. XΛ) is a �xed fundamental domain for the Γ-action (resp. for the Λ-
action);

3. XΓ and XΛ have �nite measures.

We will always use the notations γ � x and λ � x (with γ P Γ, λ P Λ, x P Ω) for these
smooth actions on Ω. The notations γ � x and λ � x refers to the induced actions that we
now de�ne, as well as the cocycles.

De�nition III.2.2. A measure equivalence coupling pΩ, XΓ, XΛ, µq between Γ and Λ
induces a �nite measure-preserving Γ-action on pXΛ, µXΛ

q in the following way: for every
γ P Γ and every x P XΛ, γ � x P XΛ is de�ned by the identity

pΛ � γ � xq XXΛ � tγ � xu,

it is unique since XΛ is a fundamental domain for the smooth Λ-action.
This also yields a cocycle cΓ,Λ : Γ�XΛ Ñ Λ uniquely (by freeness) de�ned by

cΓ,Λpγ, xq � γ � x � γ � x,

or equivalently cΓ,Λpγ, xq � γ � x P XΛ, for almost every x P XΛ and every γ P Γ. We simi-
larly de�ne a �nite measure-preserving Λ-action on pXΓ, µXΓ

q and the associated cocycle
cΛ,Γ : Λ�XΓ Ñ Γ.
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Remark III.2.3. The cocycle cΓ,Λ : Γ�XΛ Ñ Λ satis�es the cocycle identity

@γ1, γ2 P Γ, @x P XΛ, cΓ,Λpγ1γ2, xq � cΓ,Λpγ1, γ2 � xqcΓ,Λpγ2, xq.

De�nition III.2.4 (Delabie, Koivisto, Le Maître and Tessera [DKLMT22]). Let φ : R� Ñ
R� be a non-decreasing map. Given a measure equivalence coupling between Γ and Λ, we
say that the cocycle cΓ,Λ : Γ � XΛ Ñ Λ is φ-integrable if for every γ P Γ, there exists
cγ ¡ 0 such that »

XΛ

φ

�
|cΓ,Λpγ, xq|SΛ

cγ

�
dµXΛ

pxq   �8

where SΛ is a �nite generating set of Λ and for every λ, |λ|SΛ
denotes its word-length

metric with respect to SΛ, de�ned by

|λ|SΛ
� mintn ¥ 0 | Dλ1, . . . , λn P SΛ Y pSΛq�1 Y teΛu, λ � λ1 . . . λnu.

We de�ne φ-integrability for cΛ,Γ in a similar way.

Remark III.2.5. De�ning φ-integrability for the cocycle cΓ,Λ with the use of constants
cγ is necessary because we need the following properties:

� this notion of φ-integrability does not depend on the choice of the �nite generating
set of Λ, since for any �nitely generated sets SΛ, S

1
Λ, there exists a constant C ¡ 0

such that
1

C
|λ|S1Λ ¤ |λ|SΛ

¤ C|λ|S1Λ
for every λ P Λ;

� if φ � ψ, then φ-integrability and ψ-integrability are equivalent notions;

� to prove that the cocycle cΓ,Λ : Γ �XΛ Ñ Λ is φ-integrable, it su�ces to check the
�niteness of »

XΛ

φ

�
|cΓ,Λpγ, xq|SΛ

cγ

�
dµXΛ

pxq

for every element γ in a �nite generating set of Γ. This follows from [DKLMT22,
Proposition 2.22].

De�nition III.2.6 (Delabie, Koivisto, Le Maître and Tessera [DKLMT22]). A measure
equivalence coupling pΩ, XΓ, XΛ, µq between the groups Γ and Λ is a pφ,ψq-integrable
measure equivalence coupling from Γ to Λ if cΓ,Λ : Γ � XΛ Ñ Λ is φ-integrable and
cΛ,Γ : Λ�XΓ Ñ Γ is ψ-integrable.

For p ¡ 0, we write Lp instead of φ or ψ if we consider the map t ÞÑ tp, and we write
L0 when no requirement is made on the cocycle. For example, the measure equivalence
coupling is pφ,Lp)-integrable if cΓ,Λ is φ-integrable and cΛ,Γ is in LppXΛ, µXΛ

q; it is pLp,L0)-
integrable if cΓ,Λ is LppX,µq. Finally, a measure equivalence coupling is φ-integrable if
it is pφ,φq-integrable.

Note that a pφ,ψq-integrable measure equivalence coupling from Γ to Λ is a pψ,φq-
integrable measure equivalence coupling from Λ to Γ.
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III.3 Proof of the main results

We now prove Theorems L and N. The key result is Lemma III.3.2, which uses
Lemma III.3.1.

Lemma III.3.1. Let x P R and θ : rx,�8q Ñ R be a continuous sublinear function. If y
is a real number satisfying y   θptq for every t P rx,�8q, then the set

Epx, y, θq�
"
t ¡ x | @s P rx, ts, θpsq ¥ θptq � y

t� x
ps� xq � y

*

is not bounded above.

Proof of Lemma III.3.1. Let us consider the continuous maps a : t P px,�8q ÞÑ R and
m : t P px,�8q ÞÑ R de�ned by

aptq � θptq � y

t� x
and mptq � min

sPpx,ts
apsq.

Note that the set Epx, y, θq is equal to tt ¡ x | mptq � aptqu. Let us also de�ne the set

E1 � tt P px,�8q | @s P px, tq, mpsq ¡ mptqu.

By the assumptions, the non-increasing map m satis�es the following properties:

� mptq ¡ 0 for every t P px,�8q;

� mptq ÝÑ
tÑ�8

0;

� if t is in E1, then we have mptq � aptq.

Therefore the set E1 is not bounded above and is included in Epx, y, θq.

Lemma III.3.2. Let φ : R� Ñ R� be a continuous, sublinear and increasing function.
Given an integer ℓ ¥ 1 and a probability space pX,µq, let f1, . . . , fℓ : X Ñ N be measurable
maps satisfying »

X
φpfipxqqdµpxq   �8

for every i P t1, . . . , ℓu. Then there exists a subadditive map ψ : R� Ñ R� such that
ψp0q � 0, ψ and t ÞÑ t{ψptq are non-decreasing, and

1. φpxkq � opψpxkqq for some increasing sequence pxkqk¥0 of non-negative real numbers
tending to �8;

2. for every i P t1, . . . , ℓu, »
X
ψpfipxqqdµpxq   �8.

Proof of Lemma III.3.2. For every n ¥ 0 and every i P t1, . . . , ℓu, let us de�ne the non-

negative real number u
piq
n � φpnqµptfi � nuq. For every i P t1, . . . , ℓu, the sequence

pupiqn qn¥0 is summable since

�8̧

n�0

upiqn �
�8̧

n�0

φpnqµptfi � nuq �
»
X
φpfipxqqdµpxq   8.
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Let pNkqk¥1 be an increasing sequence of positive integers satisfying N1 � 0 and

@k ¥ 2, @i P t1, . . . , ℓu,
�8̧

n�Nk

upiqn ¤ 1

k3
.

Then for every integer n ¥ 1, we de�ne Kn � k if Nk ¤ n   Nk�1. The sequence pKnqn¥1

tends to �8 and the sequences pKnu
piq
n qn¥1 are summable (see the proof of the fact in the

introduction).

We inductively build an increasing sequence pxkqk¥0 of integers satisfying x0 � 0 and
xk ¥ Nk�1 for every k ¥ 1, a decreasing sequence pakqk¥0 of positive real numbers, a
sequence pbkqk¥0 of non-negative real numbers satisfying b0 � 0, and a continuous piecewise
linear map ψ : R� Ñ R� satisfying the following properties:

� for every k ¥ 0, for every t P rxk, xk�1s, ψptq � bk � akt and ψptq ¤ pk � 1qφptq;

� for every k ¥ 0, ψpxkq � kφpxkq.

Let us set x0 � 0, x1 � N2, a0 � φpN2q{N2, b0 � 0 and for every t P r0, N2s,

ψptq� φpN2q
N2

t.

Given an integer k ¥ 2, assume that we have already de�ned 0 � x0   x1   . . .   xk�1,
a0 ¡ . . . ¡ ak�2, b0, . . . , bk�2 and the map ψ on r0, xk�1s. By the assumptions on φ and
since

ψpxk�1q � pk � 1qφpxk�1q   kφpxk�1q,

we can apply Lemma III.3.1 to x � xk�1, y � ψpxk�1q, θ � k � φ. We choose xk P
Epxk�1, ψpxk�1q, k � φq su�ciently large so that

� xk ¥ Nk�1;

� ak�1 �
kφpxkq � ψpxk�1q

xk � xk�1
is less than ak�2,

the last condition being possible since φ is sublinear. Let us de�ne

bk�1 � ψpxk�1q � kφpxkq � ψpxk�1q
xk � xk�1

xk�1.

We then extend ψ on rxk�1, xks by setting

ψptq� bk�1 � ak�1t � kφpxkq � ψpxk�1q
xk � xk�1

pt� xk�1q � ψpxk�1q,

so that ψ satis�es ψpxkq � kφpxkq and ψptq ¤ kφptq for every t P rxk�1, xks (by de�nition
of the set Epxk�1, ψpxk�1q, k�φq). The real number bk�1 is necessarily non-negative since
we have bk�2 � ak�2xk�1 � bk�1 � ak�1xk�1 with ak�1   ak�2 and bk�2 ¥ 0.

Let us prove that ψ satis�es the desired conditions. The map ψ is increasing since the
real numbers ai are positive. It is easy to prove that φpxkq � opψpxkqq. Since the map
t P p0,�8q ÞÑ t

at�b is non-decreasing if a ¡ 0 and b ¥ 0, we get that the map t ÞÑ t{ψptq
is non-decreasing. We build ψ as a concave and increasing map satisfying ψp0q � 0, so ψ
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is subadditive. Finally, given an integer i P t1, . . . , ℓu, we have
�8̧

n�x1

ψpnqµptfi � nuq �
�8̧

k�1

xk�1�1¸
n�xk

ψpnqµptfi � nuq

¤
�8̧

k�1

xk�1�1¸
n�xk

pk � 1qφpnqµptfi � nuq

¤
�8̧

k�1

xk�1�1¸
n�xk

Knφpnqµptfi � nuq

�
�8̧

n�1

Knu
piq
n   8,

where the second inequality follows from the inequalities k � 1 ¤ Kn for every integers n
and k satisfying n ¥ xk (since we have xk ¥ Nk�1). The equality

»
X
ψpfipxqqdµpxq �

x1�1¸
n�0

ψpnqµptfi � nuq �
�8̧

n�x1

ψpnqµptfi � nuq

implies that the integral is �nite.

Proof of Theorem L. Suppose that there exist a non-decreasing function hΓ and an in-
creasing function hΛ satisfying hΓ � j1,Γ, hΛ � j1,Λ and the following assumptions as
xÑ �8:

hΓpxq � o phΛpxqq , (III.9)

@C ¡ 0, hΓpCxq � O phΓpxqq , (III.10)

@C ¡ 0, hΓ � h�1
Λ pCxq � O

�
hΓ � h�1

Λ pxq� . (III.11)

Let us assume by contradiction that there exists a phΓ �h�1
Λ ,L0q-integrable measure equiv-

alence coupling pΩ, XΓ, XΛ, µq from Γ to Λ. Let us �x �nite generating sets SΓ of Γ and
SΛ of Λ. We write SΓ � tγ1, . . . , γℓu. For every i P t1, . . . , ℓu, there is a constant cγi ¡ 0
such that »

XΛ

hΓ � h�1
Λ

�
|cΓ,Λpγi, xq|SΛ

cγi

�
dµXΛ

pxq   �8.

Using Assumption (III.11) for C � cγi , we may and do assume that cγi � 1 for every
i P t1, . . . , ℓu. We now apply Lemma III.3.2 to φ � hΓ � h�1

Λ (φ is sublinear by As-
sumption (III.9)), pX,µq � pXΛ, µXΛ

q and fi : x ÞÑ |cΓ,Λpγi, xq|SΛ
. We thus get that

pΩ, XΓ, XΛ, µq is a pψ,L0q-integrable measure equivalence coupling from Γ to Λ, for some
map ψ : R� Ñ R� satisfying the following properties:

(A) hΓ � h�1
Λ pxkq � opψpxkqq for some sequence pxkqk¥0 of non-negative real numbers

tending to �8;

(B) ψ and t ÞÑ t
ψptq are non-decreasing;

(C) ψ is subadditive;

If we have

hΓ ¥ ψ � hΛ, (III.12)

namely ψpxq � O
�
hΓpCh�1

Λ pxqq� for some constant C ¡ 0, then we get a contradiction
with Assumption (III.10) and Property (A). Now it remains to prove Inequality (III.12).
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First, Property (B) and Theorem III.1.1 imply that

j1,Γ ¥ ψ � j1,Λ,

which means that there exist constants C,D ¡ 0 such that ψpj1,Λpxqq ¤ Dj1,ΓpCxq for
every x ¥ 0. Secondly there also exist constants C1, C2, D1, D2 ¡ 0 such that hΛpxq ¤
D1j1,ΛpC1xq and j1,Γpxq ¤ D2hΓpC2xq for every x ¥ 0. Moreover, by Property (C) and
the monotonicity of ψ, we have ψpcxq ¤ rcsψpxq for every c ¡ 0. Finally, this gives

ψphΛpxqq ¤ ψpD1j1,ΛpC1xqq
¤ rD1sψpj1,ΛpC1xqq
¤ rD1sDj1,ΓpCC1xq
¤ rD1sDD2hΓpCC1C2xq

and we get Inequality (III.12).

Proof of Theorem N. This is the same proof as Theorem L, except that we get a contra-
diction with Theorem III.1.4, using the fact that Lemma III.3.2 yields a map ψ which
can be increasing and subadditive and satisfy ψp0q � 0. Moreover we similarly prove that
VΓ ¥ VΛ � ψ�1 implies hΓ ¥ hΛ � ψ�1.

III.4 Applications

III.4.a Coupling from a �nitely generated group to Z

Corollary III.4.1. Let Γ be a �nitely generated group which is not virtually cyclic. Assume
that its isoperimetric pro�le j1,Γ satis�es

@C ¡ 0, j1,ΓpCxq � O pj1,Γpxqq as xÑ �8. (III.13)

Then there is no pj1,Γ,L0q-integrable measure equivalence coupling from Γ to Z.

Proof of Corollary III.4.1. A group Γ is not virtually cyclic if and only if j1,Γpxq � opxq.
This is a consequence of the Coulhon Salo�-Coste isoperimetric inequality [CS93, The-
orem 1] and the fact that the volume growth of such a group is at least quadratic if it
is not virtually cyclic (see e.g. [Man11, Corollary 3.5]). We then apply Theorem L and
Remark III.1.2 to get Corollary III.4.1.

In [BZ21, Theorem 1.1] Brieussel and Zheng prove that for any non-decreasing func-
tion f : R� Ñ R� such that x ÞÑ x{fpxq is non-decreasing, there exists a group Γ such
that j1,Γ � log

f�log , we call it a Brieussel-Zheng group (although their construction is more
general).

De�ning the map F � log
f�log , the monotonicity of f (resp. of x ÞÑ x{fpxq) implies

that F { log is non-increasing (resp. F is non-decreasing) and the converse is true. There-
fore, any non-decreasing function F : r1,8q Ñ r1,8q such that F { log is non-increasing
is the isoperimetric pro�le of a group. This equivalent statement was already noticed in
[DKLMT22, Theorem 4.26].

From this we deduce that the isoperimetric pro�les provided by Brieussel and Zheng
satisfy Assumption (III.13). Indeed, let F be a non-decreasing function such that F { log
is non-increasing, and let C be a positive constant. If C   1, then the monotonicity of F
directly implies the inequality F pCtq ¤ F ptq. If C ¥ 1, we get

F pCxq
log pCxq ¤

F pxq
log pxq
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by monotonicity of F { log, so we have F pCxq ¤ F pxq log pCxqlog pxq , where the right-hand side is

less than 2F pxq when x is large enough.

As mentioned in the introduction, Escalier [Esc24, Theorem 1.7] proves that for every3

Brieussel-Zheng group Γ mentioned above, there exists an orbit equivalence coupling from

Γ to Z which is pφε,L0q-integrable for all ε ¡ 0, where φεpxq � j1,Γpxq
plog j1,Γpxqq1�ε . Hence, we

deduce the following.

Theorem III.4.2. Let Γ be a Brieussel-Zheng group and p ¡ 0. Then there exists a
ppj1,Γqp,L0q-integrable measure equivalence from Γ to Z if and only if p   1.

III.4.b Coupling between groups of polynomial growth

Corollary III.4.3. Assume that Γ and Λ have polynomial growth of degree b and a re-
spectively, with b ¡ a. Then there is no pLa{b,L0q measure equivalence coupling from Γ to
Λ.

Proof of Corollary III.4.3. The isoperimetric pro�les satisfy j1,Γpxq � x1{b and j1,Λpxq �
x1{a (see [CS93, Theorem 1]), so the corollary follows from Theorem L.

As mentioned in the introduction, Delabie, Koivisto, Le Maître and
Tessera [DKLMT22] explicitly build an orbit equivalence in the special case of the
groups Zd for d ¥ 1, and then show that there exists a measure equivalence coupling from
Zb to Za (with b ¡ a) which is pLp,L0q-integrable for every p   a{b. But the existence of
an pLa{b,L0q-integrable coupling remained unclear. Our Corollary III.4.3 then gives the
following complete description.

Theorem III.4.4. Given positive integers b ¡ a, there exists an pLp,L0q measure equiva-
lence coupling from Zb to Za if and only if p   a{b.

III.4.c Lamplighter groups

Let G and F be two countable groups and
À

gPG F be the subgroup of FG consisting of

all functions with �nite support4. We de�ne the action of G on
À

gPG F as follows. For
every g P G and every f PÀgPG F , the function g � f P

À
gPG F is de�ned by:

@g1 P G, pg � fqpg1q � fpg�1g1q.

Then the wreath product F ≀G is the semi-direct product

F ≀G�

�à
gPG

F

�
�G.

When F is a non-trivial �nite group, F ≀G is also called a lamplighter group.

Corollary III.4.5. Assume that G and H have polynomial growth of degree b and a
respectively, with b ¡ a, and let F and K be non-trivial �nite groups. Then there is no
pLa{b,L0q measure equivalence coupling from F ≀G to K ≀H.

3Actually, the statement of Theorem 1.7 in [Esc24] is the following : given a non-decreasing function F
such that F { log is non-decreasing, there exists a group Γ such that j1,Γ � F and there exists an orbit equiv-
alence coupling from Γ to Z which is pφε, exp �F � expq for every ε ¡ 0, where φεpxq � F pxq{plogF pxqq1�ε.
The group Γ is in fact a Brieussel-Zheng group and the proof of the theorem shows that the existence of
such an orbit equivalence holds for every such groups.

4The support of a function f : G Ñ F is the set tg P G | fpgq �� eF u where eF is the identity element
of F .
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Proof of Corollary III.4.5. The isoperimetric pro�les satisfy j1,F ≀Gpxq � plog xq1{b and
j1,K≀Hpxq � plog xq1{a (see [Ers03, Theorem 1]), so the corollary follows from Theo-
rem L.

In the case F � K, G � Zb and H � Za, using the notion of wreath product for
measure-preserving equivalence relations, Corollary 7.4 in [DKLMT22] implies that there
exists an pLp,L0q measure equivalence coupling from F ≀ Zb to F ≀ Za for every p   a{b.
Combined with Corollary III.4.5, this yields the following theorem.

Theorem III.4.6. Given positive integers b ¡ a, there exists an pLp,L0q measure equiva-
lence coupling from F ≀ Zb to F ≀ Za if and only if p   a{b.
Corollary III.4.7. Assume that G and Λ have polynomial growth of degree b and a re-
spectively, with b ¡ a, and let F be a non-trivial �nite group. Then there is no plog1{b,L0q-
integrable measure equivalence coupling from F ≀G to Λ.

Proof of Corollary III.4.7. The isoperimetric pro�les satisfy j1,F ≀Gpxq � plog xq1{b and
j1,Λpxq � x1{a (see [Ers03, Theorem 1] and [CS93, Theorem 1]), so we are done by Theo-
rem L.

In the case G � Z and Λ � Z, it is shown in [DKLMT22, Proposition 6.20] that
there exists a plogp,L0q-integrable measure equivalence coupling from F ≀ Z to Z for every
p   1 (this statement deals with F � Z{mZ but remains true for any �nite group), and
Corollary III.4.7 completes this result.

Theorem III.4.8. Given a �nite group F , there exists a plogp,L0q-integrable measure
equivalence coupling from F ≀ Z to Z if and only if p   1.

III.4.d Iterated wreath products

Given an integer k ¥ 1 and a �nite group F , we de�ne groups Hnpkq inductively as follows:
H0pkq � Zk and Hn�1pkq � F ≀Hnpkq. Given a positive integer n, the map log�n denotes
the composition log � . . . � log (n times).

Corollary III.4.9.

� If b ¡ a, then there is no pLa{b,L0q measure equivalence coupling from Hnpbq to
Hnpaq.

� Given integers d, k ¥ 1, there is no pplog�nq1{k,L0q-integrable measure equivalence
coupling from Hnpkq to Zd.

Proof of Corollary III.4.9. The isoperimetric pro�les satisfy j1,Hnpkqpxq � plog�n xq1{k (see
[Ers03, Theorem 1]), and j1,Zdpxq � x1{d. Then the corollary follows from Theorem L.

Using the notion of wreath products of measure-preserving equivalence relations, it
is proven in [DKLMT22, Corollary 7.5] that there exists an pLp,L0q measure equivalence
coupling from Hnpbq to Hnpaq for every p   a{b. Moreover the composition of couplings
yields a pplog�nqp,L0q measure equivalence coupling from Hnp1q to Z for every p   1
(see [DKLMT22, Corollary 7.6]). Our results allow us to complete these observations.

Theorem III.4.10. Given positive integers b ¡ a, there exists an pLp,L0q measure equiv-
alence coupling from Hnpbq to Hnpaq if and only if p   a{b.
Theorem III.4.11. Given integers d, k ¥ 1, there exists a pplog�nqp,L0q-integrable mea-
sure equivalence coupling from Hnp1q to Z if and only if p   1.
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Remark III.4.12. All the measure equivalence couplings provided in [Esc24]
and [DKLMT22] and that we have mentioned in Section III.4 actually come from a con-
struction of orbit equivalences between the groups, with the same integrability for the
cocycles. Then Theorems III.4.4, III.4.6, III.4.8, III.4.10 and III.4.11 remain valid in the
context of quantitative orbit equivalence.
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Conclusion

These works naturally lead to several open questions. The most important one is probably
the question of a quantitative Dye theorem.

Question 40. Does there exist an unbounded map φ : R Ñ R such that any two ergodic
transformations S, T P AutpX,µq are φ-integrably orbit equivalent?

Such a map φ would be less than log since log-integrable orbit equivalence preserves
entropy. To answer this question by the negative, a strategy would be to �nd �ner invari-
ants.

Question 41. Given any map φ : R� Ñ R�, what could be an invariant of φ-integrable
orbit equivalence?

Fixing two ergodic transformations S, T P AutpX,µq, we would also like to know what is
the �smallest� map φ0 : R� Ñ R� such that S and T are not φ0-integrably orbit equivalent,
namely a map φ0, such that S and T are not φ-integrably orbit equivalent if and only if
φ ¥ φ0. If we now �x an orbit equivalence, coming with �xed cocycles, we want to know if
the �minimal� integrability can be easily read on the cocycles. It follows from [CJLMT23,
Theorem 4.5] that if the cocycle cT : X Ñ Z is φ-integrable, then

φp|cT pn, xq|q
n

Ñ
nÑ�8

0,

for almost every x P X, where cT pn, xq stands for the cocycle Z � X Ñ Z considered
more generally for group actions and that we usually restrict to the generator �1 in the
particular case of the group Z.

Question 42. What is the asymptotics of max0¤i¤n |cT pn, xq| as n goes to �8? Is it
related to the �smallest� φ0 such that cT is not φ0-integrable ?

Note that the proof of Belinskaya's theorem tells us that if cT pn, xq diverges to �8,
then S and T are �ip-conjugate, and S is conjugate to T ε for ε P t�1,�1u such that
cT pn, xq �

nÑ�8
εn. If we can answer the previous question, the asymptotic information we

can derive from it could enable us to �nd a direct proof of the fact that log-integrable orbit
equivalence preserves the entropy, without using Shannon orbit equivalence, and maybe
using a more combinatorial de�nition of entropy. With such a proof, we could more deeply
understand the reason why the logarithm plays a particular role.

Conversely, we wonder whether some classical relations between transformations imply
quantitative forms of orbit equivalence.

Question 43. Given any two transformations T, S P AutpX,µq with the same entropy,
are they Shannon orbit equivalent or φ-integrably orbit equivalent for some unbounded
φ : R� Ñ R�? Does even Kakutani equivalence imply Shannon orbit equivalence or φ-
integrable orbit equivalence for some unbounded φ : R� Ñ R�? Does Kakutani equivalence
imply φ-integrable orbit equivalence for some unbounded φ : R� Ñ R� dominated by log?
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Examples of evenly Kakutani equivalent transformations are rank-one systems.

Question 44. Are any two rank-one systems Shannon orbit equivalent? φ-integrably orbit
equivalent for some unbounded φ : R� Ñ R�?

We may also wonder whether any two rank-one systems are L 1 orbit equivalent, since
a recent result of Naryshkin and Petrakos states that it holds true for odometers [NP25].
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Appendix A

Some basics of ergodic theory and

amenable groups

For the readers who are not acquainted with the basic notions considered in this thesis,
this appendix gives some recalls. We start with an introduction to ergodic theory, with
the main tools. Then we present all the terminologies on �nitely generated groups and
amenable groups. Finally we brie�y explain how ergodic theory is generalized to actions
of amenable groups.
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A.1 Basics of ergodic theory

Let us recall some basic notions of ergodic theory used in this thesis.
In the sequel, we focus on a probability space pX,µq which is standard and atomless,

and elements of AutpX,µq, namely bimeasurable bijections X Ñ X which preserve the
measure µ, but the results we will state also hold for non invertible dynamical systems.
In fact, invertible systems yield actions of the group Z and we will explain in Section A.3
how the theory generalises for actions of amenable groups. Finally we will sometimes deal
with dynamical systems in a more topological setting.

The reader may refer to [Gla03], [Dow11] and [VO16] (which contains a lot of examples)
for more details.

A.1.a Motivations behind dynamical systems

Given a set X and a map T : X Ñ X, we want to study the sequence pTnxqn¥0 for every
x P X.

1. Does it converge? diverge?

2. Does it visit every "region" of the set X?

3. For which x can we say something about pTnxqn¥0?

These questions make sense if X is equipped with some structure. For instance, for the
questions 1 and 2, we need a topology on X. For question 3, the answer could be: pTnxqn¥0

is periodic for every x in a dense subset (X equipped with a topology), or for almost every
x P X (X is a measured space).

Example A.1.1.

� Given λ ¡ 1, let us consider X � R and T : x P R Ñ λx P R. The dynamics is very
easy to study since we have the following closed formula:

@x P R, @n ¥ 0, Tnx � λnx,

so the sequence pTnxqn¥0 diverges if and only if x �� 0.

� Let us now consider X � r�1, 1s and T : x P r�1, 1s Ñ 2x2 � 1 P r�1, 1s. We can
still �nd a closed formula, up to some change of variable, since we have

Tnpcos pπtqq � cos p2nπtq

for every n ¥ 0 and every t P R. Using dyadic real numbers, we can therefore prove
that the sequence pTnxqn¥0 is periodic for every x in a dense subset. For points x
outside this subset, the sequence is more di�cult to study.

� Given r Ps0, 4s, for X � r0, 1s and T : x P r0, 1s Ñ rxp1 � xq (the logistic map), the
situation is more complicated since we do not have any closed formula for Tnx. Then
the goal is to �nd qualitative properties (existence of a dense orbit, existence of a
�xed point, an attractor, etc).

Measure-theoretic setting

Some dynamical systems are di�cult to study and we can only have a partial description
(see for instance the last example). Moreover, the behaviour of the sequence pTnxqn¥0

depends on x and, if X is a metric space, pTnxqn¥0 and pTnx1qn¥0 can have completely
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di�erent behaviours even if x and x1 are very close. For instance, the sequence can be
periodic for x, but can diverge for a point x1 arbitrarily close to x, this is chaos!

Imagine that the evolution of some physical quantity is driven by pTnxqn¥0, and imagine
that, in an experiment, some noise prevents us from choosing exactly the same initial
condition x twice (due to measurement errors for instance). Then the successive simulations
could give di�erent behaviours due to chaos, as if it was random. This motivates the
following de�nition of dynamical systems in a measure-theoretic context, where the initial
condition can be seen as a random variable.

De�nition A.1.2. Given a probability space pX,µq, a probability measure-preserving
transformation is a measurable map T : X Ñ X which preserves the measure: T�µ �
µpT�1p.qq is equal to µ.

The assumption T�µ � µ is important: if the initial condition x is random with respect
to µ, then so is Tx, so Tx can be considered as a new initial condition. In fact, it
follows from the ergodic theorem (see Section A.1.f for the statement) that if T is ergodic
(see Section A.1.c for the de�nition), then the repartition of the points tx, Tx, . . . , Tnxu
approximates the measure µ, as n goes to �8 and for µ-almost every x. So we can
somehow recover µ from T (with the good points x, namely the one "supported" by µ).

We will in fact work with invertible transformations on "nice" probability space.

De�nition A.1.3. A measured space X is standard if X is a Polish topological space,
endowed with the associated Borel σ-algebra. A probability space pX,µq is atomless if for
every x P X, µptxuq � 0.

Given a standard and atomless probability space pX,µq, AutpX,µq is the set of
probability-measure preserving bimeasurable bijections X Ñ X, two such maps being
identi�ed if they coincide on a subset of full measure. Dynamical systems have been in-
tensively studied in the more general case of non-invertible transformations, but we only
introduce the topic in the invertible case.

It is well-known that any standard and atomless probability space is isomorphic to
pr0, 1s,Lebq, namely there exists a bimeasurable map Ψ: X Ñ r0, 1s such that Ψ�µ � Leb
(roughly speaking, Ψ transfers the structure of X to r0, 1s, and vice versa).

Here are some examples.

Example A.1.4.

� The Bernoulli shift on X � t0, 1uZ is the transformation T P AutpX,µq de�ned by
T pxnqnPZ � pxn�1qnPZ, where X is endowed with the probability measure µ � νZ

for any probability measure ν on t0, 1u. We can more generally look at the Bernoulli
shift on ΣZ for any �nite set Σ.

� The irrational rotation of angle θ P RzQ is an example of Z-action. This is given by
the transformation Rθ P AutpX,µq, where X is the unit circle T � tz P C | |z| � 1u
endowed with its Lebesgue measure, de�ned by Rθz � e2iπθz.

� The most famous Z-actions we work with in this thesis are odometers. Given integers
qn ¥ 2 for every n ¥ 0, let X �±

n¥0 t0, 1, . . . , qn � 1u be endowed with the product
of uniform distributions on each t0, 1, . . . , qn � 1u. The associated odometer is the
transformation S P AutpX,µq de�ned by SpxnqnPZ � pxnqnPZ � p1, 0, 0, . . .q with
carry over to the right, namely

Sx �
" p0, . . . , 0, xi � 1, xi�1, . . .q if i� min tj ¥ 0 | xj �� qj � 1u is �nite
p0, 0, 0, . . .q if x � pq0 � 1, q1 � 1, q2 � 1, . . .q .
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Topological setting

We can also study dynamical systems with a topological viewpoint, when the set we act
on is a topological space.

De�nition A.1.5. Given a topological space X, a topological dynamical system is a
continuous map T : X Ñ X.

We will focus on invertible transformations, namely homeomorphisms. Topological
dynamics is often studied in the case of a compact set X, or even the Cantor set.

The dynamical systems presented Example A.1.4 are also topological dynami-
cal systems (consider the product topology on ΣZ for the Bernoulli shifts, and on±
n¥0 t0, 1, . . . , qn � 1u for odometers, and the usual topology on the unit circle for the

irrational rotations).

How to compare dynamical systems: conjugacy, factor

The main problem in ergodic theory is to classify transformations up to conjugacy, namely
we want to know whether two transformations are the "same".

For instance, we all know that multiplying a number by 10 consists in shifting the digits
of its decimal representation. The crucial word of this sentence is "consists". It means
that we have to translate numbers in sequences of digits (their decimal representations)
and to explain what happens in the world of such sequences when something happens in
the world of numbers, and vice versa. The translation is a change of viewpoint, this is
exactly the map Ψ of the following de�nition.

De�nition A.1.6. Two systems T P AutpX,µq and S P AutpY, νq are conjugate, or
isomorphic, if there exists a bimeasurable bijection Ψ: X Ñ Y such that Ψ�µ � ν and the
equality ΨT � SΨ holds almost everywhere.

In our intuitive example above, we only focus on the equality "ΨT � SΨ" (which
can also be written as TΨ�1 � Ψ�1S, conjugacy is a symmetric notion), where T is the
multiplication by 10 in the world X of numbers, S is the shift of sequences of Y and Ψ
tells us how to encode a number in a sequence. This can be called setwise conjugacy, since
it does not use any structure on the sets.

The other ingredients of the de�nition ("bimeasurable" and "Ψ�µ � ν") are useful
when the sets X and Y have a structure and we want Ψ to transfer the structure of X
in Y and vice versa. In the measure-theoretic context, X (resp. Y ) is equipped with a
σ-algebra and a probability measure µ (resp. ν) and the ingredients of the de�nition aims
at �nding a correspondence which respects these "equipments".

In the topological setting, if X and Y are both endowed with a topology, we want Ψ
to provide a correspondence between open sets of X and open sets of Y , namely Ψ is a
homeomorphism. This motivates the de�nition of conjugacy in the topological context.

De�nition A.1.7. Two homeomorphisms T and S of two topological spaces X and Y
respectively, are (topologically) conjugate if there exists a homeomorphism Ψ: X Ñ Y
such that the equality ΨT � SΨ holds on X.

Let us now introduce the notion of factor. We keep the above ideas for conjugacy, but
we remove all the "vice versa": if something happens in X, there exists some translator
Ψ which tells us what it means in Y , but we cannot necessarily go the other way because
we loose a lot of information when passing from X to Y . For instance, when we add 1
to an integer (X is the set of integers and T is the addition by 1), we change its parity
(Y � teven, oddu and S is the map which swaps the two elements of Y ). But conversely if
we know that we change the parity of an integer by adding 1, then we do not know which
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integer it is, since there are in�nitely many odd/even integers, and we do not know if T
is the addition by 1, for instance it could be the addition by �1. Here is the de�nition of
factor/extension in the measure-theoretic setting.

De�nition A.1.8. Let S, T P AutpY, νq. We say that S is a factor of T , or T is an
extension of S, if there exists a measurable map Ψ: X Ñ Y which is onto and such that
Ψ�µ � ν and the equality ΨT � SΨ holds almost everywhere.

Here we want Ψ to be onto (almost everywhere), otherwise we would only have part
of the information on Y . In the topological context, factor is de�ned in the same way,
replacing "homeomorphism" by "continuous map" for Ψ in the de�nition of topological
conjugacy, as well as we replaced "bimeasurable" by "measurable" in the last de�nition.

De�nition A.1.9. Given two topological space X and Y , and homeomorphisms T and S
on X and Y respectively, we say that S is a (topological) factor of T , or T is a (topological)
extension of S, if there exists a continuous map Ψ: X Ñ Y which is onto and such that
Ψ�µ � ν and the equality ΨT � SΨ holds on X.

If we want systems to be the "same", they have to share similar properties, otherwise we
did not �nd the good de�nition of conjugacy. The goal is thus to �nd invariants (ergodicity,
mixing properties, point spectrum, entropy, ...), namely characteristics of systems preserved
under conjugacy. If systems do not share such a property, then we know that they are not
conjugate.

Every time we �nd an invariant, we hope that it is a complete invariant, this occurs
when restricting to some subclasses, here are the two examples to keep in mind. For
instance, we can classify Bernoulli shifts up to conjugacy using entropy, by Ornstein's
theory [Orn70], as well as systems of discrete spectrum using the point spectrum [HVN42].

However it is a priori impossible to �nd a complete invariant of conjugacy which
classi�es systems in full generality. Conjugacy is a hard problem.

A.1.b Poincaré recurrence theorem, return time, induced transforma-
tion

Let T P AutpX,µq and A be a measurable subset of positive measure. The return time
rT,A : AÑ N� Y t8u is de�ned by :

@x P A, rT,Apxq :� inf tk ¥ 1 | T kx P Au,

also written rA if the context is clear. Given x P A, we would like to know if the orbit of x
for the dynamics of T will return in A in the future. In fact, there will be in�nitely many
visits, as stated in the following theorem.

Theorem A.1.10 (Poincaré recurrence theorem). If µpAq ¡ 0, then for almost every
x P A, the set tk P N� | T kx P Au is in�nite.

By "almost every x P A", we mean with respect to the probability measure µA �
µp. X Aq{µpAq which is well de�ned if µpAq ¡ 0. As we will see in Section A.1.c, this
statement can be improved when the transformation T is ergodic, since it will hold for
almost every x P X (not only x P A). The proof of Theorem A.1.10 is elementary, it does
not require a lot of assumptions since it only uses the fact that the measure is preserved
by the transformation.

Proof of Theorem A.1.10. For every n P NY t8u, we de�ne

En :� tx P A | sup tk ¥ 0 | T kx P Au � nu.
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For every �nite n, we have TnpEnq � E0 so En has the same measure as E0, but this
measure is necessarily zero since A is the disjoint union of the En for n P NY t8u and µ
is �nite. Thus A is equal to E8 up to a null set.

We can then de�ne a transformation TA on the set of x given by Poincaré recurrence
theorem, namely on A up to a null set, called the induced tranformation on A :

TAx :� T rApxqx.

The set A is endowed with the σ-algebra of measurable sets ofX included in A, and pA,µAq
is a standard and atomless probability space.

The map TA is an element of AutpA,µAq. Indeed, every measurable subset B of A is
the disjoint union of the sets Bn :� B X trA � nu for n ¥ 1, and TApBnq � TnpBnq by
de�nition, then the equality µApTApBqq � µApBq follows from the T -invariance of µ.

A

T

TA

T

T

T
T

x
Tx

T 2x

T 3x

T 4x

T 5x = TAx

rA(x) = 5

The next theorem states that rA is µA-integrable, but it is incomplete since we can say
more about the value of its integral in the ergodic case; see Theorem A.1.15 once ergodicity
has been de�ned.

Theorem A.1.11 (Kac's theorem (incomplete version)). Given T P AutpX,µq and A a
measurable set of positive measure, we have»

A
rAdµA ¤ 1

µpAq .

As for Poincaré recurrence theorem, the goal is to cut the space into interesting pieces
and to use the T -invariance of the measure.

Proof of Theorem A.1.11. If a T -orbit visits A in�nitely many times, then we can decom-
pose it in countably many "intervals" xi, Txi, . . . , T

rApxiq�1xi for i P Z, where

� the intersection of this orbit with A is exactly txi | i P Zu;

� xi�1 � T rApxiqxi.

Then for every point x lying in such an orbit, there is a unique such interval which contains
it and x is thus completely determined by the data of a point xi P A and positive integers
k, n such that 0 ¤ n   k, where x � Tnxi and rApxiq � k. In other words, there are
unique integers 0 ¤ n   k such that x P TnptrA � kuq.

We �nally have proved that X contains the disjoint union
�
k¡0

�
0¤n k T

nptrA � kuq.
Considering the measure of both sets, we get the desired formula.
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A.1.c Ergodicity

De�nition A.1.12. Let T P AutpX,µq. We say that a measurable subset A of X is
T -invariant if µpA∆T pAqq � 0. We say that T is ergodic if every T -invariant measurable
subset is null or conull.

This is the de�nition of T -invariance in the simpler case of invertible transformations
(when T is not invertible, A is T -invariant if µpA∆T�1pAqq � 0).

Example A.1.13. Let us consider integers qn ¥ 2 for every n ¥ 0, and T the odometer
on X �

±
n¥0 t0, . . . , qn � 1u introduced in Example A.1.4. Then T is ergodic. Indeed, X

is endowed with the product σ-algebra, namely the σ-algebra generated by the cylinders

ry0, . . . , yn�1sn � tpxiqi¥0 | x0 � y0, . . . , xn�1 � yn�1u,
(n is called the length of the cylinder) so given a T -invariant subset A of positive measure,
we can approximate it with these sets. More precisely, given ε ¡ 0, there is a cylinder
C (let us say of length n) such that µpA X Cq ¥ p1 � εqµpCq. T -invariance implies that
we have µpA X T kpCqq ¥ p1 � εqµpCq, moreover T acts cyclically on the set of cylinders
of length n which forms a partition of the space with elements of the same measure, so
summing these inequalities, we get µpAq ¥ 1� ε where ε is arbitrary, so µpAq � 1.

It is not hard to adapt this proof to rank-one systems that we introduce in Chapter I.

Irrational rotations and Bernoulli shifts are also ergodic, but we will need additional
tools to prove it, using a functional approach explained in Section A.1.e. For irrational
rotations, we can also use the fact that they are rank-one systems (by Del Junco [Jun76]),
which are ergodic as mentioned at the end of the previous example.

If A is T -invariant, then so is Ac, and T can be decomposed in two subsystems AÑ A
and Ac Ñ Ac. Ergodicity thus means that we cannot decompose a system in a non trivial
way: one of the two sets A or Ac must have full measure and the other must be negligible.

Moreover, if a set A satis�es A � T pAq, then for all points x P A, its T -orbit is
contained in A. This means that A is a union of orbits. In the case A is T -invariant, then
A is a union of orbits up to zero measure. Therefore, ergodicity means that a measurable
property only concerning the orbits is null or conull. For instance, given some measurable
subset B, the property "there exist in�nitely many positive integers n such that Tnx lies
in B" is satis�ed for x if and only if it is satis�ed for T kx for every k P Z, so it is a property
on the orbits. Since Poincaré recurrence theorem implies that B satis�es this property,
ergodicity enables us to improve this theorem.

Corollary A.1.14. If B is a measurable subset of X of positive measure and if T P
AutpX,µq is ergodic, then for almost every x P X, there exists in�nitely many positive
integers n such that Tnx P B.

In Section A.1.f, the ergodic theorem will enable us to compute the asymptotic fre-
quency of visits in B. Let us notice that Kac's theorem is also improved when the system
is ergodic.

Theorem A.1.15 (Kac's theorem (ergodic case)). Let T P AutpX,µq be an ergodic trans-
formation and A a measurable set of positive measure. Then we have»

A
rAdµA � 1

µpAq .

Proof of Theorem A.1.15. In the proof of the incomplete version (Theorem A.1.11), we
considered points lying in the T -orbits visiting A in�nitely many times, a property which
occurs almost surely if T is ergodic. The inclusion¤

k¡0

¤
0¤n k

TnptrA � kuq � X
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is thus an equality up to a null set and, considering the measure of both sets, we get the
result.

In Section A.1.b, we also de�ned induced transformations. The following proposition
states that ergodicity is stable under this operation.

Proposition A.1.16. Let T P AutpX,µq and A be a measurable subset of positive measure.
If T is µ-ergodic, then the induced transformation TA is µA-ergodic.

Idea of proof. If B is a TA-invariant subset B of A, then B1 �
�
nPN T

npBq is T -invariant
and we can prove that B1 X A is equal to B, so the result follows from the ergodicity of
T .

A fact that we often use in this thesis is that ergodicity implies aperiodicity.

Proposition A.1.17. If T P AutpX,µq is ergodic, then it is aperiodic: for almost every
x P X, the T -orbit of x is in�nite (in other words, the associated Z-action is free).

Proof. In the space X, we can �nd countably and in�nitely many measurable subsets
X1, X2, X3, . . . of positive measure and which are pairwise disjoint. Indeed, since pX,µq
is standard and atomless, we can assume without loss of generality that it is pr0, 1s,Lebq,
and we set

Xi �

�
i�1̧

j�1

1

2j
,
i̧

j�1

1

2j

�

for every i ¥ 1. Then Corollary A.1.14 and the fact that a countable intersection of conull
sets is a conull set imply that for almost every x P X, the T -orbit of x visits every Xi, so
it is in�nite since the subsets Xi are pairwise disjoint.

Ergodicity for T P AutpX,µq does not imply ergodicity of its powers T k for k P Zzt0u
(but it implies ergodicity of T�1). For a counter-example, let us look at the dyadic odome-
ter, namely the odometer on

±
n¥0 t0, . . . , qn � 1u with qn � 2 for every n ¥ 0, and let

us notice that its square preserves the set of elements pxnqn¥0 P t0, 1uN satisfying x0 � 0
(resp. x0 � 1), which has measure 1{2.

In fact, if T is the odometer on X �
±
n¥0 t0, . . . , qn � 1u, then none of its non trivial

powers (namely T k for every k P Zzt�1, 0, 1u) is ergodic if and only if the integers qn
satisfy the following condition: for every prime number p, there exists n ¥ 0 such that p
divides qn.

A.1.d Mixing properties

A stronger property than ergodicity is the weak mixing property.

De�nition A.1.18. T P AutpX,µq is weakly mixing if for all measurable subsets A and
B, the following holds:

1

n

ņ

i�0

��µpT�ipAq XBq � µpAqµpBq�� ÝÑ
nÑ�8

0.

Weak mixing property implies ergodicity (consider a T -invariant subset A and apply
weak mixing property to A � B). Weak mixing property is in fact a "Cesaro" version of
strong mixing property de�ned above (from this we deduce that strong mixing property
is... stronger).

De�nition A.1.19. T is strongly mixing if for all measurable subsets A and B, the fol-
lowing holds: ��µpT�npAq XBq � µpAqµpBq�� ÝÑ

nÑ�8
0. (A.1)
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It is easy to see that if T is weakly (resp. strongly) mixing, then so is T k for every
k P Zzt0u. From this we deduce that there exist ergodic systems that are not weakly
mixing (for instance odometers, see Example A.1.13). There also exist weakly mixing
systems that are not strongly mixing, for instance the Chacon map which is an example
of rank-one system, see Section I.3.a in Chapter I.

In the next section, we will see equivalent de�nitions of ergodicity and weak mixing
property in terms of eigenvalues, easier to apply than the original de�nitions, even for very
simple dynamical systems like irrational rotations.

To check strong mixing property, we can restrict its de�nition to a smaller class of
measurable subsets A and B for which (A.1) is easier to prove. Here is an example for
Bernoulli shifts.

Example A.1.20. Let X � t0, 1uZ and let us consider the Bernoulli shift T : pxnqnPZ Ñ
pxn�1qnPZ. T is an element of AutpX,µq, with µ � νbZ and where ν is the uniform measure
on t0, 1u. As for odometers (but in a two-sided manner), let us consider the cylinders:

ryk, . . . , yℓsk,ℓ � tpxiqiPZ | xk � yk, xk�1 � yk�1, . . . , xℓ � yℓu,

with integers k   ℓ. The space X is endowed with the product σ-algebra, namely the one
generated by the cylinders. Also the class of cylinders is stable under intersections, this is
what we usually call a π-system. Using the Dynkin π�λ theorem, we can thus check that
we can reduce the proof of strong mixing property to subsets A,B being in this class of
cylinders.

Why is it easier with cylinders ? Let us consider two cylinders of the form

A � ryk, . . . , yℓsk,ℓ and B � ry1k1 , . . . , y1ℓ1sk1,ℓ1 .

Then we can notice that

T�npAq � ryk�n, . . . , yℓ�nsk�n,ℓ�n,

so if n is su�ciently large, we have k � n ¡ ℓ1, and T�npAq and B get independent by
de�nition of µ, namely µpT�npAq X Bq � µpT�npAqqµpBq � µpAqµpBq. So T is strongly
mixing.

A.1.e Functional approach, introduction to spectral properties

Given T P AutpX,µq, we say that a measurable map f : X Ñ R is T -invariant if fpTxq �
fpxq for almost every x P X. Given a measurable subset A and T P AutpX,µq, we have
1A �T � 1T�1pAq, so a (trivial) equivalent de�nition of ergodicity is that every T -invariant
characteristic function is either 1X or 1H.

Moreover, for every measurable subset C, we have µpCq � ³
X 1Cdµ, so the quantity

µpT�ipAqXBq�µpAqµpBq appearing in the de�nitions of weakly and strongly mixing can
be written as »

X

�
1A � T i

�
1Bdµ�

»
X
1Aµ

»
X
1Bµ.

All these remarks lead us to a functional viewpoint of ergodic theory. Let us start with
the reformulations of the properties de�ned in the previous sections.

Proposition A.1.21. Let T P AutpX,µq.

� T is ergodic if and only if every T -invariant measurable map X Ñ R is constant
almost everywhere.
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� T is weakly mixing if and only if for every f, g P L2pX,µq, we have

1

n

ņ

i�0

����
»
X

�
f � T i� gdµ� »

X
fdµ

»
X
gdµ

���� ÝÑ
nÑ�8

0.

� T is strongly mixing if and only if for every f, g P L2pX,µq, we have»
X
pf � Tnq gdµ ÝÑ

nÑ�8

»
X
fdµ

»
X
gdµ.

Ideas of proof. By the above discussion, the "if" part of each point is immediate, consid-
ering characteristic functions.

Assume that T is ergodic and let f : X Ñ R be a T -invariant function. For every s P R,
the set tf ¡ su is T -invariant. By ergodicity, µptf ¡ suq is equal to 0 or 1, so the real
number

s0 � sup ts P R | µptf ¡ suq � 1u � inf ts P R | µptf ¡ suq � 0u
is well de�ned and it is a routine to prove that f � s0 almost everywhere.

If T is weakly mixing or strongly mixing, then the characterization with square-
integrable functions f, g comes from the approximation (with the L2-norm) by linear com-
bination of characteristic functions (for which the result immediately holds).

Then it is natural to study the unitary operator

UT : f P L2pX,µq Ñ f � T P L2pX,µq,

called the Koopman operator of T (it is unitary since µ is T -invariant). For instance,
ergodicity means that the only �xed points of this operator are the constant functions, so
we can more generally look at its point spectrum and its eigenspaces.

De�nition A.1.22. We say that λ P C is an eigenvalue of T if there exists f P L2pX,µqzt0u
such that f � T � λf . The function f is called an eigenfunction of T . The point spectrum
is the set SppT q of all its eigenvalues. Since UT is unitary, SppT q is a subset of the unit
circle T.

Example A.1.23. The constants functions are always eigenfunctions associated to the
eigenvalue 1.

The two following propositions show that the spectral properties of the Koopman op-
erator provide reformulations of some dynamical properties.

Proposition A.1.24. Given T P AutpX,µq, the following hold.

1. SppT q is a subgroup of T.

2. Eigenfunctions associated to eigenvalues di�erent than 1 have zero integral.

3. T is ergodic if and only if every eigenspace is a line.

4. If T is ergodic, then every eigenfunction has constant modulus.

It is immediate to prove that if λ is an eigenvalue of T , then λ�1 is an eigenvalue of
T�1. Using the �rst item of this proposition, we thus get that T and T�1 have the same
point spectrum.
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Proof. Considering constants functions X Ñ C, 1 is always an eigenvalue. If λ and µ are
eigenvalues, with eigenfunctions f and g respectively, then fg and and f are eigenfunctions
associated to the eigenvalues λµ and λ�1 respectively. So SppT q is a subgroup of T.

If λ is an eigenvalue and f is an associated eigenfunction, then the preservation of the
measure implies

λ

»
X
fdµ �

»
X
f � Tdµ �

»
X
fdµ

so the integral of f is zero if λ �� 1.

Let us now assume that T is ergodic. If f is an eigenfunction, then |f | is eigenfunction
with eigenvalue 1, so it is constant almost everywhere. This implies in particular that
eigenfunctions are almost surely nonzero, so if f and g are eigenfunctions associated to
the same eigenvalue, we can look at f{g which is an eigenfunction associated to 1, so it is
constant almost everywhere, namely f and g are colinear. Conversely, if eigenspaces are
lines, then the eigenspace with eigenvalue 1 only contains constant functions, which is a
reformulation of ergodicity by Proposition A.1.21.

Proposition A.1.25. If T P AutpX,µq is ergodic, then it is weakly mixing if and only if
1 is the only eigenvalue.

Proof. The "if" part is more technical and requires additional tools, that we do not intro-
duce here (see Sections 1 and 2 in [Gla03, Chapter 3]). Let us only prove the "only if" part.
Assume that T is weakly mixing and ergodic, and let f be an eigenfunction associated to
an eigenvalue λ. We have »

X
pf � T iqfdµ � λi

»
X
|f |2dµ

for every i ¥ 0. If λ were not equal to 1, then f would have zero integral and the weak
mixing property would imply

1

n

ņ

i�0

����
»
X
pf � T iqfdµ

���� Ñ
nÑ�8

0,

namely }f}2 � 0 since |λ| � 1, a contradiction. So λ is equal to 1, this is the only eigenvalue
of T .

Let us now exploit the useful fact that L2pX,µq is a Hilbert space to study the point
spectrum of some transformations. Let us �rst point out the fact that any two eigenfunc-
tions associated to distinct eigenvalues are orthogonal, this directly follows from the fact
that the Koopman operator is unitary.

It is easy to compute the point spectrum of systems of discrete spectrum, thanks to the
structure of separable Hilbert space of L2pX,µq (see the examples below), but let us �rst
de�ne this class of transformations.

De�nition A.1.26. A transformation T P AutpX,µq has discrete spectrum if the span of
all its eigenfunctions is dense in L2pX,A, µq.

Example A.1.27.

1. Let θ be an irrational number, and Rθ : z P T ÞÑ z exp p2iπθq P T be the irrational
rotation of angle θ. For every n P Z, the map fn : z P TÑ zn P T is an eigenfunction
of Rθ associated to the eigenvalue exp p2inπθq. By Fourier analysis, the span of all
the functions fn is dense in L2pTq, so this system has discrete spectrum.
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These functions fn in fact describe (up to multiplicative constants) all the eigenfunc-
tions of Rθ and provide all the eigenvalues. Indeed, if f : T Ñ R is an eigenfunction
associated to some eigenvalue λ P T, then we can decompose it in the Fourier basis:

f �
¸
nPZ

anfn,

and apply the Koopman operator to get:

f �
¸
nPZ

an
e2inπθ

λ
fn.

This gives an � an
e2inπθ

λ for every n P Z, so there exists some n0 P Z such that
λ � e2in0πθ and an � 0 for every n �� n0, so f � an0fn0 . We thus have proved that
the point spectrum of the Rθ is exactly texp p2inπθq | n P Zu.

2. Given a sequence pqnqn¥0 of integers greater than or equal to 2, and S the odometer
on X �±

n¥0 t0, 1, . . . , qn � 1u, its point spectrum is exactly

SppSq �
"
exp

�
2iπk

hn



| n ¥ 1, 0 ¤ k ¤ hn � 1

*
.

where hn � q0 . . . qn�1. Indeed, it is straightforward to check that fλ : x P X ÞÑ°hn�1
j�0 λj1Sjpr0,...,0snqpxq is an eigenfunction associated to λ � exp

�
2iπk
hn

	
. Moreover,

the span of all the eigenfunctions is dense in L2pXq, since a linear combination°hn�1
ℓ�0 aℓfλℓ is of the form

°hn�1
j�0 P pλjq1Sjpr0,...,0snq with the polynomial P � a0 �

a1Y � . . .� ahn�1Y
hn�1, and good choices of P yield the characteristic functions of

the n-cylinders. We conclude as for irrational rotations.

Using Propositions A.1.24 and A.1.25, we get the following.

Corollary A.1.28. Odometers and irrational rotations are ergodic but not weakly mixing.

Moreover, there is no isomorphism between an odometer and an irrational rotation,
since they do not share the same point spectrum. Indeed, the point spectrum is preserved
under isomorphism, and irrational rotations have irrational eigenvalues whereas odometers
only have rational eigenvalues.

The following result, due to Halmos and von Neumann, provides a classi�cation of
ergodic discrete-spectrum systems up to conjugacy.

Theorem A.1.29 (Halmos, von Neumann [HVN42]). Two ergodic systems of discrete
spectrum are conjugate if and only if they have the same point spectrum.

This is also a classi�cation up to �ip-conjugacy since the point spectrum is symmetric.
This theorem enables us to classify odometers and irrational rotations up to conjugacy.

Example A.1.30.

� Let Rθ and Rθ1 be two irrational rotations. Their point spectrum are respectively
equal to

te2inπθ | n P Zu and te2inπθ1 | n P Zu
and their are the same if and only if θ1 � �θ. By Halmos-von Neumann theorem,
Rθ and Rθ1 are isomorphic if and only if θ1 � �θ.
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� Let S and S1 be two odometers, respectively on
±
n¥0 t0, 1, . . . , qn � 1u and±

n¥0 t0, 1, . . . , q1n � 1u. Their point spectrum are respectively equal to"
exp

�
2iπk

hn



| n ¥ 1, 0 ¤ k ¤ hn � 1

*
and

"
exp

�
2iπk

h1n



| n ¥ 1, 0 ¤ k ¤ h1n � 1

*

with hn � q0 . . . qn�1 and h1n � q10 . . . q
1
n�1. For every prime number p, let us set

kp �
¸
n¥0

νppqnq P NY t�8u

and similarly k1p, where νp is the p-adic valuation. Then it is not hard to prove that
S and S1 have the same point spectrum if and only if kp � k1p for every prime number
p. So Halmos-von Neumann theorem implies that the family pkpqprime number p is a
total invariant of conjugacy among odometers. We will usually refer to the formal
product

±
p p

kp as the supernatural number associated to (the conjugacy class of) an
odometer. We say that an odometer is dyadic if k2 � �8 and kp � 0 for the other
prime numbers p, universal if kp � �8 for every p.

A.1.f Ergodic theorems

Given T P AutpX,µq and a measurable subset A of X, what is the asymptotic density of
tn ¥ 0 | Tnx P Au in N, in other words the frequency of visits in A? First, the answer
seems to depend on x. Indeed, if T is not ergodic and admits a T -invariant subset B
disjoint from A and of positive measure, then for every x P B, there is no integer n ¥ 0
such that Tnx visits A. It is thus natural to ask this question when T is ergodic. Secondly,
when T is ergodic, the frequency of visits in A depends on the measure of A, since the set
tn ¥ 0 | Tnx P Au is almost surely equal to N if µpAq � 1 and to H if µpAq � 0.

We will answer these questions using the Birkho� ergodic theorem. Before that, note
that the expected value of |t0 ¤ i ¤ n | T ix P Au| is pn� 1qµpAq:
»
X
|t0 ¤ i ¤ n | T ix P Au|dµpxq �

»
X

�
ņ

i�0

1T�ipAqpxq
�
dµpxq �

ņ

i�0

»
X
1T�ipAqpxqdµpxq

�
ņ

i�0

µpT�ipAqq

� pn� 1qµpAq.

This asymptotic behaviour is actually pointwise.

Theorem A.1.31 (Birkho� ergodic theorem). Let T P AutpX,µq be an ergodic system
and f P L1pX,µq. Then for µ-almost every x P X, the following holds:

1

n

ņ

i�0

fpT ipxqq Ñ
nÑ�8

»
X
fdµ,

and the convergence also holds in L1pX,µq.
We refer to Section 8 in [Gla03, Chapter 3] for a proof.
Applied to f � 1A, Birkho� ergodic theorem gives

1

n
|tn ¥ 0 | Tnx P Au| Ñ

nÑ�8
µpAq

for µ-almost every x P X, if T is ergodic.
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In the non-ergodic case, the limit still exists but is not constant almost everywhere:

1

n

ņ

i�0

fpT ipxqq Ñ
nÑ�8

Erf | Is

for µ-almost every x P X, where I is the σ-algebra of T -invariant subsets and Erf | Is is
the expectation of f conditionally to I. This is closely related to the ergodic decomposition
(see Sections 4 and 8 in [Gla03, Chapter 3] for more details). Furthermore, the convergence
holds also in L1pX,µq.

Note that in the L2-case, the expectation conditionally to a σ-algebra C is in fact
the orthogonal projection onto the subspace of C-measurable functions. When C is the
σ-algebra I of T -invariant subsets, I-measurable functions are exactly the T -invariant
functions. This is thus natural to prove a L2-version of Birkho� ergodic theorem using the
structure of Hilbert space.

Theorem A.1.32 (Von Neumann ergodic theorem). Let T P AutpX,µq and f P L2pX,µq.
Then the following convergence holds in L2pX,µq:

1

n

ņ

i�0

f � T i Ñ
nÑ�8

Pf,

where P is the orthogonal projection onto the subspace of T -invariant functions.

Idea of proof. Since the Koopman operator UT is unitary, we have the following orthogonal
decomposition:

L2pX,µq � KerpUT � Idq ` ImpUT � Idq,
where KerpUT � Idq is the subspace of T -invariant functions, so it su�ces to prove the
statement for f lying in either KerpUT � Idq or ImpUT � Idq.

In the ergodic case, the projection P is the orthogonal projection onto the constant
functions, and

�
1
n

°n
i�0 f � T i

�
n¥1

converges to
³
X fdµ with the L2-norm.

A.1.g About T -invariant probability measures

Let us deal with the set of T -invariant probability measures, with a brief presentation of
its topological nature.

Given a bimeasurable bijection (or simply a measurable map) T : X Ñ X, does there
always exist a T -invariant probability measure µ? The answer is YES!, using functional
analysis. More precisely, the set of T -invariant probability measure is non-empty, convex
and compact in the set of probability measures, for the weak-� topology. We refer the
reader to [VO16, Chapter 2] for a deep study on the topic.

Let us mention this crucial fact on T -ergodic probability measures on X, namely T -
invariant probability measures µ such that T , seen as an element of AutpX,µq, is ergodic.
Proposition A.1.33 (see [Gla03, Theorem 4.2]). Given a standard space X, let T : X Ñ
X be a measurable map. Then the extremal points of the set of T -invariant probability
measures are exactly the T -ergodic ones.

Therefore, by Krein-Milman Theorem, there exists at least one T -ergodic probability
measure, and moreover the set of T -invariant probability measures is equal to the closed
convex hull of its T -ergodic probability measures.

Finally, let us point out the following property among T -ergodic probability measures.

Proposition A.1.34 (see [Gla03, Theorem 4.2]). If µ and ν are distinct T -ergodic prob-
ability measures, then they are mutually singular: there exists a measurable subset Y such
that µpY q � 1 and νpY q � 0.
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After these descriptions, let us focus on the particular case of systems having only one
T -invariant probability measure.

De�nition A.1.35. We say that a bimeasurable bijection T : X Ñ X is uniquely ergodic
if it admits a unique T -invariant probability measure.

It follows from Proposition A.1.33 that if T is uniquely ergodic, then its only T -invariant
probability measure is T -ergodic.

Example A.1.36.

� The irrational rotation of angle θ on the unit circle is uniquely ergodic. Indeed, if µ
is an Rθ-invariant probability measure, then for every n P Zzt0u, we have»

T
zndµ �

»
T
zndpµ �R�1

θ q �
»
T
pze2inθπqndµ � e2inθπ

»
T
zndµ

which forces
³
T z

ndµ � 0 for every n �� 0 since θ is irrational. By Fourier analysis,
we conclude that µ is the Lebesgue measure on the unit circle.

� Odometers are also uniquely ergodic. Indeed, the odometer on
±
n¥0 t0, . . . , qn � 1u

cyclically acts on the cylinders of same length, so for every n ¥ 1, cylinders of length
nmust have measure 1{pq0 . . . , qn�1q. Since the σ-algebra of the space is generated by
the cylinders, the Dynkin π-λ theorem implies that an invariant probability measure
must be the product of the uniform distributions on the �nite sets t0, . . . , qn � 1u.

A.1.h Entropy

We now introduce numerical invariants which quantify how much a transformation com-
plexi�es the space: measure-theoretic entropy (in the measured context) and topologi-
cal entropy (for topological dynamical systems). We refer the reader to [Gla03, Part 2]
and [Dow11].

Measurable partitions

A set P of measurable subsets of X is a measurable partition of X if:

� for every P1, P2 P P, we have µpP1 X P2q � 0;

� the union
�
PPP P has full measure.

The elements of P are called the atoms. If P and Q are measurable partitions of pX,µq,
we say that P re�nes (or is a re�nement of, or is �ner than) Q, denoted by P ¥ Q, if every
atom of Q is a union of atoms of P (up to a null set). More generally, their joint partition
is

P _Q� tP XQ | P P P, Q P Qu,
namely the least �ne partition which re�nes P and Q. This operation _ is associative.

A measurable partition P de�nes almost everywhere a map Pp.q : X Ñ P where Ppxq
is the atom of P which contains x. Given a measurable map T : X Ñ X, P provides coding
maps

rPsi,n : x P X ÞÑ pPpT jxqqi¤j¤n P Pti,...,nu.

In particular, rPsnpxq� rPs0,n�1pxq is the n-word of x.
Given atoms Pi, Pi�1, . . . , Pn of P, the equality rPsi,npxq � pPi, . . . , Pnq exactly means

that x is an element of T�ipPiq X T�pi�1qpPi�1q X . . .X T�npPnq. Therefore the partition
which gives the values of rPsi,n is the following joint partition
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Pn
i �

nª
j�i

T�jpPq

with T�jpPq � tT�jpP q | P P Pu, this is a division of the space given by the dynamic of
T , over the timeline ti, . . . , nu and with respect to P.

Entropy of a partition

If P � tP1, P2u is a partition of X with two atoms of equal measure, and Q � tQ1, Q2u
is another partition with two atoms, such that µpQ1q � 0, 9999, then P brings more
information than Q. Given a random variable x with law µ, the answer to the question "In
which atom is x?" is of more interest for P since it is uncertain. We want a function (called
entropy) from the set of measurable partitions to R� which quanti�es the uncertainty of
the answer, or equivalently which quanti�es how much a partition divides the space.

First, we de�ne the information function I from the measurable subsets to R�, such
that, given a subset P � X and a random variable x with law µ, IpP q quanti�es how much
it is surprising to �nd out that x lies in P . We heuristically get the following axioms:

� IpXq � 0;

� IpHq � �8;

� IpP q � fpµpP qq for a decreasing map f ;

� if A and B are independant, then IpAXBq � IpAq � IpBq.

The map f is necessarily � log (up to a multiplicative constant), so we de�ne

IpP q� � logµpP q.

Then we de�ne the information function of a partition P as

IP �
¸
PPP

IpP q1P : X Ñ R�

and the entropy is the mean of this function:

HµpPq�
»
X
IPpxqdµpxq � �

¸
PPP

µpP q logµpP q P R�.

Let us now point out all the properties satis�ed by entropy and that we were looking
for when motivating this notion at the beginning of the paragraph.

� If P is a measurable partition of X of cardinality n ¥ 2. Then we have

HµpPq ¤ log n

with equality if and only if P is uniform. This follows from the fact that x P r0, 1s ÞÑ
�x log x is concave. As desired, it says that uniform partitions are the partitions for
which the uncertainty is maximal.

� If P and Q are measurable partitions of X such that P ¥ Q, then HµpPq ¥ HµpQq.
To prove it, we only have to notice that IPpxq ¥ IQpxq almost everywhere and to
integrate this inequality. It simply tells us that the entropy of a partition is larger
and larger as the partition divides more and more the space
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� Using the concavity of log, we prove that the entropy is subadditive: if P and Q are
measurable partitions of X, then we have

HµpP _Qq ¤ HµpPq �HµpQq.

This crucial property enables us to use the subadditive lemma in order to de�ne the
entropy of a transformation.

� Finally, the inequality HµpP _ Qq ¤ HµpPq � HµpQq is an equality if and only if
P and Q are independent, meaning that for every P P P and Q P Q, we have
µpP XQq � µpP qµpQq.
The interpretation of subadditivity and its equality case is the following: the informa-
tion brought by P and Q is less than the information brought by both partition sepa-
rately, and it is not an equality if and only if P brings information that Q has already
brought, or the converse (this is the interpretation behind "non-independance").

Notice that the quantity HµpP_Qq�HµpPq is a measurement of what Q brings more
if we already know the information given by P. We therefore de�ne the conditional
entropy by

HµpQ | Pq � HµpQ_ Pq �HµpPq,
and we get the following intuitive properties:

HµpQ | Pq � HµpQq ðñ P and Q are independent,

HµpQ | Pq � 0 ðñ P ¥ Q.

Measure-theoretic entropy of a transformation

Entropy, or measure-theoretic entropy, or metric entropy, of a measurable transformation
is an invariant of conjugacy which quanti�es how much a transformation complexi�es the
partitions.

Let T P AutpX,µq and P be a �nite measurable partition of X. By the properties of
Hµ, the map n P N ÞÑ HµpPn

0 q is subadditive, so we deduce from the subadditive lemma
that the following quantity

hµpT,Pq� lim
nÑ�8

HµpPn
0 q

n

is well-de�ned, this is the entropy of T with respect to P, and it tells us how quickly
the dynamic of T is dividing the space X with the partition P. Finally, let us de�ne the
entropy of T by

hµpT q� sup
P

hµpT,Pq,

where the supremum is over all the �nite measurable partitions P of X. This quantity is
non-negative and can be in�nite.

It is usually complicated to compute hµpT,Pq for every �nite measurable partitions P.
Fortunately, the following result, due to Kolmogorov and Sinaï, states that we can restrict
to some partitions. We say that a �nite partition P is T -generating if the σ-algebra of X
is generated by pPn

0 qn¥0 up to null sets. If T is invertible, it is equivalent to saying that
the σ-algebra of X is generated by

�
Pn
�n

�
n¥0

up to null sets.

Theorem A.1.37 (see [Dow11, Theorem 4.2.2]). If P is T -generating, then we have

hµpT,Pq � hµpT q.
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Example A.1.38.

� Let Σ be a �nite set equipped with a probability measure ν, and let T be the Bernoulli
shift on pX,µq � pΣZ, νbZq, where X is endowed with the σ-algebra generated by
the cylinders.

If P is the partition in cylinders of the form ry0s0,0, for y0 P Σ, then Pn
�n is the parti-

tion in cylinders of the form ry�n, . . . , yns�n,n (see Example A.1.20 for the de�nition
of two-sided cylinders), so P is T -generating.

By de�nition of the measure, the partitions T�ipPq for i ¥ 0 are pairwise indepen-
dent, so HµpPn

0 q � pn� 1qHµpPq and

hµpT q � hµpT,Pq � HµpPq �
¸
xPΣ

νpxq log νpxq.

� Let θ be an irrational real number and T � Rθ the irrational rotation of angle θ
on the unit circle U. Without loss of generality, we can assume 0   θ   1. Let
P � tr0, θs, rθ, 1su, with the notation rx, ys � te2iπτ | x ¤ τ ¤ yu. For every n P Z,
we have T�ipPq � tr�iθ, p�i�1qθs, rp�i�1qθ, 1� iθsu, and we deduce from the fact
that te2inπθ | n P Zu is dense in U that P is T -generating.

For the computation of HµpPq, we have to notice that Pn
0 is the partition in intervals

with endpoints �iθ for i P t0, . . . , nu, so it has cardinality n� 1. We thus get

hµpT q � hµpT,Pq � lim
nÑ�8

HµpPn
0 q

n
¤ lim

nÑ�8

log pn� 1q
n

� 0.

Let us �nally mention Abramov's formula which gives the entropy of an induced map.

Theorem A.1.39 (Abramov's formula, see [Dow11, Theorem 4.3.3]). Let T P AutpX,µq
be an ergodic transformation and A a measurable subset of X. Then

µpAqhpTAq � hpT q.

Topological entropy

In the topological setting, topological entropy is an invariant of topological conjugacy
and is de�ned with similar ideas. As a de�nition, let us present the analogies with the
measure-theoretic context.

Settings for measure-theoretic entropy

Probability space pX,µq

Measurable map T : X Ñ X which
preserves the measure

Measurable partition P

Joint of partitions
P _Q � tP XQ | P P P, Q P Qu

Pn
0 �

�n
i�0 T

�ipPq

Entropy of a partition
HµpPq � �°

PPP µpP q logµpP q

Settings for topological entropy

Compact space X

Continuous map T : X Ñ X

Open cover U

Joint of open covers
U _ V � tU X V | U P U , V P Vu

Un0 �
�n
i�0 T

�ipUq

Entropy of an open cover
logNpUq where NpUq�

min t|U 1| | U 1 is an open subcover of Uu
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Subadditivity:
HµpP _Qq ¤ HµpPq �HµpQq

Entropy of T with respect to P:
hµpT,Pq � limnÑ�8

HµpPn
0 q

n

Entropy of T :
hµpT q � supP hµpT,Pq

Submultiplicativity:
NpU _ Vq ¤ NpUqNpVq,
hence subadditivity:

logNpU _ Vq ¤ logNpUq � logNpVq

Topological entropy of T with respect to U :
htoppT,Uq � limnÑ�8

logNpUn
0 q

n

Topological entropy of T :
htoppT q � supU htoppT,Uq

Analogously to Kolmogorov-Sinaï theorem for measure-theoretic entropy, we can reduce
the computation of topological entropy to particular open covers. Assuming that the
compact space X is metrizable, we say that an open cover U is T -generating for the
topology on X if for every ε ¡ 0, there exists N ¥ 0 such that for every n ¥ N , the open
sets of Un0 have a diameter less than ε.

Theorem A.1.40 (see [Dow11, Remark 6.1.7]). Let T be a topological system on X and
U a T -generating open cover. Then we have

htoppT,Uq � htoppT q.
Example A.1.41. Let us go back to the dynamical systems considered in Example A.1.38:
Bernoulli shifts and irrational rotations which are also topological systems. We keep the
same notations.

� The compact space ΣZ can be endowed with the metric

dppxiqiPZ, pyiqiPZq�
¸
nPZ

1

2|n|
1xn ��yn

(it is easy to prove that it generates the product topology). The partition P of
ΣZ considered in Example A.1.38 is an open cover and is also T -generating in the
topological sense. Since P is a partition, so is Pn

0 and we simply have NpPn
0 q �

|Pn
0 | � |Σ|n�1 (topological entropy is particularly interesting in Cantor sets since we

can �nd clopen sets, so open covers which are partitions). We thus have

htoppT q � log |Σ|.

� For the irrational rotation of angle θ, recall that we considered the partition P �
tr0, θs, rθ, 1su to compute the measure-theoretic entropy. To get open sets covering
the unit circle U, we start with the open sets s0, θr and sθ, 1r, but since they do not
cover 0 and θ, we add the open sets sθ{2, 3θ{2r and s3θ{2, 1� θ{2r. It is not di�cult
to prove that the open cover U composed of these four open sets is topologically
T -generating and to conclude that htoppT q � htoppT,Uq � 0.

The variational principle

The variational principle enables us to connect topological and measure-theoretic entropies.

Theorem A.1.42 (Variational principle, see [Dow11, Theorem 6.8.1]). Let T : X Ñ X be
a topological system on a metric compact set X. Then we have

htoppT q � sup
µ

hµpT q

where the supremum is over all T -invariant Borel probability measures µ on X.



154 APPENDIX A: BASICS OF ERGODIC THEORY AND AMENABLE GROUPS

As a consequence, if T is uniquely ergodic, then we have

htoppT q � hµpT q,

where µ denotes the only T -invariant Borel probability measure.

Example A.1.43. Let us consider the dynamical systems of Examples A.1.38 and A.1.41.

� We proved that the Bernoulli shift on ΣZ has topological entropy htoppT q � log |Σ|
and its measure-theoretic entropy hµpT q �

°
xPΣ νpxq log νpxq when the space is

endowed with µ � νbZ. When ν is the uniform distribution on Σ, we get hµpT q �
htoppT q.

� Irrational rotations are uniquely ergodic (see Example A.1.36), so we could prove
that they have zero topological entropy from the fact that they have zero measure-
theoretic entropy, and vice-versa.

A.1.i Kakutani equivalence

Let us �nally introduce Kakutani equivalence and even Kakutani equivalence. These are
equivalence relations weaker than conjugacy but the theory is as rich as the conjugacy
problem, see [ORW82].

De�nition A.1.44. Let T, S P AutpX,µq be two ergodic transformations.

1. T and S are said to be Kakutani equivalent , if there exist measurable subsets A and B
of positive measure such that the induced transformations TA and SB are conjugate.

2. T and S are evenly Kakutani equivalent if moreover µpAq � µpBq.

Proposition A.1.45. Kakutani equivalence and even Kakutani equivalence are equivalence
relations.

The proof of this proposition crucially uses ergodicity.

Proof of Proposition A.1.45. Kakutani equivalence is obviously re�exive (take A � B)
and symmetric. For transitivity, let S, T, U P AutpX,µq be three ergodic transformations
and A,B1, B2, C be measurable subsets of positive measure such that SA is isomorphic
to TB1 and TB2 is isomorphic to UC . By ergodicity, there exists an integer i such that
B � T ipB2q XB1 has positive measure. It is not di�cult to prove the equality

TB2 � T�iTT ipB2qT
i

so UC is conjugate to TT ipB2q. Moreover, if φ1 : pB1, µB1q Ñ pA,µAq
(resp. φ2 : pT ipB2q, µT ipB2qq Ñ pC, µCq) is a conjugation between TB1 and SA (resp. TT ipB2q

and UC), then it induces a conjugation between TB and Sφ1pBq (resp. TB and Uφ2pBq), so
Sφ1pBq and Uφ2pBq are isomorphic.

Re�exivity and symmetry are also obvious for even Kakutani equivalence. For transitiv-
ity, we make the same proof as for Kakutani equivalence, using the fact that if A,B1, B2, C
have the same measure, then φ1pBq and φ2pBq also have the same measure.

An immediate consequence of Abramov's formula (Theorem A.1.39) is the following.

Corollary A.1.46. Entropy is an invariant of even Kakutani equivalence.
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As mentioned in Section A.1.a, the conjugacy problem admits a complete invariant
among Bernoulli shifts: this has been proved by Ornstein [Orn70]. He �rst classi�ed up to
conjugacy a class of systems called very weak Bernoully, which turned out to be exactly the
class of Bernoulli shift. The de�nition of very weak Bernoulli systems uses the Hamming
distance between words.

Similarly to Ornstein's theory [Orn70] for the conjugacy problem, Ornstein, Rudolph
and Weiss [ORW82] found a class of systems, called loosely Bernoulli system, where Kaku-
tani and even Kakutani equivalences are well understood. These systems were �rst intro-
duced by par Feldman [Fel76], their de�nition is similar to that of very weak Bernoulli
systems, replacing the Hamming word-metric by a more �exible one. We give more details
in Chapter II, see Section II.2.d. For instance, Bernoulli shifts, odometers and irrational
rotations are loosely Bernoulli.

The classi�cation theorem is the following.

Theorem A.1.47 ([ORW82, Theorems 5.1 and 5.2]). Let S, T P AutpX,µq be two ergodic
transformations.

1. If S is loosely Bernoulli and is Kakutani equivalent to T , then T is also loosely
Bernoulli.

2. If S and T are loosely Bernoulli, then they are evenly Kakutani equivalent if and only
if they have the same entropy.

A.2 Some basics of �nitely generated groups and amenability

A.2.a Finitely generated groups

If SΓ is a generating subset of Γ, then we can de�ne the Cayley graph of Γ with respect
to SΓ as the graph whose vertices are the elements of Γ and edges are all the pairs pγ, γsq
with γ P Γ and s P SΓ Y S�1

Γ .
This graph is connected and not directed, and enables us to endow Γ with the path

metric: the distance between γ and γ1 P Γ is

dSΓ
pγ, γ1q� mintn ¥ 0 | Ds1, . . . , sn P SΓ Y S�1

Γ , γ � γ1s1 . . . snu.
This metric is also called the word-length metric. We then de�ne the norm of γ P Γ as

|γ|SΓ
� dSΓ

pγ, 1Gq � mintn ¥ 0 | Ds1, . . . , sn P SΓ Y S�1
Γ , γ � s1 . . . snu.

Note that we have dSΓ
pγ, γ1q � |γ1�1γ|SΓ

. We denote by VSΓ
pnq the cardinality of the

closed ball of radius n centered at 1Γ, namely the cardinality of tγ P Γ | |γ|SΓ
¤ nu. The

map VSΓ
: NÑ R� is called the volume growth of Γ with respect to SΓ.

Example. Let d ¥ 1 be an integer and let us endow Zd with the �nite generating subset
SZd consisting in its canonical basis. Then the associated length function is de�ned by

|k|SZd
� |k1| � . . .� |kd|

for every k � pk1, . . . , kdq P Zd. In particular, the length function |.|t�1u for Z is the
absolute value.

In the context of quantitative orbit equivalence, we only focus on �nitely generated
groups. For such groups, the two metrics obtained from two di�erent �nite generating
sets SΓ and S1Γ are bi-Lipschitz equivalent: there exists a constant C ¡ 0 such that the
following holds:

@γ P Γ,
1

C
|γ|S1Γ ¤ |γ|SΓ

¤ C|γ|S1Γ .
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Figure A.1: The Cayley graph of Z2 with the �nite generating set te1, e2u where e1 � p1, 0q
and e2 � p0, 1q.

The proof is very simple: if we can write γ as s1 . . . sn, with si P SΓ and n � |γ|SΓ
, then

writting each si as a product of generators in S1Γ gives the following bound on the number
of generators in S1Γ that we need to write γ:

|γ|S1Γ ¤
�
max
1¤i¤n

|si|S1Γ


n �

�
max
1¤i¤n

|si|S1Γ


|γ|SΓ

.

We similarly prove the reverse inequality.

From this important fact, we deduce that the information on the geometry of the group
is asymptotically the same whatever the �nite generating set we consider. Let us introduce
some terminologies. Given two increasing maps f, g : R� Ñ R�, we say that g dominates f ,
written as g ¤ f , if there exists a constant C ¡ 0 such that fpxq ¤ CgpCxq for su�ciently
large real numbers x. If g ¤ f and f ¤ g, then we say that f and g are asymptotically
equivalent, and we write f � g.

Therefore, given two di�erent �nite generating sets SΓ and S1Γ, the above fact implies
that the volume growth VSΓ

and VS1Γ are asymptotically equivalent. The asymptotic be-
haviour, namely the equivalence class modulo �, is denoted by VΓ. We say that a group has
polynomial growth of degree d ¥ 1 if VΓpxq � xd, and has exponential growth if VΓpxq � ex

(note that we have ex � eCx for every C ¡ 0).

Example A.2.1.

� For every integer d ¥ 1, Zd has polynomial growth of degree d.

� Let us consider the set Z3 endowed with the group operation:

px, y, zqpx1, y1, z1q � px� x1, y � y1, z � z1 � xy1q,
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coming from the identi�cation with the group of matrices of the form�
�1 x z
0 1 y
0 0 1

�

.

This group, called the Heisenberg group, is generated by tp1, 0, 0q, p0, 1, 0qu and has
polynomial growth of degree 4.

� Given groups Γ and Λ, we de�ne the wreath product

Λ ≀ Γ�

�à
Γ

Λ

�
� Γ

where Γ acts on the direct sum by shifting the coordinate. If Γ and Λ are �nitely
generated, with �nite generating subsets SΓ and SΛ, then so is Λ ≀Γ. Indeed, Λ ≀Γ is
generated by:

tpιpsq, 1Γq | s P SΛu Y tpιp1Λq, sq | s P SΓu,
where ιpsq : ΓÑ Λ is de�ned by ιpsqp1Γq � s and ιpsqpγq � 1Λ for every γ P Γzt1Γu.
If Γ is in�nite and Λ is not trivial, then Λ ≀ Γ has exponential growth.

� Given integers n,m ¥ 1, the Baumslag-Solitar group

BSpm,nq � xs, t | tsnt�1 � smy

is �nitely generated (by de�nition). If pm,nq � p1, 1q, this is the group Z2 (polyno-
mial growth of degree 2), otherwise it has exponential growth.

� Given an integer n ¥ 2, the free group with n generators has exponential growth.
Moreover the Cayley graph with respect to the canonical generators is a 2n-tree.

These metric properties give algebraic information on the group. For instance, Gro-
mov [Gro81] proved that �nitely generated groups have polynomial growth if and only if
they are virtually nilpotent (i.e. there exists a �nite index subgroup which is nilpotent).

A.2.b Amenable groups

Quantitative orbit equivalence suits with �nitely generated groups that are amenable, since
it has rigidity results using the isoperimetric pro�les. Let us introduce these notions.
We refer to [BO08, Section 2.6] for more details on amenability and its "1010

10
di�erent

characterisations".

Let Γ be a countable group. A sequence pFnqn¥0 of �nite subsets of Γ is a (left) Følner
sequence of Γ if the following holds:

@γ P Γ,
|γFn ∆ Fn|

|Fn| ÝÑ
nÑ�8

0,

where A ∆ B � pAzBqY pBzAq denotes the symmetric di�erence between two sets A and
B. We could also de�ne right Følner sequences, writting Fnγ instead of γFn. Note that
pFnq is a left Følner sequence if and only if pF�1

n q is a right Følner sequence.
We now say that a countable group Γ is amenable if it admits a Følner sequence.

Notice that | � ∆ � | de�nes a distance in the set of the �nite subsets of Γ. Indeed, it
su�ces to write |A ∆ B| � °

γPΓ |1Apγq � 1Bpγq| and to use the properties of the absolute
value. In particular, | � ∆ � | satis�es the triangle inequality which enables us to give the
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following equivalent de�nition when Γ is generated by a subset SΓ: a sequence pFnqn¥0 of
�nite subsets of Γ is a Følner sequence of Γ if the following holds:

@γ P SΓ, |γFn ∆ Fn|
|Fn| ÝÑ

nÑ�8
0.

When Γ is �nitely generated, the problem thus reduces to �nitely many properties to check.

Amenability is closed under many operations between groups: extensions, increasing
unions, passing to quotients, to subgroups, etc. This provides many examples.

Example A.2.2.

� Any �nite group Γ is amenable (take Fn � Γ).

� Given an integer d ¥ 1, Zd is amenable (take Fn � t0, . . . , nud).

� The Heisenberg group is amenable.

� A wreath product Λ ≀ Γ is amenable if and only if Λ and Γ are amenable.

� However the free group with n ¥ 2 generators is not amenable.

� Given integers n,m ¥ 1, the Baumslag-Solitar group BSpm,nq is amenable if and
only if m or n is equal to 1.

Let us mention the following equivalent de�nition of amenability (the de�nition we give
above is its sequential characterisation somehow). Given a �nite subset L of Γ and δ ¡ 0,
we say that a �nite subset F of Γ is pL, δq-invariant if the following hold:

@γ P L, |γF ∆ F |
|F | ¤ δ.

Then Γ is amenable if and only if for every such pair pL, δq, there exists an pL, δq-invariant
�nite subset. Let us also mention that a sequence pFnqn¥0 of �nite subsets is Følner if and
only if for every such pair pL, δq, there exists n0 ¥ 0 such that Fn is pL, δq-invariant for
every n ¥ n0. Intuitively, an amenable group is a group admitting �nite subsets which
give an idea of its structure.

Amenability has many other equivalent de�nitions, let us explain the Reiter de�nition,
easily understandable from the Følner de�nition above. Indeed, we noticed for instance that
triangle inequality for the metric | � ∆ � | is easier to prove when we replace sets A by their
characteristic functions 1A. For amenability we can also �nd functional characterizations:
the ℓp-Reiter conditions, for p ¥ 1. ℓp-Reiter condition means that there exists a sequence
pfnqn¥0 of functions in ℓ

ppΓq (the set of function f : ΓÑ R with }f}pp �
°
γPΓ |fpγq|p   8,

such that for every γ P Γ,
}fnpγ�1�q � fnp�q}p

}fn}p Ñ
nÑ�8

0.

Notice that, if pFnqn¥0 is a Følner sequence, then fn � 1Fn satis�es ℓp-Reiter condition,
since }fnpγ�1�q � fnp�q}pp � |γFn ∆ Fn| and }fn}pp � |Fn|.

Let us �nally introduce the isoperimetric pro�les which provide a more quantitative
description of amenability among �nitely generated groups. Given a �nitely generated
group Γ, and p ¥ 1, the ℓp-isoperimetric pro�le of Γ is the map jp,Γ : NÑ R� de�ned by

@n P N, jp,Γpnq� sup
f : ΓÑR

|supp f |¤n

}f}p
}∇SΓ

f}p ,
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where the support of f is supp f � tγ P Γ | fpγq �� 0u and the ℓp-norm of its gradient is
given by }∇SΓ

f}pp �
°
sPSΓ

}fps�1�q � fp�q}pp �
°
sPSΓ

°
γPΓ |fps�1γq � fpγq|p. For p � 1,

the ℓ1-isoperimetric pro�le, simply called the isoperimetric pro�le, has a simpler de�nition
modulo �:

j1,Γpnq � sup
A�Γ
|A|¤n

|A|
|BSΓ

A| ,

where BSΓ
A � SΓA ∆ A is the boundary of A. Reiter conditions imply that a �nitely

generated group is amenable if and only if its isoperimetric pro�les are not bounded.
Intuitively, the faster isoperimetric pro�les go to in�nity, the "more amenable" the group
is.

Coulhon Salo�-Coste isoperimetric inequality [CS93, Theorem 1] gives a connection
between the ℓ1-isoperimetric pro�le and the volume growth of a �nitely generated group:

j1,Γpnq ¤ V �1
Γ pnq.

Finally, ℓ2-isoperimetric pro�le is particularly studied for its relation with return probabil-
ities of random walks on groups, see for instance [SZ15; SZ16; SZ18; BZ21].

Example A.2.3.

� Given an integer d ¥ 1, we have jp,Zdpnq � n1{d. The same holds more generally for
jp,Γ when Γ has polynomial growth of degree d.

� Given a non trivial �nite group Λ and an integer d ¥ 1, we have jp,Λ≀Zdpnq � plog nq1{d
[Ers03].

� jp,Z≀Zpnq � logn
log logn [Ers03].

� Given an integer k ¥ 2, we have jp,BSp1,kqpnq � log n.

A.3 Ergodic theory for actions of amenable groups

Let us now move on to ergodic theory in the more general context of group actions (we
refer to [KL16]). Given an amenable group Γ, we consider a pmp Γ-action on a standard
and atomless probability space pX,µq, namely a morphism ΓÑ AutpX,µq. The only idea
to keep in mind is the following.

"A group Γ is amenable if we can do ergodic theory as if Γ were the group Z."

So let us generalize the content of Section A.1 to these groups.

First, ergodicity does not need amenability for a de�nition. Given a group Γ, a
pmp action Γ ñ pX,µq is ergodic if for every measurable set A, the following holds:
if µpγA ∆ Aq � 0 for every γ P Γ, then µpAq P t0, 1u.

Let us now focus on amenable groups. In Birkho� and Von Neumann ergodic theorems
and in the de�nition of entropy for T P AutpX,µq, we always focus on the action of T in
the timeline t0, 1, . . . , nu. Notice that this set provides a Følner sequence of Z as n grows,
so for an action of an amenable group Γ, let us replace it by Fn, where pFnqn¥0 is a Følner
sequence of Γ.

� Von Neumann ergodic theorem holds for a pmp Γ-action on pX,µq, replacing
1
n

°n
i�0 f � T i by 1

|Fn|

°
γPFn

fpγ.q (see [KL16, Theorem 4.22]). In particular, it does

not depend on the Følner sequence pFnqn¥0 we consider.
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� For entropy, we replace 1
nHµp

�n
i�0 T

�iPq by 1
|Fn|

Hµp
�
γPFn

γ�1Pq, and we get an

analogous theory (see [KL16, Section 9.3]). It is worth noticing that the quantity that
we get when passing to the limit, namely the entropy, does not depend on the Følner
sequence pFnqn¥0 we consider. We can similarly generalize the notion of topological
entropy (see [KL16, Section 9.9]) and extend the variational principle (see [KL16,
Section 9.10]) to amenable groups.

� For Birkho� ergodic theorem (see [KL16, Theorem 4.28]), it is not enough to proceed
as for Von Neumann theorem. We have to assume that pFnqn¥0 is tempered, this
means that there exists b ¡ 0 such that�����

n�1¤
i�0

F�1
k Fn

����� ¤ b|Fn|

for every n ¥ 1. This is the de�nition for left Følner sequences, we can analogously
de�ne temperedness for right Følner sequences. This property is not so restrictive
since every Følner sequence admits a subsequence which is tempered. Indeed, being a
left Følner sequence means that, as n grows, Fn can "absorb" more and more points
when multiplying to the left, so if k is large enough, Fn�k can "absorb"

�n�1
i�0 F

�1
k .

Finally, Ornstein's theory for Bernoulli shifts has been generalized to amenable groups
(the Bernoulli shift Γ ñ ΣΓ is de�ned by γ � pxγ1qγ1PΓ � pxγ�1γ1qγ1PΓ). Indeed, given an
amenable group Γ, Ornstein and Weiss [OW87] proved that two Bernoulli shifts of Γ are
isomorphic if and only if they have the same entropy.
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Appendix B

Background on quantitative orbit

equivalence and related notions

This appendix provides a state of the art on orbit equivalence (between actions or between
groups), with more details than the introduction, and emphasizes on the connections be-
tween this topic and many areas such as ergodic theory and geometric group theory that
we presented in Appendix A.
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B.1 Orbit equivalence and related notions

B.1.a Framework

In this thesis, groups act on a standard and atomless probability space pX,µq, where
�standard� means that X is a Polish space, endowed with its Borel σ-algebra. Such
spaces are all isomorphic to pr0, 1s,Lebq, meaning that there exists a bimeasurable bi-
jection Ψ: X Ñ r0, 1s such that Ψ�µ � Leb, where Ψ�µ denotes the probability measure
on r0, 1s de�ned by Ψ�µpAq � µpΨ�1pAqq for every measurable subset A. We will denote
by AutpX,µq the set of bimeasurable bijections which preserve the measure, two such maps
being identi�ed if they coincide on a subset of full measure.

Given a group Γ, a Γ-action on pX,µq is pmp (for probability measure-preserving) if for
every γ P Γ, the map x P X ÞÑ γ � x P X is a bimeasurable bijection which preserves the
probability measure : µpγAq � µpAq for every measurable subset A � X. A pmp Γ-action
on pX,µq is in fact a group morphism from Γ to AutpX,µq.

We say that the group action is (essentially) free if for µ-almost every x P X, for every
γ P Γzt1Γu, γ � x �� x. Given a countable group Γ, there always exists a free pmp Γ-action
on a standard and atomless probability space, consider for instance the Bernoulli shift
Γ ñ t0, 1uΓ de�ned by γ � pxγ1qγ1PΓ � pxγ�1γ1qγ1PΓ. Freeness o�ers to every orbit a graph
structure inherited from the Cayley graph of the group (see Figure B.1).

e2e2e2 e2 e2

e2e2e2e2e2

e2 e2 e2 e2 e2

e1e1e1 e1

e1e1e1e1

e1 e1 e1 e1

(0, 1) · x (1, 1) · x
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(−1, 2) · x(−2, 2) · x
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(2, 0) · x

(2, 1) · x

(2, 2) · x(1, 2) · x

x

Figure B.1: Given a free action of Z2 on X, and given x P X, the Z2-orbit of x has the
structure inherited from the Cayley graph of Z with respect to the �nite generating set
te1, e2u with e1 � p1, 0q and e2 � p0, 1q, where x is identi�ed with p0, 0q.

In the case of the group Z, a Z-action can be summarized by the data of the action
of �1, since it generates the group. Therefore, instead of considering a Z-action, we will
consider an element of AutpX,µq, that we will call a (dynamical) system, a transformation,
etc. A transformation T P AutpX,µq is aperiodic if the associated Z-action is free. In this
case of the group Z, this amounts to saying that for µ-almost every x P X, the orbit of x
is in�nite.

Given a Γ-action, the orbit of some point x P X will be denoted by Γ � x. In the case
of the group Z, we will write OrbT pxq, where T P AutpX,µq is the action of the generator
�1.
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B.1.b Orbit equivalence

Let us now move on to the de�nition of orbit equivalence. First, let us de�ne this notion
for group actions.

De�nition B.1.1. Let Γ and Λ be groups. Two pmp actions Γñ pX,µq and Λñ pY, νq
on standard and atomless probability spaces are orbit equivalent if there exists a measured
isomorphism Ψ: X Ñ Y such that for almost every x P X, the following equality holds:

ΨpΓ � xq � Λ �Ψpxq.

If furthermore the actions Γñ pX,µq and Λñ pY, νq are free, we can then de�ne measur-
able maps cΓ,Λ : Γ �X Ñ Λ and cΛ,Γ : Λ � Y Ñ Γ, called the cocycles associated to this
orbit equivalence, and de�ned by the following equations:

Ψpγ � xq � cΓ,Λpg, xq �Ψpxq and Ψ�1pλ � yq � cΛ,Γpλ, yq �Ψ�1pyq

for every γ P Γ, λ P Λ and for almost every x P X and y P Y (these functions are
well-de�ned by freeness).

These cocycles satisfy the cocycle identity:

cΓ,Λpγγ1, xq � cpγ, γ1 � xqcpγ1, xq

for every γ, γ1 P Γ and for almost every x P X, and similarly for cΛ,Γ. Moreover it is not
hard to prove that for almost every x P X, cΓ,Λp., xq : Γ Ñ Λ is a bijection mapping 1Γ to
1Λ.

In the case of �nitely generated groups, the equality between the orbits is easier to
check. Indeed, if SΓ is a �nite generating subset of Γ, then the inclusion SΓ � x � Λ � x
automatically implies Γ � x � Λ � x. Thus it is interesting to look at the particular case of
Z-actions.

Example B.1.2. Since the group Z is generated by �1, a pmp Z-action is completely
determined by an element of AutpX,µq. Furthermore, if aperiodic transformations S, T P
AutpX,µq are orbit equivalent, with an orbit equivalence Ψ such that S and Ψ�1TΨ have
the same orbits, then we consider the associated cocycles only on the generator �1, namely
we consider maps cS : X Ñ Z and cT : X Ñ Z, still called cocycles and de�ned by:

ΨpSxq � T cSpxqΨpxq and Ψ�1pTxq � ScT pxqΨ�1pxq

x Tx T 2xT−1x

S

T T T T T

S
cS(x) = 2

cS(T
2x) = −3

Figure B.2: Orbit equivalence between aperiodic transformations in AutpX,µq, when Ψ �
idX .

The de�nition of orbit equivalence between groups, and not between prescribed actions,
is the following.
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De�nition B.1.3. Let Γ and Λ be groups. We say that they are orbit equivalent if there
exist two free pmp Γ- and Λ-actions on a standard and atomless probability space pX,µq
such that for almost every x P X, Γ � x � Λ � x. The space pX,µq is called an orbit
equivalence coupling.

In other words, Γ and Λ are orbit equivalent if there exist two orbit equivalent free
pmp Γ- and Λ-actions. By De�nition B.1.1, an orbit equivalence coupling pX,µq between
two groups Γ and Λ provides cocycles cΓ,Λ : Γ�X Ñ Λ and cΛ,Γ : Λ� Y Ñ Γ.

Freeness is useful to de�ne cocycles, which allow us to pass from a group to the other,
but the goal is also to make sure that the orbits keep track of the structure of the group,
what will in fact go wrong for amenable groups.

Theorem B.1.4 (Dye [Dye59] for Z-actions; Ornstein, Weiss [OW80] for the general
case). Any two ergodic pmp free actions of in�nite amenable groups are orbit equivalent.
In particular, any two in�nite amenable groups are orbit equivalent.

Note that ergodicity is necessary in this theorem since it is preserved by orbit equiv-
alence (both notions are properties on the orbits). Moreover, orbit equivalence between
groups preserves the cardinality of the groups (by freeness and orbit equalities) so Z and
Z{2Z cannot be orbit equivalent. It is not hard to see that any two �nite groups Γ and
Λ with same cardinality are orbit equivalent. Indeed, denoting n � |Γ| � |Λ|, any bijec-
tion between Γ and Λ yields a measured isomorphism Ψ between the probability spaces
r0, 1{ns�Γ and r0, 1{ns�Λ (both endowed with the product of the Lebesgue measure and
the counting measure on the group) and the left translation of the groups on themselves
yields a free pmp action on the corresponding space we just de�ned, and it is not di�cult
to prove that these actions are orbit equivalent via Ψ.

Let us also introduce orbit equivalence in a topological setting. We �rst draw an
analogy with the measure-theoretic context.

Measure-theoretic setting

Standard and atomless probability space
pX,µq

Any such spaces pX,µq and pY, νq
are isomorphic

(there exists a bimeasurable bijection
Ψ: X Ñ Y such that Ψ�µ � µ)

Example: pr0, 1s,Lebq

Dynamical systems:
Bimeasurable bijections T : X Ñ X which
preserve the measure (i.e. T P AutpX,µq)

Orbit equivalence between
S, T P AutpX,µq:

there exists a bimeasurable bijection
Ψ: X Ñ X such that Ψ�µ � µ

and such that ΨpOrbSpxqq � OrbT pΨpxqq
for almost every x P X

Topological setting

Cantor set X

Any such spaces X and Y
are isomorphic

(there exists a homeomorphism
Ψ: X Ñ Y )

Example: t0, 1uN

Dynamical systems:
Homeomorphisms T : X Ñ X

Orbit equivalence between
homeomorphisms S, T :

there exists a homeomorphism
Ψ: X Ñ X

such that ΨpOrbSpxqq � OrbT pΨpxqq for
every x P X

Moreover, while we often look at ergodic transformations in a measure-theoretic con-
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text, the dynamical systems we consider in the topological setting are most of the time
minimal, namely every orbit is dense, and it is not hard to prove that ergodicity (resp. min-
imality) is invariant under measure-theoretic (resp. topological) orbit equivalence. Ergod-
icity and minimality thus play somehow the same role.

A (topological) orbit equivalence Ψ between two homeomorphisms S, T : X Ñ X in-
duces the bijection µ ÞÑ Ψ�µ from the S-invariant probability measures to the T -invariant
ones (using the same ideas as in the proof of Proposition II.2.20 in Chapter II). Conse-
quently, S is uniquely ergodic if and only if T is.

Let us now introduce a particular instance of orbit equivalence in the topological setting,
this is a crucial notion in Chapter II.

De�nition B.1.5. Let X be a Cantor set. We say that two minimal homeomorphisms
S, T : X Ñ X are strongly orbit equivalent if there exists a homeomorphism Ψ: X Ñ X
such thatΨpOrbSpxqq � OrbT pΨpxqq for every x P X, and such that the associated cocycles
cS , cT : X Ñ Z each have at most one point of discontinuity.

This equivalence relation has been introduced by Giordano, Putnam and Skau [GPS95]
which moreover found a complete invariant among minimal homeomorphisms, the dimen-
sion group. This invariant is obtained from a combinatorial description of these dynamical
systems: the Bratteli diagrams. We refer the reader to Appendix II.B in Chapter II for a
brief overview.

B.1.c Measure equivalence, stable orbit equivalence

Let us introduce the notion of measure equivalence, a measured analogue of quasi-isometry
introduced by Gromov, and which is closely related to orbit equivalence, since it coincides
with the notion of stable orbit equivalence. For the group Z, Kakutani equivalence is an
example of the latter, thus highlighting the interactions between orbit equivalence and
classical problems in ergodic theory.

By a smooth action of a countable group Γ, we mean a measure-preserving Γ-action
on a standard measured space pΩ, µq which admits a fundamental domain, namely a Borel
subset XΓ of Ω that intersects every Γ-orbit exactly once.

De�nition B.1.6. Two groups Γ and Λ are measure equivalent if there exists a standard
Borel measure space pΩ, µq equipped with commuting measure-preserving smooth Γ- and
Λ-actions such that

1. both the Γ- and Λ-actions are free;

2. the Γ-action (resp. the Λ-action) admits a �xed fundamental domain XΓ (resp. XΛ)
of �nite measure.

The quadruple pΩ, XΓ, XΛ, µq is called a measure equivalence coupling. We will always use
the notations γ � x and λ � x (with γ P Γ, λ P Λ, x P Ω) for these smooth actions on Ω.
The notations γ � x and λ � x refers to the induced actions that we now de�ne, as well as
the cocycles.

De�nition B.1.7. A measure equivalence coupling pΩ, XΓ, XΛ, µq between Γ and Λ in-
duces a �nite measure-preserving Γ-action on pXΛ, µXΛ

q in the following way: for every
γ P Γ and every x P XΛ, γ � x P XΛ is de�ned by the identity

pΛ � γ � xq XXΛ � tγ � xu,

it is unique since XΛ is a fundamental domain for the smooth Λ-action.



170 APPENDIX B: QUANTITATIVE OE AND RELATED NOTIONS

This also yields a cocycle cΓ,Λ : Γ�XΛ Ñ Λ uniquely (by freeness) de�ned by

cΓ,Λpγ, xq � γ � x � γ � x,

or equivalently cΓ,Λpγ, xq � γ � x P XΛ, for almost every x P XΛ and every γ P Γ. We simi-
larly de�ne a �nite measure-preserving Λ-action on pXΓ, µXΓ

q and the associated cocycle
cΛ,Γ : Λ � XΓ Ñ Γ. As for orbit equivalence, these cocycles satisfy the cocycle identity.
However, when �xing the coordinate in XΛ or XΓ, they do not provide bijections between
the groups.

Example B.1.8. Two lattices Γ and Λ of a locally compact group G are measure equiva-
lent. Indeed, pG,XΓ, XΛ, µq is a measure equivalence coupling, where µ is a Haar measure
of G, Γ acts on Γ by left multiplication, Λ acts on G by right multiplication, and XΓ and
XΛ are the �nite-measure fundamental domains provided by the de�nition of a lattice.

Let us now deal with the relations between measure and orbit equivalences.

Proposition B.1.9 ([Fur11]). Two countable groups Γ and Λ are orbit equivalent if and
only if they are measure equivalent and admit a measure equivalence coupling with equal
fundamental domains.

Note that given a measure equivalence coupling pΩ, XΓ, XΛ, µq with equal fundamental
domains X � XΓ � XΛ, the induced actions on X share the same orbits. However
these actions are not necessarily free, so the idea is to combine the commuting actions
on Ω with free pmp Γ- and Λ-actions of these groups on probability spaces YΓ and YΛ,
namely we consider the product Ω� YΓ � YΛ where Γ (resp. Λ) diagonally acts on Ω� YΓ
(resp. Ω� YΛ). We easily check that both actions commute. Then the induced actions for
the new measure equivalence coupling (with common fundamental domain X � YΓ � YΛ)
share the same orbits and are free.

From the cocycles for the measure equivalence, de�ned on X, we thus get cocycles for
the orbit equivalence, de�ned on X � YΓ � YΛ. In fact they are in some way the same,
namely when we �x the coordinate in X in the product X � YΓ � YΛ, the cocycles for the
orbit equivalence are constant in the corresponding �ber and coincide with the cocycles
for the measure equivalence.

Conversely, the classical construction of a measure equivalence coupling from an orbit
equivalence keeps the same cocycles.

When the fundamental domains are not equal, we can still give a reformulation of
measure equivalence in terms of orbit equivalence. In fact, we can assume without loss of
generality that the fundamental domains intersect non trivially. Indeed

�
λPΛ λXΛ is equal

to Ω (up to a null set), so it non trivially intersects XΓ, so there exists some λ0 P Λ such
that µpXΓ X λ0XΛq ¡ 0, we thus replace XΛ by its translate λ0XΛ. Then the induced
actions Γ ñ pXΛ, µΛq and Λ ñ pXΓ, µΓq have this non-trivial intersection in common,
and it is not hard to see that the portions of orbits visiting this intersection coincide.
With this discussion, it is not hard to understand that the following weaker notion of orbit
equivalence is a reformulation of measure equivalence.

De�nition B.1.10. Two free pmp actions Γñ pX,µq and Λñ pY, νq of countable groups
on standard and atomless probability spaces are stably orbit equivalence if there exist subset
A � X and B � Y of positive measure and a measured isomorphism Ψ: pA,µAq Ñ pB, νBq
such that the following equality holds:

ΨppΓ � xq XAq � pΛ �Ψpxqq XB

for almost every x P A.
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Theorem B.1.11 ([Fur11]). Two groups Γ and Λ are measure equivalent if and only if
they are stably orbit equivalent. More precisely, we have the followings:

� if Γ and Λ admit stably orbit equivalent actions Γ ñ pX,µq and Λ ñ pY, νq, with
subsets A � X and B � Y and a map Ψ: AÑ B as in the de�nition, then they admit
a measure equivalence coupling pΩ, XΓ, XΛ, ρq with XΓ � Y , XΛ � X, ρXΓ

� ν and

ρXΛ
� µ, where A is identi�ed to B using Ψ, and we have the equality µpAq

νpBq � ρpXΓq
ρpXΛq

;

� conversely, if pΩ, XΓ, XΛ, ρq is a measure equivalence coupling between Γ and Λ,
where A � XΓ XXΛ has positive µ-measure, then the induced actions Γ ñ pXΛ, µq
and Λ ñ pXΓ, νq, with µ � ρXΛ

and ν � ρXΓ
, are stably orbit equivalent, since the

orbits intersected with A coincide. The stable orbit equivalence is the identity map
pA, pµXΛ

qAq Ñ pA, pµXΓ
qAq and we have µpAq

νpAq � ρpXΓq
ρpXΛq

.

In fact, the ratio µpAq{νpBq is a rescalling, called the compression of the stable orbit
equivalence and related to the ratio between the measures of the fundamental domains of an
associated measure equivalence coupling. Considering a subset A1 of A and B1 � ΨpA1q �
B, the restricted map Ψ: pA1, µA1q Ñ pB1, µB1q still de�nes a stable orbit equivalence
between the actions, with the same compression.

When the stably orbit equivalent actions are ergodic, the following happens.

Theorem B.1.12 ([Fur99b]). Let Γ ñ pX,µq and Λ ñ pY, νq be free pmp actions of
countable groups on standard and atomless probability spaces. Assume that these actions
are ergodic and stably orbit equivalent, with subsets A � X and B � Y as in the de�-
nition. Then the following holds: if µpAq ¥ νpBq (resp. µpAq ¤ νpBq) then there exists
a stable orbit equivalence with subsets A1 � X and B1 � Y such that A1 � X, B � B1

and νpB1q � νpBq{µpAq (resp. B1 � Y , A � A1 and µpA1q � µpAq{νpBq), so that the
compression remains the same. In particular, if µpAq � νpBq, then the actions are in fact
orbit equivalent.

For the group Z, Kakutani equivalence is a particular instance of stable orbit equiv-
alence (see Section A.1.i in Appendix A for the de�nition). Indeed, given T P AutpX,µq
and S P AutpY, νq, if there exist subsets A � X and B � Y of positive measure such that
TA and SB are isomorphic, with an isomorphism Ψ: pA,µAq Ñ pB, νBq, then in particular
TA and SB share the same orbits (up to Ψ), which are the orbits of T and S but restricted
to A and B. So Ψ is a stable orbit equivalence between T and S.

Finally, if T and S are evenly Kakutani equivalent (i.e. TA and SB are isomorphic with
µpAq � νpBq), then the last theorem implies that they are orbit equivalent.

B.2 Quantitative orbit/measure equivalence

By Ornstein-Weiss theorem, orbit equivalence and measure equivalence are not interest-
ing theories among ergodic actions of in�nite amenable groups. Let us strengthen their
de�nitions, using the cocycles provided by these notions.

B.2.a Quantitative orbit/measure equivalence between �nitely gener-
ated groups

Let Γ and Λ be two �nitely generated groups, with �nite generating subset SΓ and SΛ.
We refer the reader to Section A.2.a in Appendix A for all the terminologies about �nitely
generated groups and their metric structure.

Assume that Γ ñ pX,µq is a free pmp action on a standard and atomless probability
space and let c : Γ�X Ñ Λ be a measurable cocycle, namely it satis�es the cocycle identity:

cpγγ1, xq � cpγ, γ1 � xqcpγ1, xq
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for every γ, γ1 P Γ and for almost every x P X.

De�nition B.2.1 ([DKLMT22]). Let φ : R� Ñ R� be a non-decreasing map. We say
that the cocycle c : Γ�X Ñ Λ de�ned above is φ-integrable if for every γ P Γ, there exists
cγ ¡ 0 such that »

X
φ

� |cpγ, xq|SΛ

cγ



dµpxq   �8.

We say that the cocycle is Lp for some p ¥ 0 if it is φ-integrable for φpxq � xp, and it is
L8 if for every γ P Γ, the map |cpγ, �q|SΛ

: X Ñ N is essentially bounded.

For instance, every cocycle is L0, so this assumption will simply mean that we have no
requirement on the cocycle.

Remark B.2.2. The constants cγ appearing in the de�nition of φ-integrability of the
cocycle c are necessary because we need the following properties:

� these notions of φ-integrability and L8 does not depend on the choice of the �nite
generating set of Λ, since for any two �nite generating sets SΛ, S

1
Λ of Λ, there exists

a constant C ¡ 0 such that

1

C
|λ|S1Λ ¤ |λ|SΛ

¤ C|λ|S1Λ
for every λ P Λ;

� if φ � ψ, then φ-integrability and ψ-integrability are equivalent notions;

� to prove that the cocycle c : Γ � X ÝÑ Λ is φ-integrable, it su�ces to check the
�niteness of »

X
φ

� |cpγ, xq|SΛ

cγ



dµpxq

for every γ in a �nite generating set of Γ. This follows from [DKLMT22, Proposi-
tion 2.22]. The same remark holds for L8.

We can now introduce the quantitative versions of orbit/measure equivalence. Re-
call that an orbit equivalence coupling pX,µq (resp. a measure equivalence coupling
pΩ, XΓ, XΛ, µq) between Γ and Λ gives rise to cocycles cΓ,Λ : Γ�X Ñ Λ and cΛ,Γ : Λ�X Ñ
Γ (resp. cΓ,Λ : Γ�XΛ Ñ Λ and cΛ,Γ : Λ�XΓ Ñ Γ).

De�nition B.2.3 ([DKLMT22]). Let Γ and Λ be �nitely generated groups and
φ,ψ : R� Ñ R� be non-decreasing maps. We say that there exists a pφ,ψq-integrable orbit
equivalence coupling (resp. pφ,ψq-integrable measure equivalence coupling) from Γ to Λ if
the groups admit an orbit equivalence coupling (resp. measure equivalence coupling) whose
associated cocycles satisfy the following : cΓ,Λ is φ-integrable and cΛ,Γ is ψ-integrable.

A φ-integrable orbit/measure equivalence coupling refers to a pφ,φq-integrable or-
bit/measure equivalence coupling.

We also deal with pL8, ψq-integrable or pφ,L8q-integrable or even L8 orbit/measure
equivalent, if we want the corresponding cocycles to be L8. Historically, asking for in-
tegrable cocycles was the �rst and most natural quantitative version of orbit/measure
equivalence. Given p ¥ 1, the notion of Lp orbit/measure equivalence has been introduced
in [BFS13], and more generally pφ,ψq-integrable orbit/measure equivalence was �rst de-
�ned in [DKLMT22] to study the weaker notion of Lp orbit equivalence for p   1.

Remark B.2.4. It follows from the comments after Proposition B.1.9 that two groups
are pφ,ψq-integrably orbit equivalent if and only if they admit a pφ,ψq-integrable measure
equivalence coupling with equal fundamental domains.
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B.2.b Quantitative orbit equivalence between actions

When focusing on prescribed group actions, the de�nitions of quantitative forms of orbit
equivalence are the following.

De�nition B.2.5. Let Γñ pX,µq and Λñ pY, νq be free pmp actions of �nitely generated
groups on standard and atomless probability spaces. Let φ,ψ : R� Ñ R� be non-decreasing
maps. We say that Γ ñ pX,µq is pφ,ψq-integrable orbit equivalent to Λ ñ pY, νq if these
actions admit an orbit equivalence whose cocycles satisfy the following: cΓ,Λ is φ-integrable
and cΛ,Γ is ψ-integrable.

We say that these actions are φ-integrably orbit equivalent if furthermore both cocycles
are φ-integrable.

Kerr and Li introduce another quantitative form of orbit equivalence, asking for the
following restriction on the cocycles.

De�nition B.2.6 ([KL21; KL24]). Given a free pmp action Γ ñ pX,µq on a standard
and atomless probability space, a cocycle c : Γ�X Ñ Λ is Shannon if for every γ P Γ, the
partition associated to cpγ, .q : X Ñ Λ has �nite entropy, namely

Hµ

�!
tcpγ, .q � λu �� λ P Λ

)	
� �

¸
λPΛ

µptcpγ, .q � λuq logµptcpγ, .q � λuq   �8.

As for φ-integrability, we can prove that the above de�nition of Shannon property can
be reduced to the elements γ in a �nite generating subset.

De�nition B.2.7 ([KL21; KL24]). Let Γ ñ pX,µq and Λ ñ pY, νq be free pmp actions
of �nitely generated groups on standard and atomless probability spaces. We say that
Γñ pX,µq and Λñ pY, νq are Shannon orbit equivalent if there exists an orbit equivalence
whose associated cocycles cΓ,Λ and cΛ,Γ are Shannon.

Remark B.2.8. Shannon property and φ-integrability do not exactly bring the same
information. When φ is non-decreasing, φ-integrability of a cocycle at some element of the
group, let us say cΓ,Λpγ, .q : X Ñ Λ, gives information on the tail of |cΓ,Λpγ, .q|SΛ

: X Ñ N,
using Markov's inequality:

µ pt|cΓ,Λpγ, .q|SΛ
¡ nuq � µ

�"
φ

� |cΓ,Λpγ, .q|SΛ

cγ



¡ φpnq

*

¤

³
X φ

�
|cΓ,Λpγ,xq|SΛ

cγ

	
dµpxq

φpnq .

On the contrary to the statistical information provided by φ-integrability, Shannon prop-
erty quanti�es the uncertainty of the value of cΓ,Λpγ, xq, if x is random with respect to µ
(see Section A.1.h in Appendix A for the motivations behind entropy).

Finally, φ-integrability is a more geometric restriction. For every γ P SΓ, it statistically
quanti�es how far is cΓ,Λpγ, xq from lying in SΛ. Roughly speaking, if Γ is a �bigger�
group than Λ (for instance Γ � Z2 and Λ � Z), there is not enough room in Λ for the
generators of Γ to be mapped to generators of Λ, this is the reason why quantitative forms
of measure/orbit equivalence will capture the geometry of the groups.

Remark B.2.9. Shannon orbit equivalence and φ-integrably orbit equivalence between
prescribed actions are not equivalence relation a priori (except when the groups are Z and
φ is at least linear, by Belinskaya's theorem, see Section B.3).
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B.2.c The particular case of Z

In the previous section, the quantitative forms of orbit equivalence between actions we
introduced do not depend on the �nite generating subsets we consider, and are easy to
check since we only have to prove the �niteness of �nitely many integrals (the integrals
associated to the generators, see Remark B.2.2). For the group Z, we only care about the
�nite generating set t�1u and, given an orbit equivalence between T and S P AutpX,µq
(which describe Z-actions via the action of �1), we only consider the cocycles on the
generator �1. This is the reason why Carderi, Joseph, Le Maître and Tessera forget the
constant cγ in De�nition B.2.1 and give the following de�nition for pφ,ψq-integrable orbit
equivalence.

De�nition B.2.10 ([DKLMT22]). Let S, T P AutpX,µq and φ,ψ : R� Ñ R� be non-
decreasing maps. We say that there exists a pφ,ψq-integrable orbit equivalence coupling
from T to S if these transformations admit an orbit equivalence whose associated cocycles
cS and cT satisfy »

X
φp|cSpxq|qdµpxq   8 and

»
X
ψp|cT pxq|qdµpxq   8,

where we recall that they are de�ned by the equations Sx � T cSpxqx and Tx � ScT pxqx.

As well as the analogous de�nitions of the previous sections, Lp refers to φpxq � xp

and a φ-integrable orbit equivalence coupling refers to a pφ,φq-integrable orbit equivalence
coupling.

This de�nition of φ-integrability for cocycles is stronger than De�nition B.2.1 in the
case of the group Z, so we consider the latter in every statements, except in Chapters I
and II where we use De�nition B.2.10.

B.3 Main results on quantitative orbit equivalence between
amenable groups

Behaviour of dynamical properties of group actions under quantitative
orbit equivalence

Ergodicity is preserved under orbit equivalence between free pmp actions of in�nite
amenable groups, and we know by Dye [Dye59] (for Z) and Ornstein and Weiss [OW80]
(for the general case) that any two such actions are orbit equivalent if they are ergodic.
We would like to capture other dynamical properties, using quantitative versions of orbit
equivalence.

In the case of Z-actions, orbit equivalence is a weakening of the hard problem of conju-
gacy but is trivial, and we want its strengthenings to be more interesting, but still weaker
than conjugacy. By Belinskaya's theorem, it is not a relevant choice to require integrable
cocycles.

Theorem B.3.1 (Belinskaya [Bel69]). Let S, T P AutpX,µq. If there exists an orbit
equivalence between S and T such that one of the cocycles is integrable, then S and T are
�ip-conjugate, meaning that S is conjugate to T or to T�1.

In particular, integrable orbit equivalence boils down to �ip-conjugacy. This theorem
fails in the case of Zd for d ¥ 2. Indeed, L8 orbit equivalence does not preserve strong
mixing property.

Theorem B.3.2 (Fieldsteel, Friedman [FF86]). Let d ¥ 2. There exists a non strongly
mixing free pmp Zd-action which is L8 orbit equivalent to a strongly mixing one.
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Which dynamical properties are preserved under L1 orbit equivalence between actions of
groups bigger than Z? Austin launched the study of the preservation of measure-theoretic
entropy and proved the following result.

Theorem B.3.3 (Austin [Aus16a]). Let Γ and Λ be amenable groups and Γ,Λ ñ pX,µq
be free pmp actions on a standard and atomless probability space. If these actions are
integrably orbit equivalent, then they have the same entropy.

His result is in fact more general since it deals with the notion of stable orbit equivalence
which also admits quantitative forms, we do not give more details on it.

Then Kerr and Li noticed than Austin's result also holds more generally in the context
of Shannon orbit equivalence in many cases depending on algebraic properties of the groups.
The typical statement is that if two pmp free actions of amenable groups Γ and Λ (with
some assumptions) admit an orbit equivalence whose associated cocycle cΓ,Λ : Γ�X Ñ Λ
is Shannon, then hµpΓ ñ pX,µqq ¤ hµpΛ ñ pX,µqq. The �rst article [KL21] treats the
case of non locally �nite amenable groups Γ and Λ, where Γ is not virtually cyclic, and the
second one [KL24] the case of a virtually cyclic group Γ and a virtually abelian group Λ.
In fact, the content of [KL21] went beyond the amenable case using so�c entropy. In the
particular case of the group Z, Kerr and Li thus proved that entropy is invariant under
Shannon orbit equivalence.

Theorem B.3.4 (Kerr, Li [KL24]). Let S, T P AutpX,µq. If they are Shannon orbit
equivalent, then hµpSq � hµpT q.

About entropy, let us mention this result of Boyle and Handelman in the topological
setting. They proved that strong orbit equivalence does not preserve topological entropy.

Theorem B.3.5 (Boyle, Handelman [BH94]). Let α be either a positive real number or
�8. Let S be the dyadic odometer. Then there exists a Cantor minimal homeomorphism
T such that

1. htoppT q � α;

2. S and T are strongly orbit equivalent.

The dyadic odometer is any odometer on
±
n¥0 t0, . . . , qn � 1u where the integers qn

are powers of two (they are all isomorphic, see Example A.1.30 in Appendix A).
Carderi, Joseph, Le Maître and Tessera then found connections between Shannon orbit

equivalence and φ-integrable orbit equivalence, and proved that the latter does not boil
down to �ip-conjugacy when φ is sublinear. Since integrable orbit equivalence is exactly
φ-integrable orbit equivalence for any nonzero linear map φ, this implies that Belinskaya's
theorem is optimal.

Theorem B.3.6 (Carderi, Joseph, Le Maître, Tessera [CJLMT23, Theorem 3.16]). If
φ : R� Ñ R� satis�es logptq � Opφptqq as t goes to 8, then φ-integrable orbit equivalence
implies Shannon orbit equivalence.

They in fact prove that if a measurable map f : X Ñ Z satis�es»
X
log |fpxq|dµpxq   �8,

then it is Shannon:
�

¸
nPZ

µptf � nuq logµptf � nuq   �8.

We apply this fact to f � cT and cS to deduce the theorem. In particular, when logptq �
Opφptqq, φ-integrable orbit equivalence preserves the entropy, so this is not a trivial relation.
It is neither a �ip-conjugacy problem, according to the following results.

The �rst one is asymmetric.
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Theorem B.3.7 (Carderi, Joseph, Le Maître, Tessera [CJLMT23, Theorem 1.2]). Let
φ : R� Ñ R� be a sublinear map and let S P AutpX,µq be ergodic. There exists T P
AutpX,µq and an orbit equivalence between S and T such that the cocycle cT is φ-integrable
but T and S are not �ip-conjugate.

What about adding restrictions on both cocycles ?

Theorem B.3.8 (Carderi, Joseph, Le Maître, Tessera [CJLMT23, Theorem 1.3]). Let
φ : R� Ñ R� be a sublinear map and let S P AutpX,µq be ergodic. Assume that there
exists an integer n ¥ 2 such that Sn is ergodic. Then there exists T P AutpX,µq such that
S and T are φ-integrably orbit equivalent but not �ip-conjugate.

Many comments are in order.

1. The assumption on S in Theorem B.3.8 holds for many dynamical systems, like irra-
tional rotations, weakly mixing systems, etc; and non-examples are some odometers
as explained at the end of Section A.1.c in Appendix A.

2. If S satis�es this assumption, then an explicit construction provides the counter-
example T in Theorem B.3.8, it is built so that Tn is not ergodic.

3. Moreover, if S satis�es this assumption, then Theorem B.3.7 with respect to S is an
immediate corollary of Theorem B.3.8. If not, then S is not weakly mixing and a
�Gδ argument� provides the counter-example T in Theorem B.3.7, which is weakly
mixing.

By the second comment, we know that ergodicity of non-trivial powers is not preserved
under almost integrable orbit equivalence. Furthermore, we know for every prime number
p that Sp is ergodic if and only if exp p2ipπq is not an eigenvalue of S; so this also shows
that almost integrable orbit equivalence does not preserve the point spectrum. Moreover, it
does not preserve weakly mixing since, starting from a weakly mixing transformation S, we
can �nd a non weakly mixing counter-example T . By the third comment, this last remark
remains true when we start from a non weakly mixing, but under the weaker relation of
pφ,L0q-integrable orbit equivalence (if φ is sublinear) and not under φ-integrable orbit
equivalence.

Let us end this section with an explicit construction of orbit equivalence with explicit
transformations.

Theorem B.3.9 (Kerr, Li [KL24]). Every odometer is Shannon orbit equivalent to the
universal odometer.

We refer the reader to Example A.1.30 in Appendix A for the de�nition of a univer-
sal odometer. This statement provides explicit Shannon orbit equivalent transformations
which do not share the same point spectrum.

Geometric properties of groups captured by quantitative orbit/measure
equivalence

As we already mentioned, measure equivalence is a measured analogue of quasi-isometry.
There is in fact a link between these notions. We say that a measure equivalence coupling
pΩ, XΓ, XΛ, µq is mutually cobounded if there exist �nite subsets FΛ � Λ and FΓ � Γ such
that XΓ � FΛ �XΛ and XΛ � FΓ �XΓ.

Theorem B.3.10 ([Sha04]). Two amenable groups are quasi-isometric if and only if there
exists a mutually cobounded L8 measure equivalence between them.
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Trivial relation Conjugacy

Flip-conjugacy

Shannon orbit
equivalence

cS or cT
is integrable

φ-orbit equivalence for log ≤ φ
Orbit equivalence

Figure B.3: Here is a schematic view of the interplay between the relations on ergodic
bijections we have seen so far.

We can also relate bi-Lipschitz equivalence and orbit equivalence.

Theorem B.3.11 ([Sha04]). Two amenable groups are bi-Lipschitz equivalent if and only
if they are L8 orbit equivalent.

L∞ orbit
equivalence

cobounded
L∞ measure
equivalence

Equal fundamental domains Orbit equivalence

BiLipschitz
equivalence

Quasi-isometry

Measure equivalence Stable orbit equivalence

(φ,ψ)-
integrable

(φ,ψ)-
integrable

Figure B.4: Here is a schematic view of the interplay between relations on amenable groups
we have seen so far.

For quantitative versions weaker than L8 measure/orbit equivalence, which properties
of amenable groups are preserved? Many rigidity results have been uncovered in the
context of L1 measure equivalence, showing that this notion captures the geometry of
groups. For non-amenable groups, we refer the reader to the work of Bader, Furman
and Sauer on lattices of SOpn, 1q [BFS13]. Focusing on amenable groups, Austin shows
that integrably orbit equivalent groups of polynomial growth have bi-Lipschitz equivalent
asymptotic cones [Aus16b]. Moreover, in the appendix of the aforementioned paper, Bowen
proves the invariance of the growth function under L1 measure equivalence.

Theorem B.3.12 ([Aus16b, Theorem B.2]). Let Γ and Λ be �nitely generated groups. If
Γ and Λ are L1 measure equivalent, then VΓpnq � VΛpnq.

As an application, Z and Z2 are not integrably measure equivalent. It is therefore
natural to wonder whether these rigidity results still hold for the more general notions
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of pφ,ψq-integrability which encompass for instance Lp for p   1. In this wider setup,
Delabie, Koivisto, Le Maître and Tessera re�ned Bowen's result as follows.

Theorem B.3.13 ([DKLMT22, Theorem 3.1]). Let φ : R� ÝÑ R� be an increasing and
subadditive map. If there is a pφ,L0q-integrable measure equivalence coupling from Γ to Λ,
then

VΓpnq ¤ VΛpφ�1pnqq
where φ�1 is the inverse function of φ.

This inequality provides explicit upper bounds on how integrable the cocycles of an
orbit equivalence coupling can be, thus implying that quantitative orbit equivalence is more
complex than the trivial relation of orbit equivalence (among �nitely generated amenable
groups). For instance, for every integers k ¡ d ¥ 1, there is no Lp measure equivalence
between Zk and Zd if p ¡ d

k .
Going further, Delabie, Koivisto, Le Maître and Tessera also proved in [DKLMT22] an

inequality that involves rather the isoperimetric pro�le, which is more suitable to distin-
guish amenable groups of exponential growth for instance. For recalls about the isoperi-
metric pro�le, we refer the reader to Section A.2.b in Appendix A.

Theorem B.3.14 ([DKLMT22, Theorem 1.1]). Let φ : R� ÝÑ R� be a non-decreasing
function such that t ÞÝÑ t

φptq is non-decreasing. Let Γ and Λ be �nitely generated groups.

Assume that there exists a pφ,L0q-integrable measure equivalence coupling from Γ to Λ.
Then their isoperimetric pro�les satisfy the asymptotic inequality

φ � j1,Λpnq ¤ j1,Γpnq.

Explicit constructions show that the bound given by this theorem is almost sharp. As
an example:

Theorem B.3.15 ([DKLMT22, Theorem 6.12]). Let k ¡ d be two positive integers. Then
there exists an orbit equivalence coupling from Zk to Zd which is pφε, ψεq-integrable for
every ε ¡ 0, where

φεpxq � x
d
k

ln pxq1�ε and ψεpxq �
x

k
d

ln pxq1�ε .

In particular, they are Lp-orbit equivalent for every p   d
k .

They also provide results about the ℓp-isoperimetric pro�le for p ¥ 1: if there exists
an pLp,L0q measure equivalence from Γ to Λ, then jp,Λpnq ¤ jp,Γpnq. It is worth noticing
that they �nd a connection (in the same vein as Theorems B.3.10 and B.3.11) between
the existence of regular maps and quantitative forms of asymmetric version of measure
equivalence, which enables them to prove the following: if there exists a regular map from
Γ to Λ, then jp,Λpnq ¤ jp,Γpnq for every p ¥ 1.
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