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(X, p): standard and atomless probability space = ([0, 1], Leb)

Aut(X, p) = {T: X — X bimeasurable bijection, u(T~1(.)) = u()}/,u

Corentin Correia (Université Paris Cité) Odomutants 2/31



(X, p): standard and atomless probability space = ([0, 1], Leb)

Aut(X, p) = {T: X — X bimeasurable bijection, u(T~1(.)) = u()}/,u

Examples:

o lrrational rotation of angle 0:
Ry: z € U ze¥™0 € U,

1 . Lebesgue measure on the unit circle U.
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(X, p): standard and atomless probability space = ([0, 1], Leb)

Aut(X, p) = {T: X — X bimeasurable bijection, u(T~1(.)) = u()}/,u

Examples:

o lrrational rotation of angle 0:
Ry: z € U ze¥™0 € U,

1 . Lebesgue measure on the unit circle U.

@ Finite alphabet ¥, prob. measure v on ¥.
The Bernoulli shift on (X, v):

T: (Xn)nEZ € PSS (Xn+1)n€Z € ZZa

p=v
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@ Odometers (or adding machines):
X:Hn20{0717"'7qn_1} with gn > 2;



@ Odometers (or adding machines):
X = Hn>0{0717-'-7qn_ ]-} with dn > 2;
H= Hngo Vs where v, is the uniform distribution on {0,1,...,q, — 1};
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@ Odometers (or adding machines):
X = Hn>0{0717-'-7qn_ ]-} with qn > 2;
tt = [1,50vn Where v, is the uniform distribution on {0,1,...,q, — 1};

S: X — X
(Xn)n>0 = (Xn)n>0 + (1,0,0,0,...) with carry over to right

S(qo—l,ql—17q2—17.-.):(O,O,O,-.-)-
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The conjugacy problem for these examples:
@ Ry and R, are conjugate <= 0 = Fa« [look at the point spectrum];
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The conjugacy problem for these examples:
@ Ry and R, are conjugate <= 0 = Fa« [look at the point spectrum];

o Entropy is a complete invariant of conjugacy among Bernoulli shifts
[Ornstein];

Corentin Correia (Université Paris Cité) Odomutants 4/31



The conjugacy problem for these examples:
@ Ry and R, are conjugate <= 0 = Fa« [look at the point spectrum];

o Entropy is a complete invariant of conjugacy among Bernoulli shifts
[Ornstein];
@ Given the adding machine on [],-,{0,1,...,g, — 1}, we define for every
prime number p:
kp = Z p-adic valuation of gq,.
n>0

(kp), is a complete invariant of conjugacy among odometers [Halmos-von
Neumann].
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The

conjugacy problem for these examples:
Ry and R, are conjugate <= 0 = Fa« [look at the point spectrum];
Entropy is a complete invariant of conjugacy among Bernoulli shifts
[Ornstein];
Given the adding machine on [[,-,{0,1,...,q, — 1}, we define for every
prime number p: B

kp = Z p-adic valuation of gq,.

n>0

(kp), is a complete invariant of conjugacy among odometers [Halmos-von
Neumann].

dyadic odometer: when k, = oo, the other k,'s are equal to 0.
universal odometer: k, = oo for every p.
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The conjugacy problem for these examples:
@ Ry and R, are conjugate <= 0 = Fa« [look at the point spectrum];

o Entropy is a complete invariant of conjugacy among Bernoulli shifts
[Ornstein];

@ Given the adding machine on [],-,{0,1,...,g, — 1}, we define for every
prime number p:
kp = Z p-adic valuation of gq,.
n>0

(kp), is a complete invariant of conjugacy among odometers [Halmos-von
Neumann].

dyadic odometer: when k, = oo, the other k,'s are equal to 0.
universal odometer: k, = oo for every p.

But in full generality, the conjugacy problem is very hard!
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Orbit equivalence

Conjugacy asks for W € Aut(X, u) such that W(7x) = SVU(x)
T T T T T

e ————— e ————— P e P ¢ ————— P ¢ ———— P e oo

Mo e

e ————— e ————— P e ————— P ¢ P ¢ —————p e oo

S S S S S
Notation: Orbr(x) ={T"x | n € Z}
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Orbit equivalence

Conjugacy asks for W € Aut(X, ) such that W(Tx) = SV(x)
T T T T T

e ————— e ————— P e P ¢ ————— P ¢ ———— P e oo

Mo e

e ————— e ————— P e ————— P ¢ P ¢ —————p e oo

S S S S S
Notation: Orbr(x) ={T"x | n € Z}
Definition (Dye 1959)

T and S € Aut(X, p) are orbit equivalent (OE) if there exists W € Aut(X, i)
such that W(Orbr(x)) = Orbs(W(x)) forr u-a.e. x € X.

T

~-4>-4>-4>-4>-4>-»»»

S
=

~-4>-4>-4>-4>-4>-»»»

S S
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Ergodicity is preserved under orbit equivalence.



Ergodicity is preserved under orbit equivalence.

Converse:

Any two ergodic transformations of Aut(X, i) are orbit equivalent.




Ergodicity is preserved under orbit equivalence.

Converse:

Theorem (Dye 1959) (

Any two ergodic transformations of Aut(X, i) are orbit equivalent.

Trivial Hard

Orbit equivalence Conjugacy
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Let T,S € Aut(X, i) be ergodic transformations, let W be an orbit equivalence.
Y (Orbr(x)) = Orbs(W(x))
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Let T,S € Aut(X, i) be ergodic transformations, let W be an orbit equivalence.
Y (Orbr(x)) = Orbs(W(x))
e hN

V(Tx) € {S"V(x) | neZ}
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Let T,S € Aut(X, i) be ergodic transformations, let W be an orbit equivalence.
Y (Orbr(x)) = Orbs(W(x))
e hN

V(Tx) € {S"V(x) | neZ}
= W(Tx) = S7MV(x)

Corentin Correia (Université Paris Cité) Odomutants 7/31



Let T,S € Aut(X, i) be ergodic transformations, let W be an orbit equivalence.
Y (Orbr(x)) = Orbs(W(x))
e hN

V(Tx) € {S"V(x) | n e Z} S(W(x)) € {W(T"(x)) | ne€Z}
= W(Tx) = S7MV(x)
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Let T,S € Aut(X, i) be ergodic transformations, let W be an orbit equivalence.
Y (Orbr(x)) = Orbs(W(x))
e hN

W(Tx) € {S"W(x) | n€ Z} S(W(x)) € {W(T"(x)) | n€Z}
— Y(Tx) = STHIU(x) — S(V(x)) = (TN (x))
Definition

cr: X = Z and cs: X — Z are the cocycles associated to the orbit equivalence
v,
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Let T,S € Aut(X, i) be ergodic transformations, let W be an orbit equivalence.
Y (Orbr(x)) = Orbs(W(x))
e hN

W(Tx) € {S"W(x) | n€ Z} S(W(x)) € {W(T"(x)) | n€Z}
— Y(Tx) = STHIU(x) — S(V(x)) = (TN (x))
Definition

cr: X = Z and cs: X — Z are the cocycles associated to the orbit equivalence
v,

Example with ¥ = id:
Tx = §7™)(x) and Sx = T%M)(x)

5.
cs(x) =
T T T/ R T

- O —> 06 —» 06 —> 06 —> 06 —> 0

T 1x X Tx T2x
\(TQX)Q/
S
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T

T

ek 5\

T T

T

e ———»>» 06 —»>» o6 —> o6 — > o6 —> o

T 1x X Tx T2x
‘\CS( sz) _ 7/3///
e

Trivial

f Assumptions on cocycles?

Hard

Orbit equivalence
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Let T,S € Aut(X, i) be ergodic transformations, let p: Ry — R..

Definition (Carderi—Joseph—Le Maitre-Tessera 2023)

T and S are p-OE if they admit an orbit equivalence whose cocycles are
p-integrable:

o /X o(ler(x)Ndu(x) < +oo;

° / o(|es(x))du(x) < +oo.
X
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Let T,S € Aut(X, i) be ergodic transformations, let p: Ry — R..

Definition (Carderi—Joseph—Le Maitre—Tessera 2023)

T and S are p-OE if they admit an orbit equivalence whose cocycles are
p-integrable:

o /X o(ler(x)Ndu(x) < +oo;

° / o(|es(x))du(x) < +oo.
X

LP OE := -OE with ¢(x) = xP (p < 1 is allowed!)

L>® OE = exp-OE = LP OE = log-OE
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©-OE with ¢ sublinear, ¢ > log

Belinskaya

L! OE
I

Orbit equivalence
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©-OE with ¢ sublinear, ¢ > log Belinskaya

‘ L! OE
| | |
! ! !

‘ \ / Flip-conjugacy
Orbit equivalence Kerr—Li C-J-LM-T Conjugacy
Theorem (Belinskaya 1969)

If T and S are L! OE, then T is conjugate to S or S~ (flip-conjugacy). J

Corentin Correia (Université Paris Cité) Odomutants 10/31



©-OE with ¢ sublinear, ¢ > log Belinskaya

‘ L' OE
| | |

l | \
‘ \ / Flip-conjugacy
Orbit equivalence Kerr—Li C-J-LM-T Conjugacy
Theorem (Belinskaya 1969)
If T and S are L! OE, then T is conjugate to S or S~ (flip-conjugacy). J
Theorem (Carderi—Joseph—Le Maftre—Tessera 2023)
If : Ry — R, is sublinear, then p-OE % flip-conjugacy. J
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©-OE with ¢ sublinear, ¢ > log Belinskaya

‘ L' OE
| | |

| | |
‘ \ / Flip-conjugacy
Orbit equivalence Kerr—Li C-J-LM-T Conjugacy

Theorem (Belinskaya 1969)
If T and S are L! OE, then T is conjugate to S or S~ (flip-conjugacy).

Theorem (Carderi—Joseph—Le Maftre—Tessera 2023)
If : Ry — R, is sublinear, then p-OE % flip-conjugacy.

Theorem (Kerr—Li 2023)
Entropy is preserved under log-OE.
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Explicit constructions:

Let p: R, — Ry such that p(x) = o(x'/3).
The universal odometer is p-OE to

@ every odometer;




Explicit constructions:

Theorem (Kerr—Li 2023, C. 2025)

Let o: R, — Ry such that p(x) = o(x*/3).
The universal odometer is p-OE to

@ every odometer;

@ “a lot of” rank-one-systems (odometers, Chacon’s map, uncountably many
irrational rotations, a strongly mixing rank-one system).
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Explicit constructions:
Theorem (Kerr—Li 2023, C. 2025)
Let p: Ry — R, such that o(x) = o(x'/3).
The universal odometer is p-OE to
@ every odometer;

@ “a lot of” rank-one-systems (odometers, Chacon’s map, uncountably many
irrational rotations, a strongly mixing rank-one system).

Theorem (Naryshkin—Petrakos 2026)

Any two odometers are p-OE for every sublinear map ¢: Ry — R,
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Explicit constructions:

Theorem (Kerr—Li 2023, C. 2025)

Let p: Ry — R, such that o(x) = o(x'/3).
The universal odometer is p-OE to

@ every odometer;

@ “a lot of” rank-one-systems (odometers, Chacon’s map, uncountably many
irrational rotations, a strongly mixing rank-one system).

Theorem (Naryshkin—Petrakos 2026)
Any two odometers are p-OE for every sublinear map ¢: Ry — R,

Theorem (C.—Petrakos 2026+ )

Any two rank-one systems are o-OE for every sublinear map p: R, — R,..

Ex: two irrational rotations.
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Explicit constructions:
Theorem (Kerr—Li 2023, C. 2025)

Let p: Ry — R, such that o(x) = o(x'/3).
The universal odometer is p-OE to
@ every odometer;

@ “a lot of” rank-one-systems (odometers, Chacon’s map, uncountably many
irrational rotations, a strongly mixing rank-one system).

Theorem (Naryshkin—Petrakos 2026)

Any two odometers are p-OE for every sublinear map ¢: Ry — R,

Theorem (C.—Petrakos 2026+ )

Any two rank-one systems are o-OE for every sublinear map p: R, — R,..
Ex: two irrational rotations.

Question

What about quantitative orbit equivalence between Bernoulli shifts?
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-OE with ¢ sublinear, ¢ > log

/\ L! OE
|

! ! !
Flip-conjugacy

Orbit equivalence Conjugacy
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©-OE with ¢ sublinear, ¢ > log

/\ L! OE
|

! ! !
Flip-conjugacy

Orbit equivalence Conjugacy

Question

@ Same entropy PR log-OE
@ Even stronger:

Same entropy = ©-OE for any sublinear map ¢: R, — R,
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-OE with ¢ sublinear, ¢ > log

/\ L! OE
|

! ! !
Flip-conjugacy

Orbit equivalence Conjugacy

Question

@ Same entropy PR log-OE
@ Even stronger:

Same entropy = ©-OE for any sublinear map ¢: R, — R,

Question (Quantitative Dye Theorem)

Does there exist : R, — R, such that any two ergodic transformations are
©-OE?
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-OE with ¢ sublinear, ¢ > log

/\ L! OE
|

! ! !
Flip-conjugacy

Orbit equivalence Conjugacy

Question

@ Same entropy PR log-OE
@ Even stronger:

Same entropy = ©-OE for any sublinear map ¢: R, — R,

Question (Quantitative Dye Theorem)

Does there exist : R, — R, such that any two ergodic transformations are
©-OE?

For instance: For 8 < 1, is IogB—OE trivial among ergodic transformations?
At least, we know that...
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...Kerr and Li's theorem is optimal.

Let S be an odometer with ky, = oo for some prime number py. Let o > 0 or
a = 400. There exists T € Aut(X, u) such that:




...Kerr and Li's theorem is optimal.

Let S be an odometer with ky, = oo for some prime number py. Let o > 0 or
a = 400. There exists T € Aut(X, u) such that:

e h,(T)=uq;




...Kerr and Li's theorem is optimal.

Let S be an odometer with ky, = oo for some prime number py. Let o > 0 or
a = 400. There exists T € Aut(X, u) such that:

e h,(T)=uq;
o T and S are log”-OE for all 8 < 1.




...Kerr and Li's theorem is optimal.

Let S be an odometer with ky, = oo for some prime number py. Let o > 0 or
a = 400. There exists T € Aut(X, u) such that:

e h,(T)=uq;
o T and S are log”-OE for all 8 < 1.

Odometer S



...Kerr and Li's theorem is optimal.

Theorem (C. 2026+)

Let S be an odometer with ky, = oo for some prime number py. Let o > 0 or
a = +00. There exists T € Aut(X, pu) such that:

e h,(T)=uq;
o T and S are log”-OE for all 8 < 1.

Successive

Odometer S — permutations ——»
of the orbits
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...Kerr and Li's theorem is optimal.

Theorem (C. 2026+)

Let S be an odometer with ky, = oo for some prime number py. Let o > 0 or
a = +00. There exists T € Aut(X, pu) such that:

e h,(T)=uq;
o T and S are log”-OE for all 8 < 1.

Successive

Odometer S ———  permutations —— 4% Odomutant T %*
of the orbits
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T
Odometer S ~ “* Odomutant T %

@ Let's define odomutants;



Odometer S ~> 4* Odomutant T %*

@ Let's define odomutants;
@ prove a weaker version of the theorem on entropy:
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Odometer S ~> 4* Odomutant T %*

@ Let's define odomutants;
@ prove a weaker version of the theorem on entropy:

Theorem (C. 2026+, weaker version)

Let S be the universal odometer. There exists T € Aut(X, u) such that:
o h,(T)>0;
o T and S are log?-OE for all 8 < 1.
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Another definition of odometer.

X=1l010:1,....q0 — 1}

Combinatorial structure:

Given ip € {0,1,...,g0 — 1},...,in-1 €{0,1,...,gn—1 — 1},

lios - - in—1]n = {(Xi)n>0 € X | Xo = fo; - - - s Xn—1 = ip—1}.
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Go =4
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Go =4
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Odometer:
[1]1 [2]1

[0]1

[0 — 1]1 [90 — 2]1

With an odomutant: less “predictable” dynamics
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step 0
(0)

0xq
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L] 7 4T i Ty
| H [ / H \
W 7 7Y T,
o | 0 )
[e, 0] [e. 1] [e.2]> @ =3
0—1 0—0 0—0
. 0. 1—=0 (0. 1—2 . 1—1
Permutations : oy : 93 1500 LTI
32 3—3 3—3
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[Blx 1
[2]1 /’/& ] ‘ k‘ j
| [
[0 W ' '
[e, 0] [ 1] [o.2]>
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A A A

} [0,2]2

} [0, 1]2

} [e, 0]

Odomutants



E E )
roieoi
R b [e. 2]
¢ i4 iy

z E J

: \
LI B I

} [0, 1]2

/
\
/4/ /‘/ /4/
ARTARTA
EEERE } [o.0)
X} : X} X}
/

[e,,0]5 .[o, o, l].3 [e,0,2]5
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4 4 4
\ \ \
{ t t b [o.2:
\ \ \
4 4 4
\ \ \
4 /
\
» » »
4 | ‘ ‘ )

,“,“ o, 1]5
A

/
\
\ i ,‘L’ i
SO e
| - \ - —
\x \1 \x
/
[0,0,03 [o,01 [e,0,2]5 ¢ =3
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number 1

number 2

number 0

Permutations :

Corentin Correia (Université Paris Cité)

\
4 4 4
( { {
o e e
4 4 4
{ { {
r /
\
a a a
“\ “\ “\
4] / 4] / 4] / o 1
““’ #/ " / " / } [ ' ]2
‘\\ \ \
/
\
\ //, /f, //,
| | | p [0k
\ \/ \ \/ \ \/
\\{ \\{ \\{
Fodh Fodlh Fod
e, 0 U3 e, 0 I3 e, 0 /3 _
00 %=3
1—2
21
Odomutants
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\
1 A
\ \ \ \
4‘{ f { } [o.2]>
{ { {
\ \ {
7 \- )
- 1\ -
“\ \ \
4] ) 4| ) 4] ) [o, 1]
SN
‘\ \\ ‘ \ - )
\
\ £ a4 4,
NI NAY AT
| A e
\ " \ " \ "
\1 \1 \&
[,0.0)3 [o,0,1]3 [0.e2 ‘
o 0 3 LN 3 e 0 3 _
050 02 050 % =3
Permutations : 12 1—=1 1—1
2151 20 2152
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4 4
{ { \ (
{ t t b [o.2
\ \ \
4 4 4
{ { (
step 1 ly

Oxy ‘

} [, 1],

subcolumn [e, e, x5], [\ e J

\ 4, 4, a4,

NI NAY AT

| malle b .0
\ \ \
\1 \< \1

oot otk [z
0,003 [o01]; [oe?2] -3
-0 02 @

1 1 1
Permutations : 0(() 12 ”g 11 Ug 11
201 250 252
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: AN
\ \ \ \
1 1 1
\ \ \
1 1 1
\ \ \
4 AN
N 2
» »
4| ‘ 4] ‘ 4] ‘
[}/ [/ [y/
\ \ \
\ \ \
: \ ‘ b~
4 4,
) I
| N
\
\ \
\x
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An odomutant T is the data of

e integers gy, 91,9, ... > 2
and the odometer S on X = ano {0,1,...,q, —1};
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An odomutant T is the data of
e integers gy, 91,9, ... > 2
and the odometer Son X =[[,-,{0,1,...,9,— 1};
o for every n > 0: -

gn+1 permutations of {0,1,...,q, — 1}: af)"), a{"),. o

Corentin Correia (Université Paris Cité) Odomutants
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An odomutant T is the data of

e integers gy, 91,9, ... > 2
and the odometer S on X = ano {0,1,...,q, —1};

o for every n > O:

gn+1 permutations of {0,1,...,q, — 1}: crf)")7 a{"), . ’0'51:11—1'
At step n:
Xnt1 (n+ 1)-th coordinate € {0,...,qpt1 — 1}
represents the block [e, ... e & x, 1]ni2
d
aif_)l permutation on the n-th coordinate € {0,...,q, — 1}
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An odomutant T is the data of

e integers gy, 91,9, ... > 2
and the odometer S on X = ano {0,1,...,q, —1};

o for every n > O:

gn+1 permutations of {0,1,...,q, — 1}: cr(()")7 a{"), .. ’0'51:11—1'
At step n:
Xnt1 (n+ 1)-th coordinate € {0,...,qpt1 — 1}
represents the block [e, ... e & x, 1]ni2
+
aif_)l permutation on the n-th coordinate € {0,...,q, — 1}
— permutation of sub-blocks
[.7 s @ 07 Xn+1]n+27
[.7 S @ 17 Xn+1]n+2a

[.7 -, 9, 0n, Xn+1]n+2

Corentin Correia (Université Paris Cité) Odomutants 19/31



b X X

(Xn)n>0 — (0')(<?)(X0), a,(;)(xl), cey aﬁgl(xn),xnﬂ,xnﬂ, .. )
v X X

Cadzo — (00a), o), o), ) = lim win(x)



v X — X

Cadzo (7 00) 0 0a), s o, ()it Xt
v X — X

Cadzo — (00a), o), o), ) = lim win(x)

T:{xeX|¢(x)#(qp—-1,q1—1,...)} — {x € X | ¢¥(x) #(0,0,...)}

— i =1l
Tx=lim 7 S¢(x)




Gt X X

(Xn)nZO — U)(<(1)) (X0)7 0'>(<3)(X1), DR (T)((:J)rl (Xn)7Xn+17 Xn+2) . )
v X X

(a)nzo — (0 (x0), o (x), o2 (x), .. ) = lim_4n(x)

Definition (Odomutant T associated to the odometer S)
T:{xeX|¥(x)#(qp—1,q—1,...)} — {xe X|¥(x)#(0,0,...)}
Tx= lim ¢ 'S,(x)

n—+oo

o T e Aut(X,p);
@ T and S have the same orbits (up to a null set);
@ Ypo T = S o1 almost everywhere,

so T factorizes onto S.
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Proof of:

Let S be the universal odometer. There exists T € Aut(X, pt) such that:
e h,(T)>0;
o T and S are log”-OE for all 8 < 1.

Calculation of h,(T):



Proof of:

Theorem (C. 2026+, weaker version)

Let S be the universal odometer. There exists T € Aut(X, u) such that:
@ h,(T)>0;
o T and S are log”-OE for all 8 < 1.

Calculation of h,(T):

@ easier to compute topological entropy
— T: X — X has to be continuous X

Corentin Correia (Université Paris Cité) Odomutants 21/31



Proof of:

Theorem (C. 2026+, weaker version)

Let S be the universal odometer. There exists T € Aut(X, u) such that:
@ h,(T)>0;
o T and S are log”-OE for all 8 < 1.

Calculation of h,(T):

@ easier to compute topological entropy
— T: X — X has to be continuous X

@ apply the variational principle
— If T is uniquely ergodic, then heop(T) = h,(T)

Corentin Correia (Université Paris Cité) Odomutants 21/31



HYPOTHESIS 1:
For every n > 0,
0 et g, — 1 are fixed point of the permutations o((,"), o ’05121—1'



HYPOTHESIS 1:

For every n > 0,
(n) _(n)

0 et g, — 1 are fixed point of the permutations o, ’, 077, . ..

Consequence:

xeX|v(x)=(p—-1qa-1,...)} ={(gpo—1,q1 - 1,..

and {x € X | ¥(x) = (0,0,...)} = {(0,0,...)}

Corentin Correia (Université Paris Cité) Odomutants
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HYPOTHESIS 1:

For every n > 0,
(n) _(n)

0 et g, — 1 are fixed point of the permutations o, ’, 077, . ..

Consequence:

xeX|v(x)=(p—-1qa-1,...)} ={(@po—1,q1 —1,...

and {x € X | ¥(x) = (0,0,...)} = {(0,0,...)}

It gives T: X\ {(qo —1,q1 — 1,...)} = X\ {(0,0,...)}

Corentin Correia (Université Paris Cité) Odomutants
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HYPOTHESIS 1:
For every n > 0,
_ : ; ; (n) _(n) (n)
0 et g, — 1 are fixed point of the permutations oy ", 07", ..., 04 ;.

Consequence:
xeX|v(x)=(0-1,q—1,..)} ={(qo—Lg—1,...)}
and {x € X | ¥(x) = (0,0,...)} ={(0,0,...)}

It gives T: X\ {(qo —1,q1 — 1,...)} = X\ {(0,0,...)}
that we extend: T(qo—1,q1 — 1,...) :=(0,0,...)
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HYPOTHESIS 1:
For every n > 0,
_ . : : (n) _(n) (n)
0 et g, — 1 are fixed point of the permutations o/, 0y e g1

Consequence:
xeX|v(x)=(0-1,q—1,..)} ={(qo—Lg—1,...)}
and {x € X | ¥(x) = (0,0,...)} ={(0,0,...)}

It gives T: X\ {(qo —1,q1 — 1,...)} = X\ {(0,0,...)}
that we extend: T(qo—1,q1 — 1,...) :=(0,0,...)

Property
@ T: X — X is a homeomorphism (so is continuous).

@ For every x € X (not only "up to a null set"),
Orbr(x) = Orbs(x) (so T is uniquely ergodic).

Corentin Correia (Université Paris Cité) Odomutants 22 /31



Goal:
o find the parameters:
e the integers g, (and the underlying odometer S);
e and the permutations cri") (satisfying HYPOTHESIS 1),

such that hop(T) > 0;
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Goal:
o find the parameters:
e the integers g, (and the underlying odometer S);
e and the permutations cri") (satisfying HYPOTHESIS 1),

such that hop(T) > 0;

e ...in the hope of getting an orbit equivalence which is log”-integrable for
every 5 < 1.

Corentin Correia (Université Paris Cité) Odomutants 23 /31



In X =T1[50{0,1,..., o — 1} ...



N
InX:HnZO{O,l,...,q,,—l}...

Forie {0,1,...,q90 — 1}, [i]1 = {(Xn)n>0 € X | xo = i} (1-cylinder)




N
InX:HnZO{O,l,...,q,,—l}...

Fori e {0, 1,...,q90 — 1}, [I]l = {(Xn)nZO eX | X0 = l} (1-cylinder)

... consider U, = {[0]1,[1]1,--.,[q0 — 1]1} (open covering and partition of X)



N
InX:HnZO{O,l,...,q,,—l}...

Fori e {0, 1,...,q90 — 1}, [I]l = {(Xn)nZO eX | X0 = l} (1-cylinder)

... consider U, = {[0]1,[1]1,--.,[q0 — 1]1} (open covering and partition of X)

log| UV TWUN---vVT™"U
htop(T) > htop(T7u*) = lim Og| . . |

n—+o00 n




InX:ano{o,l,...,qnfl}...

Reminder
Forie€{0,1,...,q90 — 1}, [il1 = {(Xn)n>0 € X | xo = i} (1-cylinder)

... consider U, = {[0]1,[1]1,--.,[q0 — 1]1} (open covering and partition of X)

log| U,V T YU N ---V T U,
htOP(T) Z htop(T,u*) = lim g’ |

n—+o00 n

Remark
Given x € X,

x €l N T Y[a)N...n T ([i_1]h)
> x € [igh, Tx €lirly, ..., T"'x = [in—1h

~ To x, we associate the n-word (ig, ..., ih—1)

htop( T) > lim log (number of n-words (ig,...,in—1) obtained from 1-cylinders)

~ n—+oo n
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Reminder on HYPOTHESIS 1:
For every n > 0,
(n) (n)

0 and g, — 1 are fixed points of the permutations o e Ogiot-
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Reminder on HYPOTHESIS 1:

For every n > 0,
(n)

0 and g, — 1 are fixed points of the permutations o, . ..

HYPOTHESIS 2:
For every n > 0,

a(()"), ...,o\™ _ describe all the permutations of {0,1,...

7Y Gni—1 T o
gn — 1, and are pairwise distinct.

~ Qny1 = (qn - 2)!

Corentin Correia (Université Paris Cité) Odomutants
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Reminder on HYPOTHESIS 1:

For every n > 0,
(n)

0 and g, — 1 are fixed points of the permutations o, .

HYPOTHESIS 2:

For every n > 0,
(n) (n)

0y e r O describe all the permutations of {0, 1,.

7Y Gni—1 T o
gn — 1, and are pairwise distinct.

~ Qny1 = (qn - 2)!

Proposition
With HYPOTHESIS 2, we produce a lot of words!

.., gn — 1} fixing 0 and

hiop(T) > (log o) — C where C is a constant.

If qo is large enough, then hyo,(T) > 0.

Corentin Correia (Université Paris Cité) Odomutants
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Proof of the proposition:

@ We prove that
"number of h,-words obtained from 1-cylinders” > q,

where h,1 1 = qoq1 - . - gn is the height of the towers at step n.

(Proof by drawings in the next two slides, cases n =0 and n = 1)
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Proof of the proposition:

@ We prove that
"number of h,-words obtained from 1-cylinders” > q,

where h,1 1 = qoq1 - . - gn is the height of the towers at step n.

(Proof by drawings in the next two slides, cases n =0 and n = 1)

Q h (T) > lim log (number of n-words obtained from 1-cylinders)
op ~ n—+oo n

. log g,
SO htop(T) 2 ||mn*>+oo %7’7

To get '°%q" > (log go) — C, we successively use

o git1= (g —2)}
o log(qi!) > qilog g;;
o h,‘+1 = q,'h,'.

Corentin Correia (Université Paris Cité) Odomutants
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[0 — 11

[q0 — 2]1
[q0 — 3]1

[2]:
[1]:

[0]x

tttttttttt

3 A !
p A %
[ [5 ] AN
s e [\
P N | L7
YA BN ’
[e, 0], [o, 1], e, g1 — 1]

h




[CIo - 1]1

[q0 — 2]1

[q0 — 3]4

[2]:

[1]:

[0]x

hy-words

W =(0,2,g-2...1,...g—3,q 1

Corentin Correia (Université Paris Cité)

\ [o, 1]2
)

WO =(0,q0-2,90—3,...21,q0— 1) . .

Odomutants

[e.q1 — 1]

h

WO =(0,1,90-3,2,..,q0— 2,90 — 1)

27/31



[q0 — 1] N
=2 N )
[q0 — 3]4 / \ w N c

T
e ]

w7 | [

\ ' - h

I I v
0 1 . g — 1
hy-words [+.01: [+ 11z (o a1 = 1l2
W =(0,2,g-2...1,...g—3q-1)

W = (0,60 -2.q0-3,...21,90-1) ... W =019 -32...q90—2q 1)

Vie {0, ..,q—1}, W9 =(0,6"1),002), ..., 5" (q —2),q — 1)

Pairwise distinct permutations = at least g; h;-words
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[o. g1 — 1]
[, g1 — 2]
[e, 1]2

[*, 0]

Corentin Correia (Université Paris Cité)

— W

—

W,
— W,

(0)
@1
(0)
@2
(0)
1

(0)

|
|
|
|

> W

Odomutants
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pairwise distinct hy-words

h

h

h

h

ha
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\
4 4
| |
[o.q1 — 1] AREN | SRR R hy
\ \
¢ ——
4 4
A !
[o.q1 — 2] iy 18 hy
\ \
L — %,
- : h
4 4
A !
[e, 1], o o h
\ \
C — w0
4 4
A !
[.v 0]2 " | " P PPN hi
\ \
) y ——® |
[0,0,0]3 [o,01]3 + = [e.0.q2—1]3

pairwise distinct h;-words
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4 4
[', g1 — 1]2 hy
—w,
[e.q1 — 2] hy
. —w,
N : : hy
[o 1]2 M
—
[e, 0] ...... mn
— 0
[e.0.0]s |[o015 =" [o.0.0:—1]3

—_
pairwise distinct hi-words

Vie{o,..,q—1} WY =w®. w

0 0 0
Dy wQ W W(lll

oMy oM g2 e

Pairwise distinct permutations and pairwise distincts subwords WJ-(O)
= at least gp hp-words
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If o: Ry — R, is non-decreasing, then / o(|er(x)])dp(x) and
X

/ ©(les(x))du(x) are bounded above by Z M
X >0 qo---Qn




If o: Ry — R, is non-decreasing, then / o(|er(x)])dp(x) and
X

/ ©(les(x))du(x) are bounded above by Z M
X >0 qo---Qn

With gn+1 = (gn — 2)!, the cocycles are log”-integrable for every B < 1. I

This concludes the proof of the theorem on entropy (the weaker version).




Topological version:

Theorem (C. 2026+)
Let S be an odometer with kp,, = oo for some prime number py. Let o > 0 or
a = +o0. There exists a Cantor minimal homeomorphism T such that:
o htop(T) =,
e T and S are strongly orbit equivalent, with Iogﬂ -integrable cocycles for
every B < 1.
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Topological version:

Theorem (C. 2026+)

Let S be an odometer with ky, = oo for some prime number py. Let o> 0 or
o = +00. There exists a Cantor minimal homeomorphism T such that:

(] htop(T) =,
o T and S are strongly orbit equivalent, with log”-integrable cocycles for
every B < 1.
Generalization of:
Theorem (Boyle-Handelman 1994)

Let S be the dyadic odometer, let a« > 0 or « = +o0. There exists a Cantor
minimal homeomorphism T such that:

o htop(T) =«
@ T and S are strongly orbit equivalent.
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Topological version:

Theorem (C. 2026+)
Let S be an odometer with ky, = oo for some prime number py. Let o> 0 or
o = +00. There exists a Cantor minimal homeomorphism T such that:

o htop(T) =,

o T and S are strongly orbit equivalent, with log”-integrable cocycles for
every B < 1.

Generalization of:
Theorem (Boyle-Handelman 1994)
Let S be the dyadic odometer, let a« > 0 or « = +o0. There exists a Cantor
minimal homeomorphism T such that:
@ hiop(T) =y

@ T and S are strongly orbit equivalent.

Same construction, with different ways to establish the orbit equivalence:
@ in Boyle and Handelman'’s proof: implicit way (complete invariant: dimension
group);
@ with odomutants: explicit construction.
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Other topological interest:

Hypothesis 1 = odomutant T is an almost 1-to-1 extension of the odometer S.
Hypothesis 1 & “pairwise different” in Hypothesis 2 = T is a subshift

— We have built Toeplitz systems.
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